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CHAPTER 2

Brownian Motion

2.1. Introduction

Brownian movement is the name given to the irregular movement of pollen,
suspended in water, observed by the botanist Robert Brown in 1828. This
random movement, now attributed to the buffeting of the pollen by Water
molecules, results in a dispersal or diffusion of the pollen in the water. The
range of application of Brownian motion as defined here goes far beyond
a study of microscopic particles in suspension and includes modeling of stock
prices, of thermal noise in electrical circuits, of certain limiting behavior in
queueing and inventory systems, and of random perturbations in a variety of
other physical, biological, economic, and management systems. Furthermore,
integration with respect to Brownian motion. developed in Chapter 3, gives
us a unifying representation for a large class of martingales and diffusion
processes. Diffusion processes represented this way exhibit a rich connection
with the theory of partial differential equations (Chapter 4 and Section 5.7).
In particular, to each such process there corresponds a second-order parabolic
equation which governs the transition probabilities of the process.

The history of Brownian motion is discussed more extensively in Section 11;
see also Chapters 2-4 in Nelson (1967).

1.1 Definition. A (standard, one-dimensional) Brownian motion is a continuous,
ada pted process B = {BI> sF,; 0 ~ / < oo}, defined on some probability space
(0,§, P), with the properties that Bo = 0 a.s. and for 0 ::;; s < /, the increment
Br - B4 is independent of tF. and is normally distributed with mean zero
and variance t - s. We shall speak sometimes of a Brownian motion B =
{Br, §,; 0 ::;; t ::;; T} on [0, TJ, for some T> 0, and the meaning of this
terminology is apparent.
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If lJ is a Brownian motion and 0 = II) < I I < .. , < III < '/J, then the inere-
. t. fll _}J I~I 'Ire independent and the distribution of /3, _. /1

men s "1 J'I ,fFI ( . I . • ".'

depends on I) lind ')-1 only through the dIfference Ij - Ijul; to Wit, It IS

normal with mean zero and variance Ij - I)-I' We say that the process lJ hus
sl(/(irillary, inrJependellt incremenls. It is easily vcrilied that B is a square-

integrable martingale and <B), = I, 1 ~ O. ..
The fillralio/l {.~} is a part of the delinition of Brownian motion. However.

if we arc given {13,; 0:::; I < r/)} but no liltration, and if we know that IJ has
stationary, independent increments and that 13, = 13, - BII is normal with
mean i'.ero and variance t, then {B" .'F/; 0 :::; 1 < '/-'} is a Brownian motion
(Problem 1.4). Moreover, if {.~} is a "larger" liltration in the sense that
r;;:IJ c d& for t > 0 and if B - /3 is independent of .f'" whenever 0 ~ s < I,.T, _ .7, _, ,.,
then {B" .~; 0 :::; I < if.)} is also a Brownian motion.

It is often interesting, and necessary, to work with a liltration {.~} which
is larger than {.'F/J }. For instance, we shall sec in Example 5.3.5 that the
stochastic differential equation (5.3.1) docs not have a solution, unless we take
the driving process W to be a Brownian motion with respect to a liltration
which is striclly larger than {.¥,W}. The desire to have existence of solutions
to stochastic d ifTerential equations is a major motivation for allowing {.~} in
Delinition 1.1 to be strictly larger than {.9'",'I}.

The lirst problem one encounters with Brownian motion is its ex;slellee.
One approach to this question is to write down what the linite-dimensional
distributions of this process (based on the stationarity, independence, and
normality of its increments) must be, and then construct a probability measure
and a process on an appropriate measurable space in such a way that we
obtain the prescribed linite-dimensional distributions. This direct approach
is the one most often used to construct a Markov process, but is rather lengthy
and technical; we spell it out in Section 2. A more elegant approach for
Brownian motion, which exploits the Gaussian property of this process, is
based on Hilbert space theory and appears in Section 3; it is close in spirit
to Wiener's (1923) original construction, which was modilied by Levy (1948)
and later further simplilied by Ciesielski (1961). Nothing in the remainder of
the book depends on Section 3; however, Theorems 2.2 and 2.8 as well as
Problem 2.9 will be useful in later developments.

Section 4 provides yet another proof for the existence of Brownian motion,
this time based on the idea of the weak limit of a sequence of random walks.
The properties of the space C[O, fYj) developed in this section will be used
extensively throughout the book.

S~etion 5 .delincs the Marko" property,. which is enjoyed by Brownian
motion. SectIon 6 presents the strong Marko" property and using a proof
based on th . I . ' ,

. . eoptlOna samplIng theorem for martingales, shows that Brownian
motion IS a strong Markov IS' . . ., process. n ectlon 7 we dISCUSS vanous chOIces
of the liItratlon for Brown' . Th' .
r h lil

. Ian motIon, e central Idea here is augmentation
o tel tratlon generated by th " . d " .
lilt t' D e process, 111 or er to obtain a nght-contll1uous
I ra Ion eveloping thi . t·· I . hr .' . . sma ena 111 t e context of strong Markov processes
cqUlres no additIonal effort, and we adopt this level of generality.
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Sections Xand 9 are devoted to properties of Brownian motion. In Section g
we compute distributions of a number of elementary Brownian functionals:
among thcse arc lirst passage times, last exit time.~. and time and level of
the maximum over a fixed time-interval. Section 9 dcab with almost sure
properties of the Brownian sample path. Here we discuss its growth a!> I .... 'f..

its oscillations ncar I = 0 (law of the iterated logarithm). its nowhere differ.
entiability and nowhere monotonicity, and the topological perfectness of the
set of times when the sample path is at the origin.

We conclude this introd uctory section with the Dynkin system theorem
(Ash (1972), p. 1(9). This result will be used frequently in the sequel whenever
we need to establish that a certain property. known to hold for a collection
of sets closed undcr inH:rscction, also holds for the a-field generated by this
collection. Our first application of this result occurs in Problem 104.

1.2 Definition. A collection ~ of subsets of a set D is called a Dyllkill syslem if

(i) DE YJ,
Oi) A, J3 E ~ and J3 £; A imply A'J3 E ":II,

(iii) {A"}:'~I £; ~ and A IS A2 £; ... imply U~:"'I A"E~.

1.3 Dynkin System Theorem. LeI f([ be a colleclioll oj SIII)sel.~ oj n which is
closed under pairwise interser:lioll. IJ'?Ii is a DYllki/l system cOlllaillillf/ fr,. Ihell

!":tJ also crJntai/JS I lIe a~lleld a(rti') f/elleraled hy fl;.

1.4 Problem. Let X = {X,; 0 :s: I < '/J} be a stochastic process for which
X( X - X X - X are independent random variables. for every

), II ,,,' ••• , 'n 'II I .. ~

integer II ~ 1 and indices 0 = 10 < II < .. , < I" < '/J. I h~n for any fixed
o :s: s < I < rfj, the increment X, - X, is independent of .'¥;.

2.2. First Construction of Brownian Motion

A. The Consistency Theorem

Let IRIO.,.., denote the set of all real-valued functions on [0. '/~). An n·dimensional

cylinder sel in IRIO",) is a set of the form

(2.1) C ~ {me IRlo·,,·);(W(IJl..... w(I,,»EA},

Where I e [0 C/) i = I '" n and A E 18(IR"). Let f6 denote the field of all
I " '" • 10 . , d I t ''H(iR IO .,I.) denote thecylinder sets (of all finite dimensions) m IR '~', an e.

smallest (i·field containing ((J.

2.1 Definition. Let T be the set of finite sequences! = (t I····' I,,) of distinct,
nonnegative numbers, where the length n of these sequences ranges over the set
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of positive integers. Suppose that for each! of length II, w,e have a probability
measure Q, on (IRn,9J(lRn)). Then the collection {Q!}!d' IS called a ./C/ll1ily lif
/ll1ite-dillle;lsiolla! distributiolls. This family is said to be COllsistellt provided
that the following two conditions are satisfied:

(a) if ~=(til,ti" ... ,ti) is a permutation of L=(t.,t 2 ,···,tn ), then for any
AiE,gJ(IR), i = I, ... , II, we have

Q!(A
1

x A2 X .. , x An) = Q~(Ai, X Ai, X '" x Ad;

(b) if!= (t 1,t 2 " .. ,tn)with II ~ I,~= (t 1,t 2 , .. ·,tn -.), and AE,'%'(!R,,-I), then

Q!(A x !R) = Q~(A),

Ifwe ha ve a probability measure P on (IRIO, co), ,gJ(!RIO.«,)), then we can define
a family of finite-dimensional distributions by

(2.2) Q!(A) = P[WE !RIO,co); (w(t.),.,., w(tn»EA],

where A E,gJ(lRn) and! =(t l , ... , tn) ET. This family is easily seen to be con­
sistent. We are interested in the converse of this fact, because it will enable uS

to construct a probability measure P from the finite-dimensional distributions
of Brownian motion.

2.2 Theorem (Daniell (1918), Kolmogorov (1933», Let {Q,} be a COllsistellt
family of finite-dimensional dl·stributiolls. Theil there is a probability measure
P on (1RIo,CO),,gJ(lRlo,CO»), such that (2.2) holds for every !E T.

PROOF, We begin by defining a set function Qon the field of cylinders (c. If C
is given by (2.1) and! = (tl' t2, .. ., tn)E T, we set

(2.3)

lim Q(Cm) = O.

2.3 Problem. The set function Qis well defined and finitely additive on (C, with
Q(IRIO.CO» = 1.

We now prove the countable additivity of Q on f(j, and we can then draw
on the Caratheodory extension theorem to assert the existence of the desired
exte~sion ~ of Q to ,gJ(lRlo,CO). Thus, suppose {Bk}k~1 is a sequence of disjoint
sets In f(j WIth B ~ Ur..I Bk also in f(j. Let em = B\UZ'~I B

k
, so

Countable additivity will follow from

(2.4)
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F sC 1'1.
-rom I III Smul we may construct another I;equence sD "1. h' h h. D I Illflll=! W IC as

the propertIes 1 2· D2 2 "', n~,,! Dill == 0, and Iimlll .•." Q(DIll) = e> 0
Furthermore, each Dill has the form . '

Dill = {rJ)ElRIO"I.I;(W(ld, ... ,W(IIll))EAIll}

for some AIII e ;U(lR
lll

), and the finite sequence !.m £= (t I' ... ,1Ill) ET is an exten­
sion of the finite sequence £Ill-I £= (II, ... ,I.._I)E oJ; 111 ;::: 2. This may be accom­
plished as follows. Each Ck has a form

Ck = {weIRIO..I');(W(I.), ... ,W(11ll ))EA Jt. A EU([Rlllk)
k mk' m.k· !

where kill. = (t ..... , IIll.) e T. Since Chi S;; Ck , we Can choose these representa-
tions so that!m is an extension of 1 , and A c A X IRlllk.,-lllk Define

k_J :.mk m.k.1 - m.k" •

DI = {w;u)(tr!elR}, ... ,DIll,_1 = {W;(W(I.l, .... CO(IIll,_.J)EIRIll,-I}

and Dill, = CI, as well as

DIll,+1 = {U);(C!)(td, ... ,W(IIll,),W(tIll,~.l)eAIllIx IR}, ....

DIll,-l = {W;(W(ll), ... ,W(IIll,),W(IIll,+I~... ,W(IIll,_I))EAIll' X \R1ll:-1ll,-1}

and Dill, = C2 · Continue this process, and note that by construction n:;=, Dill =
n~=l elll = 0·

2.4 Problem. Let Q be a probability measure on (IRn,.'R(lRn )). We say that
A e &i9(lRn

) is regular if for every probability measUre Q on (~, M(lRn») and for
every e > 0, there is a closed set F and an open set G such that F S;; A S G
and Q(G\F) < e. Show that every set in @(lRn

) is regular. (Hillt: Show that the
collection of regular sets is a a-field containing all closed sets.)

According to Problem 2.4, there exists for each In a closed set Fill S;; AIll such
that Q, (A III \FIll ) < <./21ll . By intersecting Fill with a sufficiently large closed
sphere~ntered at the origin, we obtain a compact set Kill such that, with

EIll ~ {we lR,o·<Y');(w(t.l, ... ,W(IIll))EK Ill },

we have EIll £ Dill and

The sequence {EIll } may fail to be nonincreasing, so we define

and we have

where
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which is compact. We can bound Q,,,,(i(m) away from zcro. sincc

Q!JRm) = Q(E,.) = Q(Dm) - Q(Dm\E",)

=Q(Dm) - QCQ (Dm\Ek »)

~ Q(Dm) - QCQ (Dk\Ek »)
m e

~e- L ,,> 0,
k~1 2

Therefore, R
m

is nonempty for each III, and we can choose (x(t),·· .,:<~:)eKm•

Being contained in the compact set RI, the sequence {x({")};;~1 must have
{ ()}CO 'th I' 't B t r '("'h) \r>") }'" 'a convergent subsequence xth k~1 WI Iml XI' u \x I 'X 2 k=2 Is

contained in /(2' so it has a convergent subsequence with limit (xt>x 2 ),

Continuing this process, we can construct(x I' X2"") e IR x IR x "', such that
(x I' •.• , xm ) e Km for each III. Consequently, the set

S ={we 1R10.CO): w(ti ) = Xi' i = 1,2, ... }

is contained in each Em' and hence in each Dm. This contradicts the fact that
n:~1 Dm = 0· We conclude that (2.4) holds. 0

Our aim is to construct a probability measure P on cn,.?) £ (IRIO.",),
.14(lRlo,CO)) so that the process B = {B" !F,B; 0 ::;; t < oo} defined by B,(w) £
w(t), the coordinate mapping process, is almost a standard, one-dimensional
Brownian motion under P, We say "almost" because we leave aside the
requirement of sample path continuity for the moment and concentrate
on the finite-dimensional distributions. Recalling the discussion following
Definition 1.1, we see that whenever 0 = So < Sl < S2 < , .. < Sno the cumu­
lative distribution function for (Bs , ... , B ) must be

I Sn

.. ,P(Sn - Sn-I;Yn-"I,Yn)dYn, .. dY2 dYI

for (x 1o ... ,xn)e IR", where p is the Gaussian kernel

(2.6) p(t; x, y) ~ _1_ e-CX- Jl)2/2, t > 0 X ye libj21ti , "lA,

The. reader can verify (and Should, if he has never done so!) that (2.5) is
equivalent to the statement that the increments {B _ B }~ are inde-
pendent, and B - B' II d" ,8J 8J-' J=I •

'J 8J-1 IS norma y lstnbuted with mean zero and vanance
SJ- SJ-l'

Now let t = (t t ) h
~ I' 2, .. ·,tn , were the tJ are not necessarily ordered but
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are distinct. Let the random vector (B B 1"' ) h' h d' . .
. ',' '1""'" dve I e ISlrlbul10n

determmed by (2.5) (where the tj must be ordered fr~m smalle'l to'I' t t
b .' (. , ). .... 5 urges 0

o tam 5 1 •••• ,5" dppe,trIngm(2.5».r·orAE:M(~n)letQ IA)beth b b'I't
I '. d' 'b . '! e pro a I I Yunder t liS Istrl ullon that (B B [., ) I'S I'n A Th' d Ii "1 f'I' '1· .... " ,IS e lI1es a ,amI y 0

finite-dimensional distributions !Q fl "
t !! c:: 1'·

2.5 Problem. Show that the just defined familv .fQ I .. is con"1 nl_ , ! I!<I' SIS e ,

2.6 Corollary to Theorem 2.2. There is C/ probability mec/Sllre P 011 (iP.lo, n •

.~(IR:IO.oo)), IIlIder which Ihe c{JordillC/te /IIC/ppillg process .

B,(w) = (0(1); wElR:lo.,." I;;:: 0,

has sLat.ionary, illdependellt incremenls. An incremenl B, - B.. where 0 ~ S < I.

is nOI'/IIC/l/y distributed wilh meC/n zero ami rariance I - .~.

B. The Kolmogorov-Centsov Theorem

Our construction of Brownian motion would now be complete. were it not
for the fact that we have built the process on the sample space IR:lo.·r., of all
real-valued functions on [0, CfJ) rather than on the space CEO, %) ofcontinuous
functions on this half-line. One might hope to overcome this difficulty by
showing that the probability measure P in Corollary 2.6 assigns measure one
to CEO, (0). However, as the next problem shows, CEO, %) is not in the a-field
.14(!RIO.oo), so P(C[O, (0» is not defined. This failure is a manifestation of
the fact that the a-field :~(IR:IO"J))) is, quite uncomfortably. "too small" for a
space as big as !RIO. 00); no set in ,~(IR:IO."'j) can have restrictions on uncountably
many coordinates. In contrast to the space CEO. cc), it is not possible to
determine a function in IR:IO.oo) by specifying its values at only countably
many coordinates. Consequently, the next theorem takes a different approach,
which is to construct a continuous modification of the coordinate mapping
process in Corollary 2.6.

2.7 Exercise. Show that the only J1(lR:lo.oo)-measurable set contained in CEO, %)
is the empty set. (Hint: A typical set in .16'(lR:lo.,,,) has the form

E = {w E IRlo.w); (w(t d, w(t2)'''') E A},

where A E .14(!R x !R x ...».
2.8 Theorem (Kolmogorov, Centsov (1956a». Sllppose that CI process X =
{X,; 0:::; t :::; T} on a probability space (n,~, P) satiifies the condition

(2.7) EIX, - Xsl« =:;; Cit - Sll+P, 0 =:;; s, t ~ T,

for some positive conswlltsa, p. alld C. Theil there exists a colltilluOUS modification
X = {X,; 0:::; t :::; T} of X, which is local/.I' H8lder-colltimlOlIS with exponellt {



54
2. Brownian Motion

(2.8)

lor I?lJery )' e (0, fJlrx), i.e.,

[
IX,(w) - X.•(w) I < 8J = 1

P w· sup .. - ,
, o<1-s<h(Cll) It - sl/

s.,e(O.1·!

where h(w) is all a.s. positive ralldolll variable (mel 8 > 0 is WI apP/,0P"iClle

COllstallt.

PROOF. For notational simplicity, we take T = 1. Much of what follows is
a consequence of the Cebysev inequality. First, for any s > 0, we have

EIX,-Xsl" C -rxl II+P
P[IX, - Xsi ~ eJ =:;; rx ::;; e t - S ,

e

and so X -+ X in probability as s -+ t. Second, setting ( = kI2", s = (k - 1)/2",
and I: = 2-~n (~here 0 < y < fJM in the preceding inequality, we obtain

I 2-7nJ C2-n(l +P-rxy)
P[/Xk/2" - X(k-I)/2" ~::;; ,

and consequently,

(2.9) P [ max IXk/2" - X(k-l)/2,,1 ~ rrnJ
I Sk$2"

=:;; P [U IXk /2" - X(k-ll/2,,1 ~ rl.nJ
k=1

::;; crn(jJ-rx7).

The last expression is the general term of a convergent series; by the Borel­
Cantelli lemma, there is a set Q*eff with P(Q*) = 1such that for each weQ*,

(2.10) max IXk/2"(w) - X(k-O/2"(W)/ < r yn
, Vn ~ n*(w),

ISkS2"

where n*(w) is a positive, integer-valued random variable.
For each integer n ~ 1, let us consider the partition Dn = {(kI2n

); k =0,
I, ... ,2n

} of [0, 1], and let D = U~=I Dn be the set of dyadic rationals in [0, I].
We shall fix weQ*, n ~ n*(w), and show that for every In > 11, we have

m
(2.11) IX,(w) - Xs(w)I :::; 2 L: r yJ; V t, se Dm, 0 < t - S < r n.

J=n+1

For In = n + 1, we can only have t = (kI2m), 8 = ((k _ l)/2m), and (2.11)
follows from (2.10). Suppose (2.11) is valid for In = n + 1, ... , M - 1. Take
s ~ t, s, teDM, consider the numbers t l = max{ueD

M
_

I
; U::;;; t} and Sl =

mm{ueDM_ l ; u ~ s}, and notice the relationships S'- SI ..-- t l ..-- t 8 1 - s:::;2-M I 2-M .:::. .:::. .:::.,
, t - t -::;;M • From (2.10) we have IXs'(w) - XAw)1 ::;; r 7M, IX,(w)-

X,.(w)1 ::;; 2 Y ,and from (2.11) with In = M - 1, .

M-I
IX,.(w) - Xs,(w)1 ::;;; 2 2: r YJ•

J=n+l
We obtain (2.11) for m = M.
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We can show now that {X,(w): leD} is uniformly continuous in I for every
weQ*. For any numbers s, lED with 0 < I - S < 11«(1)) ~ 2-n ·('.1 we sci ct

*() I I t 2-(11+1) , e
/1;::'/1 w sucltla =:;;1-s<2-n.Wehavcfrom(2.11)

.•.
(2.12) IX,(w) - X..(w)l =:;; 2. L Tyj:::; oil - sl", 0 < I -.~ < II(w),

J=n+1

where b = 2/( 1 - 2-;'). This proves the desired uniform continuity.
We define X as follows. For wr;:Q*, set X,(W) = 0,0 =:;; I =:;; I. For IOEQ*

and leD, set X,(w) = X,(w). For WE Q* and IE [0, 1J(\ Dr, choose a sequence
{sn};::;"t £; D with s,,--> I; uniform continuity and the Cauchy criterion imply
that {Xs)w)}:;'"t has a limit which depends on I but not on the particular se­
quence {sn}~;"t £; D chosen to converge to I. and we set X,(w) = lim, _'1 X, (w).
The resulting process J? is thereby continuous; indeed, X satisfies"(2.12';, so
(2.8) is established.

To sec that X is a modification of X. observe that X, == X, a.s. for lED;
for I e [0, I] n Dr and {Sn}~'=t £ D with Sn --> I, we have X, --> X, in probability
and Xs" --> X, a.s., so X, = X, a.s. ... 0

2.9 Problem. A ra/ldll!n field is a collection of random "ariables {X,; IE .{1},
where 091 is a partially ordered set. Suppose {X,; I E [0, TJd], Ii ;::. 2, is a random
field satisfying

(2.13)

(2.14)

for some positive constants ex, p, and C. Show that the conclusion of Theorem
2.8 holds, with (2.8) replaced by

[
IX,(w) - Xs(w)l ~J 1P W' sup < u = .

, O<I,-sl,<h(w) III - sll7 -
s.,eIO.·nd

2.10 Problem. Show that if B, - B., 0 :::; s < I. is normally distributed with
mean zero and variance I - s, then for each positive integer 11, there is a
positive constant en for which

EIB, - Bs l2n =Cnll - sin.

2.11 Corollary to Theorem 2.8. Tllere is a probability lIIeasure P 011 (iR
IO

•
7o

"

.@(IRIO.co), and a stochastic process W = {W, .~,"'; t ~ O} 011 tile sallie space,
such that under P, W is a Browniall lIIotion.

PROOF. According to Theorem 2.8 and Problem 2.10, there is f~r.each -r: > 0 a
modification W T of the process B in Corollary 2.6 such that W,. IS contmuous

on [0, T]. Let

n
T

= {co; w,T(CO) = B,(co) for every rational t e [0, T]}.

so p(n7.) = 1. On n~ n~~l nT' we have for positive integers r. and T2 ,

w,T. (co) = W,Tl(CO), for every rational t e [0, TI 1\ T2].
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Sincc both processes are continuous on [0, Tr 1\ T2], wc must ha v: 11-;"1", ((0) '"
U/,tcv) for cvery t E [0, T. 1\ T2 ], co Eft Dcline ~Jt;(co) to bc th.s C0ll11l1011

,·alue. For (I,) r/. Q, sct H~((J)) = 0 for all t ~ O. 0

2.12 Remark. Actually, for P-a.e. W E ~IO.",,), the Browniatl sample path
I t'Y.(eo)' 0 < t < r:J:) \ is locally Holder-continuous with exponent I"~ for eYCrv
\' 1 • - I .
)'E(O, 1/2). This is a consequence of Theorem 2.8 and Problem 2.10.

2.3. Second Construction of Brownian Motion

This section provides a succinct, self-contained construction of Brownian
motion. It may be omitted without loss of continuity.

Let us suppose that {B" .~; t ~ O} is a Brownian motion, fix 0 .::;: s < t < x,
and set e~ (t + s)/2; then, conditioned on Bs = x and B, = z, the random
variable Bo is normal with mean JI ~ (x + z)/2 and variance (12 §, (t - s)j4.
To verify this, observe that the known distribution and independence of thc
increments Bs, Bo - B., and B, - Bo lead to the joint density

(
t - S ) (t - S )P[BsEdx, BoEdy, B1Edz] = p(s; 0, x)p -2-; x, y p T; y, z dxdydz

1 {(y - JI)2}
= p(s;O,x)p(t - s;x,z)' (1j2;exp 2(12 dx dydz

in the notation of (2.6), after a bit of algebra. Dividing by

P[BsEdx, B1Edz] = p(s;O,x)p(t - s;x,z)dxdz,

we obtain

(3.1) P[B(l+s)/2 EdylBs = X, B1= z] = _1_e- CY -II)2/2U' dy.
(1$

The simple form of this conditional distribution for B suggests that we
• CI+s)/2

~an const~uct Browman motion on Some finite time-interval, say [0, I], by
:~terp~latlon. Onc: we have completed the construction on [0, I], a simple
patchIng together of a sequence of such Brownian motions will result in

a Brownian motion defined for all t £; O.

To carry out this program, we begin with a countable collection g~n);
kEl(n), n =0, I, ... } of independent, standard (zero mean and unit variance)
~~rmal.random variables on a probability space (n,F, P). Here 1(11) is the set
F odd mtegers between 0 and 2n

; I.e., 1(0) = {I}, 1(1) = {I}, 1(2) = {l, 3}, etc.
r or ea<:h n £; 0, we define a process BCn) = {B!n); 0 :::; t :;;; I} by recursion and
Inear mterpolation, as follows For n ..... 1 BCn) 'Il 'th BIn-I)

k = 0 1 2n-1 • c:: , /</2"-1 WI agree WI /</2"-1,

kEl(~). W~'~t . Thus, for each value of n, we need only specify Bi,l" for
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131:11 = 0, B\'JI = ~11'JI.

If the values of 13L72-;!I" k = 0, I, ... , 2""" have heen specified (so B:n" 11 is
defined for 0 :::; I :::; I by piecewise-linear interpolation) and kE 1(11). we de­
note S = (k - I )/2/1, I = (k + 1)/2/1, J1 =1(/3~n'll + B:/I-II). and (j2 = (t - s)!4 =

1/2/1+ I and set, in accordance with (3.1),

We shall show that, almost surely, B:/Il converges uniformly in I to a continuous
function BI' and {BI' 07/1; 0 :::; I :::; I} is a Brownian motion.

Our first step is to give a more convenient representation for the processes
BIn), II = 0, I, .... We define the Haa,. fl/ll('l;oIlS by 11\°)(1) = I. 0:::; I :::; I. and

for 11 ~ I, kE /(11),

k - I k
'--<1<-2n - 2n '

k k+1
-' <I <_.. -
2n - 2n '

0, otherwise.

We define the Schallde,. filllCliolls by

St)(I) =Lmn)(II)dll, 0:::; I:::; 1.11 ~ O. kEl(II).

Note that S\O)(I) = I, and for II ;:.; 1 the graphs of Sl"l are little tents of height
2-ln+1 )12 centered at kl2n and nonoverlapping for different values of k E 1(11).

It is clear that B)O) = ~IIO)S\O)(I), and by induction on II, it is easily verified that

(3.2) 8)n)(w) = t I ~Lm)((/))Slml(l). 0:::; I :::; I. II ~ O.
m=O k"Ilm)

3.1 Lemma. As II ..... 00, the seqllellce q{ !1I11('lioIlS {B: II1
((/)); 0 :::; I :::; I}, II ~ ~­

given by (3.2) COli verges IIIIiforl1l1y ill I 10 a COIIIIIII/CIIIS fllllflioll {B,((;»): 0 :::; I :::; I j _

for a.e. WEn.
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Now L;;~I 2"e- I '12/11 < 00, so the Borcl-Cantclli lemma i.mplie~ that there
is a set n with p(n) = I such that for each co En there IS an Integer 11«(1))
satisfying bll(w) :::; n for all II ~ II(W). But then

~ wL: L: l~i")Sj,n)(t)l:::; L: IIr(II+I)!2 < w;
II= lI(ro) k e ((II) lI=n(w)

so for WEn, B,(II)(w) converges uniformly in t to a limit B,(w). Continuity of
{B,(w); 0 :::;; t :::;; I} follows from the uniformity of the convergence. 0

Under the inner product (f,g) = J~.r(t)g(l)dt, L 2 [0, IJ is a Hilbert Space,
and the Haar functions {Hj,"); kE/(Il), n;;:: O} form a complete, orthonormal
system (see, e.g., Kaczmarz & Steinhaus (1951), but also Exercise 3.3 later).
The Parseval equality

applied to f = l'O.'l and g = l'O,Sl yields

(3.4)
w

L: L: Sj,I)(t)Sj,")(S) = s 1\ t; 0:::;; s, t :::;; I.
11=0 ke/(II)

3.2 Theorem. With {B,(II)}::'=I defined by (3.2) and B, = limll~<X: B,(II), the process
{B" !!F,B; 0 :::;; t :::;; I} is a Brownian motion on [0, 1J.

PROOF. It suffices to prove that, for 0 = to < t 1 < ... < til :::;; I, the increments
{B'j - B'j_I}]=1 are independent, normally distributed, with mean zero and
variance tj - t)-I. For this, we show that for ;.jE ~,j = I, ... , nand i = F1,

(3.5) E[exp {i~ )·iBrj - B'j_I)}] = }j exp { -~;.J(tf - tj - d }.

Set AII+1 = O. Using the independence and standard normality of the random
variables {~i")}, we have from (3.2)

E[exP{-i f (j'.+1 - A.)B!MI}]
j""l J J 'j

= E[exP{-i I L ~illl) i ()'j+l - )'j)Sllll)(tj )}]111"'0 ke/(III) J'"l

~ il..'L E[exp { -i(l·' it. ()1.. - )1)S!"!'t
J
)}]

~ .i1..'L exp[ -Hit. (~.. -~)Sl·''tJ)}']

= ex
p

[ -~ j~ l~ (Aj +1 - )'j)(A(+I. - )'() I L: Sllll)(t()Slllll(tj )].
• 111"'0 kG/(III)

Letting M -+ co and using (3.4), we obtain
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o

3.3 Exercise. Prove Theorem 3.2 without resort to the Parseval identity (3.4).
by completing the following step!).

(a) The increments {BL'i! .. - Blf~I)12"}~:1 are independent. normal random
variables with mean zerO and variance 1/2n

•

(b) If 0 = 10 < t I < .. , < In::; I and each I j is a dyadic rational. then the
increments {BI} - BI}., }j'''1 are independent, normal random variables with
mean zero and variance (I j - Ij_I)'

(c) The assertion in (b) holds even if {Ij }J~I is not contained in the set of
dyadic rationals.

3.4 Corollary. There is a probabililJ space (O,.:¥". P) alld a slochaslic process
B = {IJI' 1F

I
B ; 0 ::; I < IX;} on iI, such I hal B is a stclndard. olle-dimellsiollal

Brownian mOlioll.

PROOF. According to Theorem 3.2, there i!) a sequence (Qn"~' Pn),11 = 1.2, ...
of probability spaces together with a Brownian motion {X:n

,: 0 :::; I :::; I}
on each space. Let 0 =ill x O2 X "', .?7 = .301 ® ·'1'2 ® .. " and P = PI X

P2 X •••• Deline B on 0 recursively by

B
I

= X/I), 0:::; I ::; I,

B
I

= Bn + X/~;Il, II::; I :::; II + I.

This process is clearly continuous, and the increments are easily seen to be
independent and normal with zero mean and the proper variances. 0

2.4. The Space C[O, 00), Weak Convergence,
and the Wiener Measure

The sample spaces for the Brownian motions we built in Sections 2 and 3
were, respectively, the space IRlo.«;, of all real-valued ~unctio~s on [0. x)

and a space il rich enough to carry a countable collection of mdependent,
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(4.1)

standard normnl random varinbles. The "canonical" space for Brownian
motion. the one most convenient for many f~ture dcvelopme.nts. is C[O, '.q,
the space of all continuous, real-valued functions on [0, co) with metric

"" 1P(W
I
.W2) ~ L: Ii max (lwl(t) - w2(t)l/\ I).

n=1 2 o;sr;Sn

In this section, we show how to construct a measure, c~lIed Wieller //Ieasllre,
on this space so that the coordinate mapping process IS Brownian motion.
This construction is given as the proof ofTheorem 4.20 (Donsker's invariance
principle) and involves the notion of weak convergence of random walks to

Brownian motion.

4.1 Problem. Show that p defined by (4.1) is a metric on C[O, co) and, under
p. qO. (0) is a complete. separable metric space.

4.2 Problem. Let ~(%) be the collection of finite-dimensional cylinder sets of
the form (2.1); i.e.,

(2.1)' C ={WEC[O. (0); (w(tl), ....W(tn))EA}; II;=: I. A EP4([RII),

where, for all i = I..... II. tiE [0.(0) (respectively. tiE [0, tJ). Denote by ~(~1,)

the smallest a-field containing ~(%).

Show that 9J = P4(qO. (0)), the Borel a-field generated by the open sets in
C[O. (0), and that ~ = ({Jr- I (P4(C[O. (0))) ~ P4r(C[O. (0)). where (Pr: qo, oo)-t
qO. (0) is the mapping (((J,w)(s) = w(t /\ s); 0:::; s < 00.

Whenever X is a random variable on a probability space (0., ff, P) with
values in a measurable space (S. P4(S)), i.e.• the function X: Q -4 S is ff j.1J(S)­
measurable, then X induces a probability measure PX -Ion (S, gQ(S)) by

(4.2) PX-I (B) = P {w En; X(W) E B}, BE P4(S).

A~ important special case of (4.2) occurs when X = {X,; 0 s; t < oo} is a
continuous stochastic process on (Q,$'.P). Such an X can be regarded as
a r~~d.om variable on (Q,ff.P) with values in (C[O, oo).P4(C[O, (0))), and
PX . IS called the .law of X. The reader should verify that the law of a
contmuous process IS determined by its finite-dimensional distributions.

A. Weak Convergence

The following concept' f ~ d' .
IS 0 lun amentallmportancc in probability theory.

4.3 Defi • • Le
be mltion. t(S,p) be a metric space with Borel a-field f$(S). Let {Pn}:=1

a sequence of probability measures on (S 6'I(S)) and let P be another
measure on this space We say th t {P }OO " d 'te
Pn~ P, ifand only if . a n n=1 converges weakly to P an WrI


