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i Preface

existence of radial limits of bounded harmenic functions. The theorems
of Plancherel and Cauchy combined give a theorem of Paley and Wiener
which, in turn, is used in the Denjoy-Carleman theorem about infinitely
differentiable functions on the real line. The maximum modulus theorem
gives information about linear transformations on I*-gpaces.

Since most of the results presented here are quite classical {(the novelty
lies in the arrangement, and some of the proofs are new), I have not
attempted to document the source of every item. References are
gathered at the end, in Nofes and Comments. They are not always to
the original sources, but more often to more recent works where further
references can be found. In no case does the absence of a reference imply
any claim to originality on my pa.rt

The prerequisite for this book is a good course in advanced.caleulus
(set-theoretic manipulations, metric spaces, uniform coutmulty, and
uniform convergence). The first seven chapters of my earlier book
“Principles of Mathematical Analysis” furnish sufficient prepara.t;on

Chapters 1 to 8 and 10 to 15 should be taken up in the order in which
they are presented. Chapter 9 is not referred to again until Chapter 19
The last five chapters are quite independent of each other, and probably
not all of them should be taken up in any one year. There are over 350
problems, some quite easy, some more challenging. About half of these
have been assigned to my classes at various times.

The students’ response to this course has been most gratifying, and I
have profited much from some of their comments. Notes taken by
Aaron Strauss and Stephen Fisher helped me greatly in the writing of the

final manuscript. The text contains a number of improvements which .

were suggested by Howard Conner, Simon Hellerstein, Marvin Kropp,
and E. L. Stout. It is a pleasure to express my sincere thanks to them
for their generous assistance.

Walter Rudin
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4 Real and complex analysis

gome real y. Hence w = ¢#+%, This proves (§) and completes the
theorem,

We shall encounter the integral of (1 + 22! over the real line. To
evaluate it, put ¢(f) = sin {/cosi in (—w/2,7/2). By (6), ¢’ = 1 + ¢
Hence ¢ is a monotonically increasing mapping of (—#/2,x/2) onto
{— w,=), and we obtain

qe dr (=2 (D) di _ 2 _
./—«o 1+ a2 ]—r/z 1 4 ¢2(F) ]—w/z at =

1

Abstract Integration

Toward the end of the nineteenth century it became clear to many
mathematicians that the Riemann integral (about which one learns in
caleulus courses) should be replaced by some other type of integral, more
general and more flexible, better suited for dealing with limit processes.
Among the attempts made in this direction, the most notable ones were
due to Jordan, Borel, W. H. Young, and Lebesgue. It was Lebesgue’s
construction which turned out to be the most successful.

In brief outline, here is the main idea: The Riemann integral of & func-
tion f over an interval [e,b] can be approximated by sums of the form

n
2, J(t)m(Ey)
i=1
where Ky, . .., E, are disjoint intervals whose union is [ab], m(E)
denotes the length of E;, and ;e E;forn =1, . .., n. Lebesgue dis-

covered that a completely satisfactory theory of integration results if the
sets K; in the above sum are allowed to belong to a larger class of subsets
of the line, the so-called ‘‘measurable sets,” and if the class of funetions
under consideration is enlarged to what he called “measurable functions.”
The crucial set-theoretic properties involved are the following: The union
and the intersection of any countable family of measurable sets are
measurable; so is the complement of every measurable set; and, most
important, the notion of “length” (now called *‘measure’) can be extended
to them in such a way that

m{EiuE,u Byu - - ) = m(E) + m(E) + m{E) + - - -

for every countable collection {F:} of pairwise disjoint measurable sets,
This property of m is called countable additivity.
The passage from Riemann’s theory of integration to that of Lebesgue

is a process of completion (in a sense which will appear more precisely
=4



6 Real and complex analysis

later). It is of the same fundamental importance in analysis as is the
construction of the real number system from the rationals.

The above-mentioned measure m is of course intimately related to the
geometry of the real line. In this chapter we shall present an abstract
(axiomatic) version of the Lebesgue integral, relative to any countably
additive measure on any set. (The precise definitions follow.) This
abstract theory is not in any way more difficult than the special case of
the real line; it shows that a large part of integration theory is independ-
ent of any geometry (or topology) of the underlying space; and, of course,
it gives us a tool of much wider applicability. The existence of a large
class of measures, among them that of Lebesgue, will be established in
Chap. 2.

Set-theoretic Notations and Terminology

1.1 Some sets can be described by listing their members. Thus
{1, . . . ,x} is the set whose members are @1, . . . , %.; and {z} is the
set whose only member is z. More often, sets are described by proper-
ties. We write

{z: P}

for the set of all elements x which have the property P. The symbol &
denotes the empty set. The words collection, family, and class will be
used synonymously with sel.

We write e 4 if # is a member of the set 4; otherwise z§ 4. If B
is a subset of A, i.e., if z£ B implies ze 4, wewrite BC A. IfBC 4
and 4 C B,then A = B. If B C A and 4 ¢ B, B is a proper subset of
A. Note that @ C 4 for every set 4.

AuB and A n B are the union and intersection of 4 and B, respec-
tively. If {d.} is a collection of sets, where a runs through some index
set I, we write

Ud. and n A,
atl

ael
for the union and intersection of {A.}:

U Ad. = [z:2e A, for at least one a2 I}
azl
NA, = {x:xe A, for every arsI}.

atl

If 7 is the set of all positive integers, the customary notations are

U A4, and ﬁ A..

Abstract inlegration 7

If no two members of {A,} have an element in common, then {4.} is a
disjoint collection of sets.

WewriteA — B = {x:2¢e d, z¢ B}, and denote the complement of 4
by A¢ whenever it is clear from the context with respect to which larger
set the complement is taken.

The cariestan product Ay X - - + X A, of thesets 4y, . . . , 4, is the
set of all ordered n-tuples (@1, . . . ,2,) wherea;, e A;forl1 =1,... ,n

The real line {or real number system) is B, and

Re=RIX - -+ X B} (k factors).

The extended real number system is R' with two symbols, « and ~ =,
adjoined, and with the obvious ordering. If —0 < g <b < w, the
interval [a,b] and the segment (a,b) are defined to be

[eb] = {z:a <2 < b}, {a,b) = {r:a < z < b},

We also write
[a,p) = {z:a £ & < b}, (a,b} = {z:a <z < b}.

IfE C[—x,»]and E = ¢, the least upper bound (supremum) and
greatest lower bound (infimum) of £ exist in [— «,»] and are denoted
by sup ¥ and inf E,

Sometimes (but only when sup E ¢ E) we write max ¥ for sup E.

The symbol

1 X—=Y

means that f is a function (or mapping or transformation) of the set X into

theset ¥;i.e., fassignsto each s e X anelement f(z) e Y. If 4 C X and

B C 7, the image of A and the ¢nverse tmage (or pre-image) of B are
flA) = {y:y = f{z) for some ze A},
fUB) = {z:f(z) e B}.

Note that f~'(B) may be empty although B = &f.

The domain of fis X. The range of fis f(X).

IFAX) =7, fis said to map X onlo Y.

We write f~1(y), instead of f~1({y}), for everyy e ¥. If ~!(y) consists
of at most one point, for each y £ ¥, fis said to be one-fo-one. If f is one-

to-one, then f~! is a function with domain f(X) and range X.
Iffi X —[—w,e]and E C X, it is customary to write sup f(z) rather

zeE
than sup f(E).
If 1 X—7 and ¢: ¥ — Z, the composite function gof: X — Z is
defined by the formula

(gof)(@) = g(flx)) (zeX).
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The Concept of Measurabﬂity

The class of measurable functions plays a fundamental role in integra-~
tion theory. It has some basic properties in common with another most
important class of funciions, namely, the continuous ones. It is helpful
to keep these similarities in mind. QOur presentation is therefore organ-
ized in such a way that the analogies between the concepts topological
space, open set, and continuous function, on the one hand, and measurable
space, measurable set, and measurable function, on the other, are strongly
emphasized. It seems that the relations between these concepts emerge
most clearly when the setting is quite abstract; and this (rather than a
desire for mere generality) motivates our approach to the subjeect.

1.2 Definition

{e) A collection 7 of subsets of a set X is said to be a fopology in X if r
has the following three properties:

(i) Ferand Xer.
i) If Vierfori=1,... ,nthenVin¥Von - - - nV,er.
(iii} If {V.} is an arbitrary collection of members of » (finite,
countable, or uncountable), then U V, e 7.

0y If 7 is a topology in X, then X is called a topological space, and
the members of + are called the oper sefs in X.

{¢) If X and ¥ are topological spaces and if f is a mapping of X
into ¥, then fis said to be conténuous provided that f~*(V) iz an
open set in X for every open set Vin Y.

1.3 Definition

{a) A collection 91 of subsets of a set X is said to be & o-algebra in X
if 9 has the following three properties:

(i) Xeom.

(i) If A € 9, then Ace 91, where A°is the complement of A
relative to X.

Gi) If A = lle,, and if A,e for n=1, 2, 3, ...,
then A £ 9.
(b) If 9 is a ¢-algebra in X, then X is called a measurable space, and
the members of M are called the measurable sefs in X.
(¢) If X is a measurable space, Y is a topological space, and f is a

mapping of X into ¥, then f is said to be measurable provided
that f~3(V) is a measurable set in X for every open set Vin V.

Abstract integration . 9

1t would perhaps be more satisfactory to apply the term “measurable
space” to the ordered pair (X,91), rather than to X. After all, X is a
set, and X has not been changed in any way by the fact that we now also
have a o-algebra of its subsets in mind. Similarly, a topological space is
an ordered pair (X,7). But if this sort of thing were systematically done
in all mathematics, the terminology would become awfully cumbersome.
We shall discuss this again at somewhat greater length in SBee. 1.21.

1.4 Comments on Definition 1.2 The most familiar topological spaces
are the metricspaces. We shall assume some familiarity with metric spaces
but shall give the basic definitions, for the sake of completeness.

A metric space is a set X in which a distance function (or metric) p is
defined, with the following properties:

(@) 0 < p{z,y) < = forall zand ye X.

(&) p(x,y) = 0if and only if z = y.

(e) o(x,y) = p(y,z) for all z and y e X.

(@) p(z,y) < p(z,2) + pleyy) for all 2, y, and 22 X.

Property (d) is called the triangle inequality.

If z& X and r > 0, the open ball with center at z and radius r is the set
fye X:p(zy) <7}

If X is a metric space and if = ig the collection of all sets £ C X which
are arbitrary unions of open balls, then r is a topology in X. This is not
hard to verify; the intersection property depends on the fact that if
z € B1 n B,, where B; and B; are open balls, then z is the center of an open
ball B C Bin By, We leave this as an exercise.

For instance, in the real line B! a set is open if and only if it is a union
of open segments (a,b). In the plane R?, the open sets are those which
are unions of open circular disecs.

Another topological space, which we shall encounter frequently, is the
extended real line [— «, «]; its topology is defined by declaring the follow-
ing sets to be open: (a,b), [~ ®,a), (a,], and any union of segments of
this type.

The definition of continuity given in Sec. 1.2{c) is a global one. Fre-
quently it is desirable to define continuity locally: A mapping fof X into
Y is said to be continuous at the point zo e X if to every neighborhood V of
f(zo) there corresponds a neighborhood W of @ such that f(W) C V.

(A neighborhood of a point z is, by definition, an open set which contains
z.

)For metric spaces, this local definition is of course the same as the
usual epsilon-delta definition. i

The following easy proposition relates the two definitions of continuity
in the expected manner:
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1.5 Proposition Let X and ¥ be topological spaces. A mapping f of X
into ¥ is-continuous ¥ and only if f is continuous at every point of X.

PrROOF If f is continuous and z,& X, then f~(V) is a neighborhood
of g, for every neighborhood V of f(ze). Since f(f~%(V)) C V, it
follows that f is continuous at .

If f is continuous at every point of X and if V is open in ¥, every
point zef-1(V) has a neighborhood W. such that f(W.) C V.
Hence W, C fYV). It follows that f~(V) is the union of the open

“sets W, so (V) is itself open. Thus f is continuous.

1.6 Comments on Definition 1.3 Let 91 be a s-algebra in a set X.
Referring to Properties (i) to (iii) of Definition 1.3(a), we immediately
derive the following:

{a) Since @ = X¢, (i) and (11) 1mp1y that 25 e I,

(b) Taking Any1 = Apye = - = @ in (111), we see that 4,0 4. u
-uA,,sEJTZifA.-sfmforz—l, .y R

(c) Since

A 4. = (U 4.,
n=1 n=1

o1 is closed under the formation of countable (and also finite)

intersections.
(d) Sinced — B = Bnd,wehave 4 — BeMif A9 and Be M.

The prefix o refers to the fact that (iii} is required to hold for all count-
able unions of members of M. If (iii) is required for finite unions only,
then 9N is called an algebra of sets.

1.7 Theorem Let ¥ and Z be topological spaces, and let g: Y — Z be
continuous. '

(@) If X is a topological space, if f: X — Y is continuous, and if
h = gof, then h: X — Z 4s continuous.

(b) If X 4s a measurable space, if f: X — Y 1is measurable, and zf
h = gof, then h: X — Z is measurable.

Stated informally, continuous functions of continuous functions are
continuous; continuous functions of measurable functions are measurable:

PROOF If ¥ is open in Z, then g~(V) is open in ¥, and

V) = f~{g (V).

If f is continuous, it follows that A~1(V) is open, proving {a).
If f is measurable, it follows that A~(V) is measurable, proving (b).

e

‘Ab_str.at;t:,‘intl.egration‘ 1

1.8 Theorem Let u and v be real measurable functions on: a imeasurable

space X, let & be & continuous mapping of the plane into a topvlogical space
Y, and define

h(x) = ®(ulz)v(z))
JorzeX. Then h: X — Y 4s measurable.

proOOF Put f(z} = (u(x),p(z)). Then s maps X into the plane.
Since A = $of, Theorem 1.7 shows that it is enough to prove the
measurability of f.

If B is any open rectangle in the plane, with sides parallel to the
axes, then E is the cartesian product of two segments 7, and ., and

FHR) = wi(Iy) no-3(Ty),

which is measurable, by our assumption on  and ». Every open set
V in the plane is a countable union of such rectangles ER;, and since

) =140 R) = U 58,
J~HV) is measurable.

L9 Let X be a measurable space. The following propoesitions are
corollaries of Theorems 1.7 and 1.8:

(@) If f = u + v, where u and v are real measurable Sunctions on X,
then f is a complex measurable function on X.
This follows from Theorem 1.8, with &(z) = 2.
(0) If f = u + v 4s a complex measurable function on X, then v, v, and
|f| are real measurable functions on X.
This follows from Theorem 1.7, with g(2) =
and |z].
(¢) Ij f and g are complex measurable funciions on X, thensoaref + g
and fg.
For real f and g this follows from Theorem 1.8, with

Blst) = s8¢

and ®(s,f) = st. The complex case then follows from (a) and ().
(d) If E is a measurable set in X and if

_f1 ifezekl
xe(2) = {0 ifz¢E
then Xz s @ measurable funclion. '
This is obvious. We call x5 the characteristic function of the
set E. The letter x will be reserved for characteristic functions
throughout this boolk.

Re (z), Im (2),
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(&) If f is a complex measurable function on X, there is a complex
measurable function a on X such that |a| = 1 and f = of|.

prooF Let E = {z: f(z) = 0}, let ¥ be the complex plane with the
origin removed, define ¢(z) = 2/|2| for z& ¥, and put

a(x) = o(f(x) + xz(@)) (zeX).

IfzeE, alx) = 1;if 2 ¢ E, alz) = f(z)/|f(z)]. Since ¢ is continuous
on ¥ and since E is measurable (why?}, the measurability of « follows
from (¢), (d), and Theorem 1.7. '

‘We now show that ¢-algebras exist in great profusion.

L.10 Theorem If § is any collection of subsets of X, there exists a smallest
c-algebra ¥ in X such that § C g™

This 9M* is sometimes called the ¢-algebra generated by .

prROOF Let Q be the family of all s-algebras M in X which contain
% Since the collection of all subsets of X is such a o-algebra, @ is
not empty. Let 9* be the intersection of all 9w e Q. If is clear
that F C 9n* and that 9M* lies in every s-algebra in X which contains

& To complete the proof, we have to show that 9M* is itself a
g-algebra.

It Ayem*forn=1,2, 38, ..., andif 9 e}, then A, & M, s0
U4, e 91, since 9 is a o-algebra. Since UA, e 9N for every M e,
we conclude that UA, e 9* The other two defining properties of a
o-algebra are verified in the same manner.

1.11 Borel Sets Let X be a topological space. By Theorem 1.10, there
exists a smallest o-algebra ® in X such that every open set in X belongs
to ®. The members of & are called the Borel sets of X.

In' particular, closed sets are Borel sets (being, by definition, the
complements of open sets), and so are all countable unions of closed sets
and all countable intersections of open sets. These last two are called
F.)s and Gy’s, respeetively, and play a considerable role. The notation
is due to Hausdorff. The letters F and G were used for closed and open
sets, respectively, and o refers to union (Summe), § to intersection
{Durchschnitt), For example, every half-open interval {a,b) is a G5 and
an F,in B

Since ® is a o-algebra, we may now regard X as a measurable space,
with the Borel sets playing the role of the measurable sets; more con-
cisely, we consider the measurable space (X,®). If f: X— ¥ is a con-
tinuous mapping of X, where ¥ is any topological space, then it is evident
from the definitions that f~1(V) & ® for every open set ¥ in ¥. In other
words, every continuous mapping of X is Borel measurable.

Abstract integration 13

If Y is the real line or the complex plane, the Borel measurable mappings

: will be called Borel functions.

'1.12 Theorem Suppose 9N is @ o-algebratn X and ¥ is a topological space.
Let f map X into Y.

(a) If Q s the collection of all sets E C Y such that f~'(E) & 9, then
Q18 a o-algebrg in Y,

(d) If f is measurable and E is a Borel set in Y, then (£} £ 9N.

() If Y = [— w0, o] and f~((a,%]) £ M for every real «, then f is
measurable.

rroo?r (a) follows from the relations
Y =% YUY -4 =X —-f4),
and  fTH{Audpu - - ) =fHAYu Ay -

To prove (b), let 2 be as in {a)}; the measurability of f implies that
© contains all open sets in ¥, and since Q is a o-algebra, @ contains all
Borel sets in ¥,

To prove {c), let  be the collection of all E C [— ¢, ] such that
FHE)e 9. Since Q is a -algebra in [— «, =], and since (@, }eQ
for all real «, the same is true of the sefs

- 1 - 1
[—wjla)=nl-—-]1|:_°o,a—£]=n-L——J1(a_;L, w]

and (aﬂs) = [_ Cﬂ,ﬁ) n (a: 00]

Since every open set in [— e, ] ig a countable union of segments of
the above types, O contains every open set, so f is measurable.

1.13 Definition Let {a,} be a sequence in [— =, =], and put

(1) by = sup {on0er1,0ep2, « - -] k=123 ...
and
(2} 8 = inf {by,ba,ba, . . .}

We call 8 the upper limit of {a,}, and write

(3} g = lim sup a,.

The following properties arc easily verified: First, by > ba > b3 > - - -,
so that b, — 8 as k— « ; secondly, there is & subsequence {a.,} of {a.}
such that a,, — pas? - o, and gis the largest number with this property.
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- The lower mit is defined analogously: simply interchange sup and mf
in (1) and (2). Note that :

4 Im inf @, = —-lim stip (—a.).

n—w n—ro
If {a.} converges, then ewdently

5) - lim sup an = fim inf an = lim an.

b o —r

Suppose {f.} is a sequence of extended-real functions on ‘2 set X.
Then sup f» and Lim sup f» are the functions defined on X by

(6) (sup f2) (@) = sup (fx(x)),

@) . (imsup £,)(2) = lim sup (f(2))-
If

(8) f@) = hm fu(2), -

the limit bemg assumed to exist at every z &£ X, then we call f the point-
wzse limzt of the sequence {fa}.

1.14 Theorem Iff,,. X [— <0, ] is measurable, forn = 1,2, 3, . . .,
and

g = sup fn, A = Im sup f,,
=l Bim=d 0

then g and h are measurable.

PrROOF g '((a,0]) = ljlfﬂ__l((oe,oo Hence Theorem 1.12(c) im-

plies that g is measurable. The same result holds of course with inf
in place of sup, and since ‘ '

h = inf {sup fi},

B2l ik
it follows that % is measurable.
Corollaries
(@) The limit of every pointwise convergent sequence of eomplex measur-
able functions is measurable.

®) If f and g are measyrable (with range tn [— «,»]), then so are
max {f,g} and min {f,g}. " In particular, this is true of the functions

f* = max {f,0} aond  f~ = — min {f,0}.

Abstract integration 15

1.15 The above functions f+ and f~ are called the positive and negaiive
partsof f. Wehave|f| = f* + f~and f = f+ - f-, astandard representa-
tion of f as a difference of two nonnegative functions, with & certain
minimum property:

Proposition Iff=g—h g>0,andh >0, then f* < g and J~ < h. .
rrooF [ < g and 0 < g clearly implies max {£,0} < g.

Simple Functions E

1.16 Definition A function s on a measurable space X whose range con-
sists of only finitely many points in [0, )} will be ealled a simple function.

(Sometimes it is convenient to call eny function with finite range
simple. The above situation is, however, the one we shall be mainly
interested in. Note that we explicitly exclude = from the values of a
simple function.)

If o1, . . ., o, are the distinct values of a simple function s, and if
A; = {z:s(z) = «}, then clearly
5§ = E XAy,

where x4, is the characteristic function of 4, as defined in Sec. 1.9(d).
Ii is also clear that s is measurable if and only if each of the sets A; is
measurable.

ns s, on X such that

1.17 Theorem )HLet f: X — [0, o] be measurable. There exist simple meas-
et 20

@0 << - <f
®) safz) — flx) asn— =, for every z e X,

prOOF Form = 1,2, 3, ..., andfor 1 <17 < 72 define

(1) EB.i=g ([ 2u1 j)) and  F, = f({n,])
and put '

n2e

(2) = E%_IXE,“"‘HXF

Theorem 1.12(5) shows that E',.,,- and I, are measurable sets. It is
easily seen that the functions (2) satisfy (a). If z is such that
)y < o, then s, (z) > f{x) — 2~ as soon as n is large enough if
flz) = =, then s,(2) = n; this proves (b).
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It should be observed that the preceding constructlon yields a uniformly
convergent sequence. {s,} if f is bounded.

Elementary Properties of Measures

1.18 Definition

(@) A positive measure is a function u, defined on a s-algebra 9N, whose
range is in [0, ] and which is countably additive. This means
that if {4} is & disjoint countable collection of members of 9%,
then ' 4

(1) M u 4) = _2 w(A4)).
‘To avoid tr1v1a11t1es we shall also assume that u(A) <o ‘for at
least one A & 9.
(b) A measure space is & measurable space which has a positive meas-
" ure defined on the cr-algebra of its measurable sets.
(¢) A complex measure is a complex-valued countably additive func-
tion defined on a s-algebra.

Note: What we have called a positive measure is frequently just called
a measure; we add the word “positive” for emphasis. If p(E) = 0 for
every E & 91, then p is a positive measure, by our definition. The value
e is admissible for a positive measure; but when we talk of a complex
measure g, it is understood that p(E) is a complex number, for every
E e . The real measures form a subelass of the complex ones, of course.

1.19 Theorem Lel u be a positive measure on a a-algebra M. Then

(@) u(&) =0.

®) pllyv - - - ud.) = pd) 4+ - -
are patrwise disjoint members of NL.

(c) A C B implies p(A) < p(B) if A &M, B eI

@ #(A) — u(d) asn— = if A = QIAB, A, 9, and

+ (A i Ay, ..., 4a

A CA. CAC - -
(&) u(d) > p(Ayasn— = if A = 91 A, A, e,

4A1:3112:>443:) T,
and p(A 1) is finile.

Abstract integration 17

As the proof will show, these properties with the exception of (¢), also
hold for complex measures; (b) is called findte additivity; (c) is called
monotonzcity.

PROOF

(@) Take A g9 so that u(4d) < «, and take 4; = A and
Ay = Az = -+ = & in 1.18(1).

(b) Take Appr = Appe = -+ - = & in 1.18(1).

(c) Since B=Au (B — A4) and An(B — A) = &, (b) gives
#(B) = p(d) + w(B — 4) = p(4).

(d) Put B, = Ay, Bx = A, — A, forn=2,3,4,. ... Then
B.e9, B;nB;=& if ¢#j, As=5Byu- - uB, and
A= 'U1 B;. Hence

@

WA) = 3 u(B)  and  w(d) = 3 u(B).

i=1 =1

Now (d) follows, by the definition of the sum of an infinite
series.
(8) PutC’,,=A1—A,,. ThenC’1CC’2CC'3C oy,

p(Cr) = w(dy) — p(d.),
A, — A = UUC,, and so (d) shows that
(A1) — p(4) = p(d, — 4) = 1}:111 p(Cr) = p(d,) — lim p(d,).

Thig implies (e).

1.20 Examples The construction of interesting measure spaces requires
some labor, as we shall see. However, a few simple-minded examples can
be given immediately:

(a) For any £ C X, where X is any set, define u(E) = = if Eis an
infinite set, and let (&) be the number of points in E if F is
finite. 'This g is called the counting measure on X.

(b) Fix zoe X, define u{E) = 1if zoe E and p(E) = 0if 2, ¢ E, for
any E C X. This » may be called the unit mass concentrated

at Ty.

(¢} Let g be the counting measure on the set {1,2,3, . . .}, let
A= {myn+ 1,742 ...}. ThenNA4, = Fbutp(d,) = =«
forn=1,23,.... Thisshows that the hypothesis

“F(Al) < 00”

is not superfluous in Theorem 1.19{e).
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1.21 A Comment on Terminology One frequently sees measure spaces
referred to as “ordered triples”.(X,91,s) where X is a set, 3L is a o-algebra

in X, and p is a measure defined on JN. Similarly, measurable spaces
are “ordered pairs” (X,9). This is logically all right, and often con-
venient, though somewhat redundant. For instance, in (X,91) the set
X is merely the largest member of 91, so if we know 91T we also know X,
Similarly, every measure has a o-algebra for its domain, by definition, so
if we know a measure g we also know the s-algebra 91 on which p is defined
and we know the set X in which 9T is a o-algebra.

Tt is therefore perfectly legitimate to use expressions like “Let g be a
measure” or, if we wish to emphasize the o-algebra or the set in question,
to say “Let u he a measure on 9"’ or ‘“Let p be a measure on X7

What is logically rather meaningless but customary (and we shall often
follow mathematical custom rather than logie) is to say “Let X be a
measure space’ ; the emphasis should not be on the set, but on the meas-
ure. Of course, when this wording is used, it is tacitly understood that
there is a measure defined on some g-algebra in X and that it is this
measure which is really under discussion.

Similarly, a topological space is an ordered pair (X,r), where r is a
topology in the set X, and the significant data are contained in 7, not in X,
but “the topological space X’ is what one talks about.

This sort of tacit convention is used throughout mathematics. Most
mathematical systems are sets with some class of distinguished subsets
or some binary operations or some relations (which are required to have
certain properties), and one can list these and then describe the system
as an ordered pair, triple, etc., depending on what is needed. For
instance, the real line may be deseribed as a quadruple (R%,+,,<),
where +, -, and < satisfy the axioms of a complete archimedean ordered
field. But it is a safe bet that very few mathematicians think of the real
field as an ordered quadruple.

Arithmetic in [0, ]

1.22 Throughout integration theory, one inevitably encounters =. One
resson is that one wants to be able to integrate over sets of infinite
measure; after all, the real line has infinite length. Another reason is
that even if one is primarily interested in real-valued functions, the
lim sup of a sequence of positive real functions or the sum of a sequence
of positive real functions may well be o at some points, and much of the
elegance of theorems like 1.26 and 1.27 would be lost if one had to make
some special provisions whenever this occurs.
Letusdefinea + ©« = © +a==if0<a< o, and

©- g = o0 fd<a<w
] if a = 0;

ar o =
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It may seem strange to define 0 - = = 0. However, one verifies with-
out difficulty that with this definition the commulative, associative, and
distributive laws hold in [0, ] without any restriction. ’

The cancellation laws have to be treated with some care:a + b =a 4 ¢
implies b = ¢ only when a < «, and ab = ac implies & = ¢ only when
0<a< =

Observe that the following useful proposition holds:

IfOS(IJ,S(LES ,0Sb1$b2$
then anb, — ab.

, @n—a, and b, - b,

If we combine this with Theorems 1.17 and 1,14, we see that sums and
products of measurable functions into [0, «] are measurable.
Integration of Positive Functions

Tn this section, X will be a s-algebra in a set X and g will be a positive
measure on M.

1.28 Definition If s is & measurable simple function on X, of the form

n
)] § = z X,
i=1
where ay, . . . , o, are the distinet values of § (compare Definition 1.16),

and if F ¢ 9N, we define

[psdu= ) awdinB).
iZ1
here; it may happen that «; = 0 for

@

The convention 0 - « = 0 is use
some 7 and that u(d;n E) = .
If f: X — [0, 0] is measurable, and F £ 9, we define

@) Jod du = sup [sdy,

the supremum being taken over all simple measurable functions s such
that 0 < s < f.

The left member of (3) is called the Lebesgue integral of f over E, with
respect to the measure . It is a number in [0, = |.
'Observe that we apparently have two definitions for [zfdp if f is
simple, namely, (2) and (3). However, these assign the same value to

the integral, since f is, in this case, the largest of the functions s which
oceur on the right of (3),

1._2i1~ The following_ propositions are immediate consequences of the defi-
nitions. The functions and sets occurring in them are assumed to be

[ A
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(@) If0<f<g then [sfdp < [pgdp
@) IfACBandf>0,then [afdu < [5fdp.
(¢) If f 2 O and ¢ 7s @ constant, 0 < ¢ < =, then

fchdp =0 [Efdp.

(@) Ifflz) =0forallze E, then [gfdu = 0, even if w(E) = =,
(e) If u(E) = 0, then [gfdu =0, even if f(z) = <« for every x & B.
(fY If 2 0, then [efdu = [x x&fdp. '

This last result shows that we could have restricted our definition of
integration to integrals over all of X, without losing any generality. If
we wanted to integrate over subsets, we could then use (f) as the defini-
tion. It is purely & matter of taste which definition is preferred.

One may also remark here that every measurable subset E of a measure
space X Is again a measure space, in a perfectly natural way: The new
measurable sets are simply those measurable subsets of X which lie in F,
and the measure is unchanged, except that its domain is restricted. This
shows again that as soon as we have infegration defined over every
measure space, we automatically have it defined over every measurable
subset of every measure space.

1.25 Proposition Let s and ¢ be measurable simple functions on X. For
E ¢ 9, define

® o(B) = [, sdu.

Then ¢ is a measure on M. Also

@) fe+vde= [isan+ [edn
{This proposition contains provisional forms of Theorems 1.27 and 1.29.)

PRoOOF If s is as in Definition 1.23, and if E,, E;, . . . are digjoint

members of 9% whose union is E, the countable additivity of u shows
that

o) = 3, an(dinB) = 3 o 3, u(din )

i i oau(4;n By) = il o(E.).

r=11i=1 T=

Also, (&) = 0, so that ¢ is not identically «.
Next, let s be as before, let 8, . . . , B= be the distinct values of

e A.i)stract integration a1

£, and let B; = {m:t(x) = &}, If By = A:in Bj, then
[, 6+ 0 du = (e + B)u(By)
and jE sdu + j;h_ tdy = ain(Ey) + Biu(Es).

Thus (2) holds with Ey; in place of X. Since X is the disjoint union
of the sets By (1 €4 < n, 1 <7 < m), the first half of our proposi-
tion implies that (2) holds.

Il

We now come to the interesting part of the theory. One of its most
remarkable features is the ease with which it handles limit operations.

tebesgue’s Monotone Convergence Theorem  Let {fa} be a sequence
of measurable functions on X and suppose that

(@) 0L file) Sfale) £ -+ - £ = foreweryze X,
(B) fal(z) — f(x) as n — o, for every v e X.

Then f is measurable, and

_[Y fn dl-" i '[deﬂ
prooF Since [fa < [fasr, there exists an o € {0, o] such that
(1) [dniu—a

By Theorem 1.14, f is measurable.
for every n, so (1) implies

@ a< [ fdu

Let s be any simple measurable function such that 0 < s < f, let
¢ be a constant, 0 < ¢ < 1, and define

(3) E, = {z:falx) > cs(z}} n=1,273 ...

Each E, is measurable, E,CE, CE; C - - -, and X = U E..
For if f(z) = 0, then z £ E,; and if f(z) > 0, then cs{z} < f{z), since
¢ < 1; hence x £ E, for some n. Also

(4) _/;Ifn du > /E"fn du > ¢ j;gnsdu

Let n-» =, applying Proposition 1.25 and Theorem 1.19{(d) to the
last integral in (4). The result is

6)] a>ec fxsdp.

asn-— «w,

as 7 — «©.

Since f, < f, we have [f, < [f

n=1,23 ...
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Since (5) holds for every ¢ <"1, we have
6 a2 [ ed
fo—r every simple measurable ¢ satisfying 0 < s < f, so that
(7). a> [ fdu.
The theorem follows from (L), (ﬁ), and (7).
1.27 Theorem Iff.:X — [0, ] s measurable, forn = 1,2,8, . .. ,and

) )= 3 1) GeX)
then " |

(@) fefau= 2 Jodndn.
n=1

proor First, there are sequences {s}}, {s’} of simple measurable
functions such that s; — f, and s’ — fs;, as in Theovem 1.17. If
& = & - &', then s; — fi + f», and the monotone convergence the-
orem; combined with Proposition 1.25, shows that

(3) feitman = [ fiau+ [ f2dn

Next, put gv = f1 + - - - 4 fy. The sequence {gy} converges
monotonically to f, and if we apply induction to (3) we see that

ONE Jrowdu = i Jitdn.
n=1

Applying the monotone convergence theorem once more, we obtain

(2), and the proof is complete.

If we let ¢ be the counting measure on a countable set, Theorem 1.27
is a statement about double series of nonnegative real numbers (which
can of course be proved by elementary means):

Corollary” Ifay; > O0fortandj = 1,2,3, . .., then

ii%mxz%

i=14=1 j=14i=1

u"’s Lemma If f.: X — [0,0] is measurable, for each positive
integer n, then

M [ Gim inf £,) du < lim inf [ 7. dp.

23

ot integration < -

o -._,;Sffiéﬁ.'.i.llequ,ail_ity can occur i {1); see Exercise 2.

ProOF. Put .
@ @ =i G=123 ... 502X

Then g < fr, 30 that

@ fomdes fha  G=123 ...

Also, 051 < < -, and g¢& is measurable, by Theorem 1.1,
.- and gs(x) — lim-inf fa(2) as k— .o, by Definition 1.13. The mono-
tone convergence theorem therefore shows that the left side of (3)
tends to the left side of (]) as k — =, Hence (1) follows from (3).

'orem Suppose f: X— [0 | ¢s measurable, and

W oB) = ffan  @eom.

I’hen X s a, measwe oh 9N, and

@) frade = [ ardu
for every méasurable g on X with range in [0,).

PrOOF Lep E,, Eg, By . . . be disjoint members of 9% whose
union’is E.. Observe that ‘

@ X = ) s
o ‘. . ¥
and that
@ o) = [xfde, o) = [ xefdn
I n_ow‘follows from Theorem 1.27 that |
) o(B) = ) o).
N 7=1

Since ¢(&) = 0, (5) proves that ¢ is a measure.

~ Next; (1} shows that (2) holds whenever g = xz for some E & 91
Hence (2) holds for every simple measurable function’ g, and the
genelal case follows from the monotone convergence themem

Remark The second assertion of Theowm 1. 79 is sometimes written- 1n
the form

(6) s dp = fd
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We assign no independent meaning to the symbols de and du; (6) merely
means that (2) holds for every measurable g > 0.

Theorem 1.29 has & very important converse, the Radon-Nikodym
theorem, which will be proved in Chap. 6.

Integration of Complex Functions

As before, ¢ will in this section be & positive measure on an arbitrary
measurable space X.

1.30 Definition We define L) to be the collection of all complex
measurable functions f on X for which

st < .

Note that the measurability of f implies that of |f|, as we saw in Propo-
sition 1.9(b); hence the above integral is defined.

The members of L) are called Lebesgue integrable functions (with
respect to u) or summable functions. The significance of the exponent 1
will become clear in Chap. 3.

1.31 Definition If f = w + 7, where u and v are real measurable func-
tions on X, and if f & L1(u), we define

) L:fd,;= [Eu+d,u— [Eu—dﬂ-fﬂszu—ifﬂv—dp

for every measurable set E.

Here w* and u~ are the positive and negative parts of u, as defined in
Sec. 1.15; v+ and v~ are similarly obtained from v. These four functions
are measurable, real, and nonnegative; hence the four integrals on the
right of (1)} exist, by Definition 1.23. Furthermore, we have u* < |u| <
| 7], ete., so that each of these four integrals is finite. Thus (1) defines the
integral on the left as & complex number.

Occasionally it is desirable to define the integral of a measurable fune-
tion f with range in [— =, ] to be

(@ Jofdw =[5t du— [ 1 dn,

provided that at least one of the integrals on the right of (2) is finite.
The left side of (2) is then a number in {— «,=].

1.32 Theorem Suppose f and g € L¥(u} and « and B are complex numbers,
Then of + Bg € L (1), and

4] [+ opan=a [ fdu+p [ gdu

R

25

ROOIF The measurability of of + 8¢ follows from Proposition
‘9(c). By Sec. 1.24 and Theorem 1.27,

.W@+M@ [, el 11+ 18l

= laf [ \f1du+ 18] [ loldn < .

Thus af + Bg & L' (x).
To prove (1), it is clearly sufficient to prove

(2) Lf(f+g)d#=j;{fdu+ﬁ[gdu
and -
(3) [ @hds=a [ fan,

and the general case of (2) will follow if we prove (2) for real f and

g in L*(u).
Assuming this, and setting 2 = f + g, we have

Br—h-=ft—f+gt—g
_.OT
(@ Rt g =1+ gt b
By Theorem 1.27,
(5) v+ [+ ¢ = [r+ [er + [k

and since each of these integrals is finite, we may transpose and
obtain (2).

That (3) holds if & > 0 follows from Proposition 1.24(¢). Itiseasy
to verify that (3) holds if &« = —1, using relations like (~w)* = u~.
The case o = 7 is also easy: If f = » + 4, then

[@h = [Gu~vy = [(—0) +ifu=—fo+ifu="i(futifv) =if].
. Combining these cases with (2), we obtain (3) for any complex a.

1.33 Theorem If f& L(u), then

l[,:fdu’ < fxlﬂdu-

PROOF Put z = [xfdu. Sincez is a complex number, there is a
complex number a, with |«| = 1, such that ez = [2]. Let u be the
real part of of. Then u < |af| = |f]. Hence

‘]deﬂ|=a‘/xfd,u= L{afdu=[?cud#5fxlf]d“_
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“The third of-the: above equalltles holds since: the preceding ones show
that [af du is real.

We conclude this section with another important convergence theorem.

ssgue’s Dominated' Convergence Theorem Suppose §fal is a
sequence of complex measurdable functions on X such that

&0 f@). = lim fu@)
exists for every xe X. I f there 18 a funclion g Li(u) such that
@) @ <@ =123 ...;2eX),
then fe LY(p), S .

@ lim [ 1fa = flde =0,

wd - |

e . 11_131 fndu— [ F

PROOF Since |f| < ¢ and f is measurable, f & L' (). Since |fi'— fl
< 2g, Fatou’s lemma applies to the functions 2g — |f» — ], and
yields

[ 20 du < tim ind [, @g — 152 = 7 du
< [ 20 du+ limiinf (— [ 10 ~ fldw)

= A?g du — Iilgl'sunup A 1fa — f| du.
Since [2¢ du is finite, we may subtract it and obtain
5  Hm sﬁp"/;lf,, — fldp < 0.

If a sequence of non.negat.ive real numbers faills to converge to 0,
then its upper limit is positive. Thus (5} implies (3). ~ By Theorem
1.83, applied to f. — f, (3)‘ ir_nplies @). -

The Role Played by Sets of Measure Zero

1.35 Definition. Let P be a propelty whlch a point = may or may not
have. For instance, P might be the property “‘f(z) > 0"’ if f is a given
function, or it mlght be “[ f,,(a,)} converges” if {fa} is.a given sequence
of functions. - - S R
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If  is & measure on a c-algebra 9 and if E & 9%, the statement “P
holds almost everywhere on % (abbreviated to “P holds a.e. on E”)
means that there exists an N & 0 such that p(N) = 0, N C E, and P
holds at every point of E — N. This concept of a.e. depends of course
very strongly on the given measure, and we shall write “a.e. [u]” when-
ever clarity requires that the measure be indicated. .

For example, if f and g are measurable functions and if

(1) p{z: flz} # g(x)}) = 0,

we say that f = g a.e. [¢] on X, and we may write f ~ g. This is easily
seen to be an equivalence relation. The transitivity (f ~¢g and g ~ 7
implies f ~ k) is a consequence of the fact that the union of two sets of
measure 0 has measure 0.

Note that if f ~ g, then, for every £ € 91,

@ Jofdu= [ gdu

To see this, let N be the set which appears in (1); then E is the union of
the disjoint sets E — Nand EnN;on B — N, f = g, and p(En N) = 0.

Thus, generally speaking, sets of measure 0 are negligible in integration.
It ought to be trie that every subset of a negligible set is negligible. But
it may happen that some set N ¢ 9% with x(N) = 0 has a subset E which
is not a member of M. Of course we can define u(E) = 0 in this ease.
But will this extension of u still be a measure, i.e., will it still be defined on
a o-algebra? It is a pleasant fact that the answer is affirmative:

1.36 Theorem Let (X,9,1) be a measure space, let * be the collection
of all E C X for which there exist sets A and Be M such thai A CE C B
and p(B — A) = 0, and define p(F) = p(4) in this situation. Then
M* 75 ¢ o-clgebra, and i is ¢ measure on NF.

This extended measure p is called complete since all subsets of sets of
measure 0 are now measurable; the o-algebra 9%* is called the p-completion
of 9. The theorem says that every measure can be completed, so,
whenever it is convenient, we may assume that any given measure is
complete; this just gives us more measurable sets, hence more measurable
functions. Most measures that one meets in the ordinary course of
events are already complete, but there are exceptions; one of these will
occur in the proof of Fubini’s theorem in Chap. 7.

PROOF We verify the three defining properties of a u—algebra.
() X £9%, hence X e n*. (i) If A C E C B, then B- C E° C As,
and A° ~ Bc =B — A, (i) f4; CE; CBy, A = Ud;, B = UE;,
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and B = UB;, then 4 CECBand
B—AC U (B —A ),

sothat,u(B A) = 0if p{Bi — 43 = Oforz =1, 2, 8,
Next, we check that x is well defined on o, Suppose A C E C B,
A CECByand u(B =~ A) = u(By — A1) = 0. Then
A— A, CBi— 4,
so (A — Ay) = 0. Similarly, u(4, — A) = 0. Hence
o w(A) = w(din 4) = u(4s).

The countable additivity of x on 9M* is obvious.
1.37 The fact that functions which are equal a.e. are indistinguishable
as far as integration is concerned suggests that our definition of measura-
ble function might profitably be enlarged. Let us call a function f

defined on a set E £ 9 measurable on X if p(E¢) = 0 and if /~(V)} n E'is.
measurable for every open set V. If we define f(z) = 0 for z € &°, we

‘obtain a measurable function on X, in the old sense. - If our measure

happens to be complete, we can define f on E° in a perfeetly arbitrary
manner, and we still get & measurable function. The integral of f over

any set A & 9 is independent of the definition of f on E¢; therefore this

definition need not even be specified at all.

There are many situations where this oceurs naturally. For instance,
a function f on the real line may be differentiable only almost everywhere
(with respect to Lebesgue measure}, but under certain conditions it is
still true that f is the integral of its derivative; this will be discussed in
Chap. 8. Or asequence {f.} of measurable funetions on X may converge
only almost everywhere; with our new definition of measurability, the

limit is still & measurable function on X, and we do not have to cut down.

to the set on which convergence actually oceurs.

To illustrate, let us state a corollary of Lebesgue's dominated conver-
gence theorem in a form in which exceptional sets of measure zero are
admitted:

1.38 Theorem Suppése {fa} s a sequence of complex measurable functions
defined a.e. on X such that :

) | S folhlds < .
Then the series .
@ @ =) L@

T R T e e
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converges for almost all z, f € Li(p), and

® foran= Y, fosuam

srooF Let 8, be the set on which f, is defined, so that u(S,©) = 0.
Put oz} = Zifa(z)|, for ze8 = NS,. Then u(S) =0. By (1)
and Theorem 1.27,

4) [g«:du< oo,

IfE = {ze8: ¢(X) < =},itfollows from (4) that x(E9} = 0. The
series (2) converges absolutely for every z ¢ E, and if f(z) is defined
by (2) for z ¢ E, then [f(z)] < ¢(z) on E, so that f & L'(x) on E, by
(4). If go=fi+ - 4 fo, then |ga < ¢, gulz) — flz) for all
x ¢ E, and Theorem 1.34 gives (3) with #in placeof X. Thisis equiv-
alent to (3), since u(E¢) = 0.

Note that even if the f, were defined at every point of X, (1) would only
imply that (2) converges almost everywhere. Here arve some other situa-
tions in which we can draw conclusions only almost everywhere:

1.39 Theorem

(z) Suppose f: X — [0,] is measurable, E e M, and [zfdu = 0.
Then f = 0 a.e. on E. _

(6) Suppose fe L(y) and [efdp = 0 for évery Ee M. Then f =0
a.e on X.

(¢) Suppose f& L) and

| forau|= [ 1nan.

Then there is a constant o such that of = |f| a.e. on X.

Note that (¢} describes the condition under which equality holds in
Theorem 1.33.

PROOF
(¢) HA, = {zeB:fl@) > 1/n},n=1,2,3, ..., then
1
) < [, rdu< [ fdu =0,

so that p(4,) = 0. Since [zeE: flz) > 0} = U4, ()
follows.
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(& Put f=u+ v, let E= {z: u(@) > 0}:- The real part of
[zfdp is then [pu*du. Hence [putdu = 0, and (a) implies
that «+ = 0 a.e. . We.conclude similarly that

u=vt=9 =0ae

" (¢) Examine the probf‘ of Theorem 1.33. Our present assumption
implies that the last inequality in the proof of Theorem 1.33
must actually be an equality. Hence [(|f] — u)du = 0.
Since |f| — u 2 0, (a) shows that [f| = » a.e. This says that
‘the real part of af is equal to’|af] a.e., henceof = [of| = |fla.e,
which is the desned concIusmn

1.40 Theorem’ Suppose p.(X V< o, fe L), 8 zs o closed set in, the com-~
plesc plcme and the aver ages

1 ‘
lie in S for every E & M with p(E) > 0. Then f(z) e 8 for almost allz & X.

prooF Let A be a closed circular dise (with center at a and radius
r > 0, say) in the complement of S. Since 8¢ is the union of count-
ably many such discs, it is enough to prove that u(E) = 0, where

= fH4).
_If_w_e had u(E) > 0, then

1 1
o) = al = s | 0 = @) | < gy o =~ eddu <,
which is impossible, since Az(f) ¢ S. Hence p(E) = 0. '

1.41 Theorem Let {Ei} be a seguence of measurable sets in X, such that

¢y A Y B < .

k=1
Then almost all z € X lie in af most finitely many of the sets Ei.

proOF If A is the set of all x which lie in infinitely many E}, we have
to prove that u(4d) = 0. Put

@ g@) = Y xn@  (zeX)
. . k=1 . .
For each z, each term in this series is either 0 or 1. Hencez ¢ A if

and only if g{z} = «. - By Theorem 1.27, the integral of g over X
is equal to the sum in (1). Thus g 2 L'{(u) and so g(2) < = a.e.
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Ekerciseé
~ 1 Let {a.} and {b.} be sequences in [~ <, ], and prove the follow-

ing assertions:

(@) lim sup (—a.) = — Hm inf a,.

i—r 0o — &

(6) lim sup (e, + bs) < lim sup @. + lim sup b,

L] fi— © n— @
provided none of the sums is of the form «© — oo,
(¢) If @, < b, for all n, then

lim inf @, < lim inf b,.

n—r o Ti—p o

Show by an example that strict inequality can hold in ().

~ 2 Put fo= xzgif nisodd, fx = 1 — xgif n is even. What Is the
relevance of this example to Fatou’s lemma?

- 3 Suppose f.: X — [0,] is measurable for n =1, 2, 3, ...,
hzhzhz - >0, fu(x) = f(x) asn— o, foreveryz e X,
and f; e L'(x). Prove that then

lim /Xf,ld,u= [dep

n—r

g
ki
5

‘and show that this conclusion does not follow if the condition
“fy g L(u)” is omitted.

- 4 Prove that if f is a real function on a measurable space X such
that {z: f(z) > r} is measurable for every rational r, then f is
measurable,

5 Prove that the set of points at which a sequence of measurable
real functions converges is a measurable set.

6 Let X be an uncountable set, let 91 be the collection of all sets
E C X such that either E or E° is at most countable, and define
w(E) = 0 in the first case, u(E} = 1 in the second. Prove that
9 is a e-algebra in X and that g is a measure on IM.

7 Does there exist an infinite oc-algebra which has only countably
many members?

8 Prove an analogue of Theorem 1.8 for n functions.

9 Prove the conclusion of Theorem 1.7(b) under the weaker hypothe-
sis that g is Borel measurable; i.e., prove that Borel measurable
functions of measurable functions are measurable.

10 Suppose x(X) < @, {f.} is a sequence of bounded complex meas-
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urable functions on X, and f, — f uniformly on X. Prove that

m [ fadu = [ Fds
and show thai the hypothesis “u(X) < «” cannot be omitted.
11 Show that
A= 0N U E;
n=lk=n
in Theorem 1.41, and hence prove the theorem without any
reference to integration.
12 Suppose f e L(x). Prove that to each ¢ > 0 there existsa § > 0
such that [z|f] du < e whenever u(F) < 8.
13 Show that proposition 1.24(c} is also true for ¢ = o,

Positive Borel

Measures

VYector Spaces

2.1 Definition A complex veclor space (or a vector space over the com-
plex field} is a set V, whose elements are called veclors and in which two
operations, called addition and scalar multiplication, are defined, with the
following familiar algebraic properties:

To every pair of vectors » and y there corresponds a vector z + v, in
such a way that s +y=yF+rzand s+ w+)=(+y +2 V
contains a unique vector 0 (the zero veclor or origin of V) such that
x4 0 = x for every x &£ V; and to each z ¢ ¥V there corresponds a unique
vector —z such that z -+ (—=z) = 0.

To each pair (a,z), where z ¢ ¥V and « ig & scalar (in this context, the
word scalar means complex number), there is associated a vector ax e V,
in such a way that lz = z, «(8z) = (af)z, and such that the two dis-
tributive laws

(1) ez + y) = az + oy, (o -+ B)r = ax + Bz

hold.
A linear transformalion of a vector space V into a vector space ¥, is a
mapping A of ¥ into V; such that

(2) Alaz + By) = aAz + BAY

forall z and y ¢ V and for all scalars e« and 8.  In the special case in which
V1 is the field of scalars (this is the simplest example of a vector space,
except for the trivial one consisting of 0 alone), A is called a Knear func-
tional. A linear functional is thus a2 complex function on V which
satisfies (2).

Note that one often writes Az, rather than A(z), if A is linear.
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