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-FROOF . Assume there is a set E with m(E) = 0 but u(E) > 0. Put
(1) E.= {zeE:(Dux) <n} n=1,2,3,...).

Since F = UE,, we have p(E,) > 0 for some n. Tix thisn. With
the notation of Definition 8.3, put

@ A= {zeB.:hyu@) <n} (G =1,23...).

' Since B, = UAj, we have u(4,) > 0 for some j. The regularity of
(Theorem 2.18) now shows that there is a compact set K C A; with
#{K) > 0. '

Our construction shows that K has the following property: If
zeK,zel, IeQ, and diam T < 1/4, then u(I) < n - m(I).

Let ¢ > 0 be given. Sinee K C B, m(E) = 0, so there is an open
set V DO K with m(V) <e.

Partition R* into disjoint cubical boxes B, as in Sec. 2.19, whose
diameter is less than 1/7 and is so' small that any box which intersects
K Hes in V. Keep those B’s which intersect X, and enlarge each
of them so as fo obtain open cubes I; D B; with m(I) < 2m(B),
diam I; < 1/5. Then

#(K) < Zp(B) < Zu{ly) < n-Zmlly)
< 2n-2m(B) < 2n-m{V) < 2ne.

Since e was arbitrary, we have u(K) = 0, a contradiction.

Functions of Bounded Variation
8.12 Definitions We associate with each complex function f on R! its
total variation function T, defined by
N
1) T =sup 3 |f@) — flz)l (—» <z < @),
i=1
where the supremum is taken over all ¥ and over all choices of {z;} such
that
@ L cm<m<m < <zy=a
In general,
@) : 0<Til@) STsy) S = (z <y
If T is a bounded function, then (3) implies that
@ | V() = lim Ty(a)
=+
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exists and is finite. In that case we say that f is of bounded variation,
and we eall V(f} the total variation of f; the class of all such f will be
denoted by BV.

If —w <z < «,fissaid to have a lefi-hand lémit at =, written f(z—),
if there corresponds to each ¢ > 0 a real number a <  such that

{5) a<ti<zs implies |f@) — flz—) < e

If fla—) = f(zx), J is said to be left-continuous at z.

Right-hand limits and continuity from the right are defined similarly
on [— o, ®).

We call a function f e BV normalized if f(x) > 0asa— — = and fis
left-continuous at every point of .. The elass of these functions will
be denoted by NBV,

Instead of considering only funections defined on all of B! we could
equally well consider functions defined on any segment or interval of Rl
Neither the preceding definitions nor the theorems which follow would
be affected in any significant way.

8.13 Theorem

(a) If fe BV and = < y, then

[F@) — f@)| < Tily) — Tyla).

(by If f= BV, then f(x—) exists al every point of (— =, ], flz4-)
exists ol every point of [— o, e0), the set of points at which f is dis-
conlinuous is at most countable, and there 1s a unique conslant e
and a ynigue function g £ NBV such that

@) = ¢+ g(2)

at all poinis of continuity of f.  Alse, V{g) < V().
(¢) If fe NBYV, then T, NBV.

PROOF
(@) Ifz < yande > 0, thereare points 2o <21 < + - - <2 =12
so that
0] 2 @) ~ @)l > Tila) — e
1=1 .
Hence

TA0) 2 110) = @) + 3 1) = Sl > 116) — J@)] + T)(e) — .

This proves (a).




162 Real and complex analysis
(b) It follows from (a) that if {z;} isa sequence for which {T)(z)}
.+ . 'is & Cauchy sequenice, then {f(2;}} is also a Cauchy sequence.
Bince monotone functions (and T, in partlcular) have right~
L+ = ‘and left-hand limits at-all points and since they have at most
*‘countably many discontinuities, the same therefore holds for f.

Hence Wwe can. deﬁne

® o= im0, g =fa-)—c (GeRD.

It is clear tha.t'g(m)—>0 asz— —w. IfzeRande >0,

there exists an « < @ such that |f(f) — fz—)] < e for all |

S ... te(a7). Since f(t—) is a limit point of the set of all numbers
o f(s), for a < s <, it follows that |f(t—) — flz—)| < ¢ if
a <t <2 Thusgis left-continuous.

Tz <2<+ <2zpand s> 0, then

Y zllg(’x,-) ~ gla)| = lim 21 7@ — &) — @i — 8)],

and since none of the sums on the right of (3) exceeds v,
we have V(g) < V(f). In particular, g ¢ BV. _
¥ This proves (), except for the uniqueness. But if two left-
continuous functions coincide on a dense subset of R!, then
. they are identical. The uniqueness of g now follows easﬂy
i) Iffa NBV, fix xz B!, ¢ > 0, and choose points

To< < <=7

so that (1) holds. If#y < « - - < iy = mo, then

N . n
@ T ¥ 6 - G- + 3 1) - feol

By (1), the first sum in (4) is less than e. Hence T;(xo) <
and this says that 7,(f) > 0 as t— — o,
Fina_lly,l choqse t, 50 t_hat Tno1 <t <. 2o, Then

e
®) X @) — fla)] + 170 — @i < T0) < Tye—) < T,(:c)
=1
If we let ¢ — z, = =, the left side of (5) tends to the left side
of (1), since f(x) = f(z—), and this gives T/(z) —e < Tr(x—).
Comparison with (5) now shows that T;(z—) = Ti(z), and
} “the proof 18 complete . '

The next theorem explalns the importance of the class NBV. Observe
how the correspondence between f and p associates the total variation
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of f with that of g, and how the existence of Lebesgue measure is used
to construct p in part (b).

8.14 Theorem

(@) If u is a complex Borel measure on B! and if

(1) f(il:) = n”'((_ o 13:)) (I' £ Rl):

then fe NBV.
() Conversely, to every f& NBV there corresponds a unique complex
Borel measure p such that (1) holds; for this g,

(2) Ti(@) = l((—= 7))  (z2RY.

(¢} If (1) holds, then f is continuous precisely af those poinis z af which
w(fz}) = 0.

prooF If fis defined by (1) and if 3, <2z, < * * *, a — &, then

f(za) — f(z), since

@) (—o2) = U (=

Thus f is left-continuous. If x4 > 2y > - -+, zn— — o, then

N(—w,z.) = &, so f(x) = 0 as t — — =, by Theorem 1.19(¢). - If
o <% < - - < % = 2z, then

E |f(11?‘) - (35:—1)] = El l“’([mi-—lrxl'))l < h-"l ((— W,ﬁ))

i=1

so that

(4) Ti(z) < [p|((—»,2)}.
This proves {(a).

In the proof of (b), let us first assume that f ¢ NBV and f is non-
decreasing, f = 0. Associate with each point 2 & R! a set ®[z], as
follows: If f is continuous at x, ®[z] is the point f{z); if flz+) > flz),
then ®[x] is the interval [f(z),f(z-+)]. If E C BRI, let $[E] be the
union of all sets @[x], for ¢ E. We claim that the definition ’

5 #(E) = m(2{E])
gives us a measure which satisfies (1); here m is Lebesgue measure
on R

Put J = &[R']. Then J is a 1-cell (i.e., a bounded interval with
or without its end points). There are at most countably many
points y; € J such that f~1(y) consists of more than one pomt for
these y;, f~1(y:) is a 1-cell.
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Let = be the class of all B C R! such that ®[F] is a Borel set. " If
E is a 1-cell, so is ®[E], hence E £ Z. For any B C B!, ®[EC] is the
union of J — #[E] plus an at most countable set (a subset of {y,}),
thus ¥ € 2 implies EC¢ Z. Next,

@[Elll_EzU v '] =‘17[E1}U'1’[E2]U

This proves that Z is a ¢-algebra which contains all segments, hence
all Borel sets, S0 m(®[E]) is defined for all Borel sets E. Moreover,
¢ is countably additive, for if {E;} is a disjoint collection of Borel
sets in B!, then {®[E.]} is disjoint, except for our at most countable
set {y:}, and this does not affect the countable additivity of u since
m(E&) = 0 for every couniable set F.

Thus (5) defines a Borel measure. Since ®[(— =,z)] is a 1-cell
whose end points ate 0 and f(z), (5) shows that (1) holds.

We now turn to the general case of (b). Iffe NBV,thenf = u + 4,
u and ? real, uw ¢ NBV, and T, e NBV by Theorem 8.13(c). Put

(6) w=3Te + ), we=3Tu— w).

Then %, and %, € NBV, and they are nondecreasing; this follows
easily from Theorem 8.13(z). The preceding construction associates
measures gy and p, with u; and us, and g — g2 will be associated
with # = 43 — %, If we deal similarly with » and combine the
results, we obtain a measure u which corresponds to f in the sense
that (1) holds.

If two regular measures (note Theorem 2.18) coincide on all seg-
ments of the form (— = ,x), they coincide on all 1-cells of the form
[«,8), hence on all open sets, hence on all Borel sets, This proves
the uniqueness assertion of (b).

Finally, let A be the measure associated with T in the same way.
If « < B, then

(7) ﬂ([a,ﬁ)) = f(ﬁ) - f(a))
The inequality _
8 lu(B)] < N (E)

M(eB)) = T4(B) — Tile)-

therefore holds if & = [«,8). Since every open set in B! is a count-
able disjoint union of such 1-cells, (8} helds for every open set, hence
for every Borel set. The definition”of the total variation |u| of  now
implies that [¢] < A. In particular, : -

) el ((~ = ,2)) < M((— = 2)) = Ty(a).

Now (2) follows from (4) and (9).
The proof of (c) is left as an exercise,
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Differentiation of Point Funections

8.15 Absolutely Continuous Functions A complex funetion f on R! is
said to be absolulely confznuous if to every e > 0 there corresponds a.
& > 0 such that

N N
1) _21 (B; — @) <6  implies -21 I7(B) — flaw)| < ¢,

1= =]
whenever (a3,81), . . . , (ax,By) are disjoint segments,

Observe that every absolutely continuous function is uniformly eon-
tinuous (take N = 1) and that the restriction of any absclutely continu-
ous function to a bounded interval is of bounded variation. However,
if f(z) = sin z, or if f(z) = = + |z|, then f is absolutely contlnuous but

f£BV.

The two meanings of the term “absclutely continuous” are related
as follows:

8.16 Theorem Suppose f & NBYV and p ts associaled with f as in Theorem
8.14. Then p <& m if and only if f 75 absolutely continuous.

(Here m denotes Lebesgue measure on REL)

PROOF Suppose f is absolutely continuous. Let E be a Borel set
such that m(E) = 0, choose ¢ > 0, and choose § > 0 in aceordance
with Sec. 8.15. The regularity of u shows that there are open sets
Wi Wa2 - - - D E such that m(W1) < § and g{W.) — p(E) as
n— «. BSince W, is a disjoint union of segments I; = (;,8;), and
Z(8; — a;) < 3§, it follows that

W < 3, TN = 3, 158) — fle)] < e

Consequently, p(F) = 0. This proves that g K m.
The converse follows from Theorem 6.11.

We are now in a position to translate our earlier results on differentia-
tion of set functions into point-function language, Theorems 8.17 to
8.19 are classical results, due to Lebesgue. Theorems 8,18 and 8.21
generalize the fundamental theorem of calculus.

8.17 Theorem If g & L(RY), and if

(1) f@ = [T ed (= <z <),
then f £ NBV, f is absolutely continuous, and ‘
2 f'(®) = ¢(z) a.e. fml.
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PROOF Define

O B = [ea L
for every Borel set E. Thén f(z) = u((— «,2)) and i K m. By
Theorem 8.14, f ¢ NBV'; by Theorem 8.186, f is absolutely continuous;
Theorems 8 1 a,nd 8.6 imply that
@ CPE) = DRE) = 9@ . [m]

if D,u is computed relative to the family of all open segments in RB%

8. 18 Theorem Iffe NBV then f1s dzferentza,ble a.e. [m] fe Ll(Rl) and
tkere 78 a function f, eNBV with f,(z) = 0 a.e. [m] such that o

® L+ [ 0d (e <z <o)
fo = 0% and on‘ly if f 75 absolufeiy covitinuous; v,j”'f 8 nondécreaeiﬂg, '80 %5 f.

We call J» the singular part of f. It is a perhaps. unexpected fact that
there exist eontinuous singular functions which are not constant. Exam-

ples are given in Sec. 8:20(6). - The word “singular” ds applied to meas-

ures has its origin in this phenomenon.

PROOF By Theorem 8.14 there is a complex measure p on Rl such
that B{(—o,3) = f(;z:) By Theorem 8.6, '

@ B =u® A+ [O0Od

* where Dy is computed relative to the open eegnients in B Put
® L@ = wl(==2)  (—= <z < @), |
Theorems 8.6 and 8.1 show that fi(z) = 0 ae. [m] and that

Fz) = (Du)(z) a.e. [m].

Hence (1) follows from (2) if we take B = (— =,2).

By Theorem 8.16,f is absolutely contmuous if and’ only if p << m,
ie; if and only if g, =

Fma,lly, if fis nondecreasmg, then g =0, hence o > 0 hence f.
is nondecreasing,

8.19 Theorem If fe BV, then f is differentiable ace. [m], and f' & L'(RY).
PROOF By Theorem 8.13, there exists & g e NBV. suoh that
&) = 9@ + ¢

at all points of continuity of f. Theorem 818 apphes to g " Hence
the following lemma (with & = f — g) implies the theorem:
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Lemma [ f e BY and h(x) =0 except on an al most countable set, then
Kiz) = O.a.e - - ‘

To prove the lemma, let § = {z:} be the at most couotable seﬁ e,t which
Mx:) = c; # 0. Since he BV, it.is easily seen. that E[c,] < w. Tix k,
and let A, be the set of all z ¢ S at which

h(y) — h(z) 1
W y—e |k
for infinitely many y. Thus ze A, if and only if |z — ) < klej for

infinitely many 4. If J; is the segment with center at z; and length
2k|e:], it follows that -

(2) Em(J,) = ZkZ IG.'I < o,
and hence m{d;) = 0for k = 1, 2, 3, . » by Theorem 1.41.
But if x¢SuA1uAguA3u .-

then h'{(x) =0. This completes
the proof. ‘

Exercises 5 and 6 are relevant to this lemma

8.20 Examples The preceding theorems show that the equation

W 1) ~f@) =[5 d

(in which the right side is a Lebesgue integral) holds for all z in some
interval [a,b] if and only if f is absolutely continuous on [a,b]. One may
ask whether the existence of f' implies the absolute continuity of f. Put
this way, the question is not precise enough. We shall give two examples
which show how (1) can fail, and then give 2 theorem in which (1) is
deduced from another set of sufficient conditions.

(@) Put f{z) = a®sin (x~9) if 2 # 0, f/(0) = 0 Then fis dlﬂ’erent.l-
able at every point, but

@ b lr@la =

so f'¢ L. Also, f¢ BV on [0,1].

If we interpret the integral in (1) (with [0,1] in place of [a,b])
as the limit, as ¢ — 0, of the integrals over [¢,1], then (1) still
holds for this f.

More complicated situations can arise where this kind of pas-
sage to the limit is of no use. There are integration processes,
due to Denjoy and Perron (see [18], [28]), which are so designed
that (1) holds whenever f is differ entiable at every point. These
fail to have the property that the integrability of f implies that
of | f|, and thereforé do not play such an important role in analysis.
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(b) Suppose f is continuous on [a,b), f is differentiable at almost every

point of [,b], and f e L'on [ab]. Do these assumptions imply.

that (1) holds?

Answer: No. '
Choose {5.) so that 1 = 8, > 8, > §2> -+ ;8,—0. Put
[0 1]. Buppose n > 0 and K, is constructed so that E, is
the union of 2* dISJOlnt closed .intervals, each of length 2- "dn.
Delete a segment in the center -of each of these 2* intervals, ‘so
“that each of the remammg gnti intervals has length 2‘"‘16n+1
“ (this'is possible, since 6,.+1 < &), and let E,..H be the union of
‘these 27" intervals. ' Then E; D E:D -

T H m(Eﬂ) = aﬂ:
and if oo
(3) ; E = ﬂ E,,,

_._then E is compact and m(E) = 0. (In fact, E is perfect.) Put

@) ga= 6%z, and . ful) = / g dt
o ' (n=01,2 ...

Then £2(0)' = 0, f.(1) = 1, and each faisa monotonic function.

which is constant on each segment in the complement of En,
If I is one of the 2" intervals whose union is E,, then

B fe@d= [ga@d =2
Tt follows from (5) that ‘ ; |

@ fou® =fl)  @¢E)
and that

D fa@ = @] < [ lgn — gural <2 @B

Hence {f.} converges uniformly to a continuous monotonic fune-
tion f, with f{(0) =0, f(1) = 1, and f'(z) = 0 for all z¢ E.
Since m(E) = 0, we have f' = 0 a.e.

Thus (1) fails. Ineidentally, we have now constructed exam-

ples of continuous singular functions as defined after the state-

- ment of Theorem 8.18.
If 5, = (2/3)", the set B is Cantor’s “middle thirds” set

3.21 Theorem Suppose f zs a real function on [a,b] which is differentiable
al every pomt of [a,b ] and assume that f' € I1 on {a,b). Then

(1)

flzy = fla) = f fd  (@a<z<b).

L Note that differentiability is assumed to hold at every. pomt of [a,b].

8.22 Definitions Withanyz = (&, . . .
1) o] = max (&l . . . l&D.

This norm is better adapted for dealing with cubes than is the ordinary
euclidean norm o

(2) ||27||2 = (ffl2 + -+ Ekz)}_ .
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PrROOF . It is clear that it is enough to prove this for x = 5. Fix
¢ > 0. Theorem 2.24 ensures the existence of a lower semicontinu-
ous function g on [a,b] such that ¢ > f* and

@ [ova< [ roa+e

Actually, Theorem 2.24 only gives g = f', but since m{[e,b]) < oo,
we can add a small constant to g without affecting (2). TFor any
7 > 0, define . ‘

) Fow) = [(g@dt —f@) +5@) + 16 —a) (@< <h).

Keep 7 fixed for the moment. To each z ¢ [a,b) there corresponds a
3: > 0 such that.

@ 0> wma OO o,

forallie (z, z + 8.), sinee g is lower semicontinuous and g(z) > f'(z).
For any such  we therefore have :

Foll) — Folz) = f g(s) ds — [f@) — f@)] + n(t — )

> (t—z)f' (@) — ¢ — D @) + ] +2¢ —2) =0.
Since F,{a) = 0 and I, is confinuous, there is a last point z £ [q,b] at
which F,(z) = 0. If 2 < b, the preceding computation implies
that FF () > Oforte (z,b. Inanycase, F,(b) = 0. Since thisholds
for every 4 > 0, (2) and (3) now give ‘

® - < o< [rOd+e
and since e was arbitrary, we conclude that
®) 1) = 5@ < [Cr@a

If f satisfies the hypotheses of the theorem, so does —f; therefore
{6) holds with —f in place of f, and these two inequalities together

give (1).

Differentiable Transformations

,&) & B* we associate the norm



