
Xt = σ(t)f(t)

∫ t

0

dWs

f(s)

m(t) = 0, a(s, t) = σ(s)f(s)σ(t)f(t)

∫ s∧t

0

dr

f(r)2

Xt =

∫ t

0

(σ(s)f(s))′

σ(s)f(s)
Xs ds+

∫ t

0

σ(s) dWs

Casi particolari

Brownian bridge

σ(t) = 1, f(t) = 1− t

Xt = (1− t)
∫ t

0

dWs

1− s
m(t) = 0, a(s, t) = s ∧ t− st

p(s, x; t, y) =
1√

2π 1−t
1−s(t− s)

exp
(
−

(y − 1−t
1−sx)2

2 1−t
1−s(t− s)

)
∂p

∂s
= −

(1

2

∂2p

∂x2
− x

1− s
∂p

∂x

)
backward Kolmogorov eqn.

∂p

∂t
=

1

2

∂2p

∂y2
+
∂

∂y

( y

1− t
p
)

forward Kolmogorov eqn. (Fokker-Planck)

Xt = −
∫ t

0

1

1− s
Xs ds+Wt

Ornstein-Uhlenbeck

σ(t) = σ, f(t) = eλt

Xt = σ

∫ t

0

eλ(t−s)dWs

a(s, t) =
σ2

2λ
(eλ(s+t) − eλ|t−s|)

p(s, x; t, y) =
1√

2π σ
2

2λ
(e2λ(t−s) − 1)

exp
(
− (y − eλ(t−s)x)2

2σ
2

2λ
(e2λ(t−s) − 1)

)

1



∂p

∂s
= −

(1

2
σ2 ∂

2p

∂x2
+ λx

∂p

∂x

)
backward Kolmogorov eqn.

∂p

∂t
=

1

2
σ2∂

2p

∂y2
− ∂

∂y

(
λy p

)
forward Kolmogorov eqn. (Fokker-Planck)

Xt = λ

∫ t

0

Xs ds+ σWt

Ancora un Ornstein-Uhlenbeck (stazionario)

σ(t) = σ, f(t) = e−λt, λ > 0

Xt = X0 e
−λt + σ

∫ t

0

e−λ(t−s)dWs

dove X0 ha come legge N(0, σ
2

2λ
) ed è indipendente dal processo di Wiener Wt

m(t) = 0, a(s, t) =
σ2

2λ
e−λ |t−s|

Xt = X0 − λ
∫ t

0

Xs ds+ σWt

Ẋt = − 1

1− t
Xt + Ẇt, dXt = − 1

1− t
Xt dt+ dWt

Ẋt = λXt + σ Ẇt, dXt = λXt dt+ σ dWt

dXt = b(t,Xt) dt+ σ(t,Xt) dWt

Au =
1

2
σ(t, x)2

∂2u

∂x2
+ b(t, x)

∂u

∂x

Bv =
1

2

∂2

∂x2
(σ(t, x)2 v)− ∂

∂x
(b(t, x) v)

2


