
p(s, x; t, I) := P(Xt ∈ I | Xs = x)

Processo di Markov
Processo di diffusione

1

t− s
P{Xt ∈ B(x, ε)c | Xs = x} =

1

t− s

∫
|y−x|>ε

p(s, x; t, dy) =
p(s, x; t, B(x, ε)c)

t− s
→ 0

• P{Xt ∈ B(x, ε)c | Xs = x} = o(t− s)

• 1

t− s

∫
B(x,ε)

(y − x) p(s, x; t, dy)→ b(s, x)

• 1

t− s

∫
B(x,ε)

(y − x)2 p(s, x; t, dy)→ a(s, x)

densità p(s, x; t, y)

• 1

t− s

∫
|y−x|>ε

p(s, x; t, y) dy → 0 as t↘ s

• 1

t− s

∫
B(x,ε)

(y − x) p(s, x; t, y) dy → b(s, x)

• 1

t− s

∫
B(x,ε)

(y − x)2 p(s, x; t, y) dy → a(s, x)

omogeneità temporale p(s, x; t, I) = p(t− s, x, I) τ = t− s

• 1

τ

∫
|y−x|>ε

p(τ, x, dy)→ 0 as τ ↘ 0

• 1

τ

∫
B(x,ε)

(y − x) p(τ, x, dy)→ b(x)

• 1

τ

∫
B(x,ε)

(y − x)2 p(τ, x, dy)→ a(x)

omogeneità temporale e densità p(t− s, x, y) τ = t− s

• 1

τ

∫
|y−x|>ε

p(τ, x, y) dy → 0 as τ ↘ 0
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• 1

τ

∫
B(x,ε)

(y − x) p(τ, x, y) dy → b(x)

• 1

τ

∫
B(x,ε)

(y − x)2 p(τ, x, y) dy → a(x)

omogeneità temporale e densità p(t− s, x, y) τ = t− s

• 1

τ

∫
|y−x|>ε

p(τ, x, y) dy → 0 as τ ↘ 0

• 1

τ

∫
B(x,ε)

(y − x) p(τ, x, y) dy → b(x)

• 1

τ

∫
B(x,ε)

(y − x)2 p(τ, x, y) dy → a(x)

omogeneità temporale, omegeneità spaziale e densità pt−s(y − x)
τ = t− s, ξ = y − x

• 1

τ

∫
|ξ|>ε

pτ (ξ) dξ → 0 as τ ↘ 0

• 1

τ

∫
|ξ|≤ε

ξ pτ (ξ) dξ → b una costante

• 1

τ

∫
|ξ|≤ε

ξ2 pτ (ξ) dξ → a una costante
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u(s, x) =

∫
R
f(y) p(s, x; t, dy) = E(f(Xt) | Xs = x), 0 < s < t

u(t, x) = f(x)

−∂u
∂s

= 1
2
a(s, x)

∂2u

∂x2
+ b(s, x)

∂u

∂x

u(s, x) = u(s, x; t)

u(s, x) =

∫
R
f(y) p(s, x; t, y) dy = E(f(Xt) | Xs = x), 0 < s < t

u(t, x) = f(x)

−∂u
∂s

= 1
2
a(s, x)

∂2u

∂x2
+ b(s, x)

∂u

∂x

v(t, y) =

∫
R
g(x) p(s, x; t, y) dx, t > s

u(t, y) = v(s;t, y)
v(s, y) = g(y)

∂v

∂t
= 1

2

∂2

∂y2
(a(t, y) v)− ∂

∂y
(b(t, y) v)

u(τ, x) =

∫
R
f(y) p(τ, x, y) dy = E(f(Xτ ) | X0 = x), 0 < τ

u(0, x) = f(x)

∂u

∂τ
= 1

2
a(x)

∂2u

∂x2
+ b(x)

∂u

∂x

v(τ, y) =

∫
R
g(x) p(τ, x, y) dx

v(0, y) = g(y)

∂v

∂τ
= 1

2

∂2

∂y2
(a(y) v)− ∂

∂y
(b(y) v)
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u(τ, x) =

∫
R
f(y) pτ (y − x) dy = (f ∗ pτ )(x) = E(f(Xτ ) | X0 = x)

u(0, x) = f(x)

∂u

∂τ
= 1

2
a
∂2u

∂x2
+ b

∂u

∂x
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