
dP̃ = δ(ω) dP

EP̃(X | F) = E(X δ | F)∫
F

E(X δ | F) dP =

∫
F

X δ dP =

∫
F

X dP̃ =

∫
F

EP̃(X | F) dP̃ =

∫
F

EP̃(X | F) δ dP

=

∫
F

E
[
EP̃(X | F) δ | F

]
dP =

∫
F

EP̃(X | F)E(δ | F) dP

E(X δ | F) = EP̃(X | F)E(δ | F)

EP̃(X | F) =
E(X δ | F)

E(δ | F)

δT (ω) = exp
(∫ T

0

f(r)dWr −
1

2

∫ T

0

f(r)2 dr
)

Xt = g(t) +Wt

δs,t(ω) = exp
(∫ t

s

f(r)dWr −
1

2

∫ t

s

f(r)2 dr
)

γT (ω) = exp
(∫ T

0

f(r)dWr

)
γs,t(ω) = exp

(∫ t

s

f(r)dWr

)
EP̃(Xt −Xs | Fs) = g(t)− g(s) + EP̃(Wt −Ws | Fs)

EP̃(Wt −Ws | Fs) =
E((Wt −Ws) δT | Fs)

E(δT | Fs)
=

E((Wt −Ws) δT | Fs)
δs

EP̃(Wt−Ws | Fs) = E((Wt−Ws) δs,T | Fs) = E((Wt−Ws) δs,T ) = E((Wt−Ws) δs,t)E(δt,T )

E((Wt −Ws) δs,t) = E((Wt −Ws) γs,t) exp
(
− 1

2

∫ t

s

f(r)2 dr
)

E(δt,T ) = E(γt,T ) exp
(
−1

2

∫ T

t

f(r)2 dr
)

= exp
(1

2

∫ T

t

f(r)2 dr
)

exp
(
−1

2

∫ T

t

f(r)2 dr
)

= 1

E((Wt −Ws) γs,t) =
d

dα
E
[

exp
(
α(Wt −Ws) +

∫ t

s

f(r)dWr

)]
α=0

E((Wt−Ws) γs,t) =
d

dα
E
[

exp
(∫ t

s

(α+f(r))dWr

)]
α=0

=
d

dα

[
exp

(1

2

∫ t

s

(α+f(r))2dr
)]

α=0

E((Wt−Ws) γs,t) =
d

dα

[
exp

(1

2

∫ t

s

(α+f(r))2dr
)]

α=0
=

∫ t

s

f(r)dr exp
(1

2

∫ t

s

f(r)2dr
)

EP̃(Xt −Xs | Fs) = g(t)− g(s) +

∫ t

s

f(r)dr
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Scegliendo

g(t) = −
∫ t

0

f(r) dr

abbiamo che EP̃(Xt −Xs | Fs) = 0 cioè Xt è una martingala.

EP̃((Xt −Xs)
2 | Fs) = EP̃((Wt −Ws)

2 | Fs)− (g(t)− g(s))2

EP̃((Wt −Ws)
2 | Fs) = E((Wt −Ws)

2 δs,t)

E((Wt −Ws)
2 δs,t) = E((Wt −Ws)

2 γs,t) exp
(
− 1

2

∫ t

s

f(r)2 dr
)

E((Wt −Ws)
2 γs,t) =

d2

dα2
E
[

exp
(
α(Wt −Ws) +

∫ t

s

f(r)dWr

)]
α=0

E((Wt−Ws)
2 γs,t) =

d2

dα2
E
[

exp
(∫ t

s

(α+f(r))dWr

)]
α=0

=
d2

dα2

[
exp

(1

2

∫ t

s

(α+f(r))2dr
)]

α=0

d

dα
exp

(1

2

∫ t

s

(α + f(r))2dr
)

=

∫ t

s

(α + f(r))dr exp
(1

2

∫ t

s

(α + f(r))2dr
)

d2

dα2
exp

(1

2

∫ t

s

(α + f(r))2dr
)

=

(t− s) exp
(1

2

∫ t

s

(α + f(r))2dr
)

+
(∫ t

s

(α + f(r))dr
)2

exp
(1

2

∫ t

s

(α + f(r))2dr
)

E((Wt −Ws)
2 γs,t) =

[
(t− s) +

(∫ t

s

f(r) dr
)2]

exp
(1

2

∫ t

s

f(r)2dr
)

EP̃((Xt −Xs)
2 | Fs) = t− s

Quindi X2
t − t è una martingala da cui per un teorema di Lévy abbiamo che

Xt = Wt −
∫ t

0

f(r) dr

è un processo di Wiener rispetto a P̃.
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