
X : Ω→ Rn

Y : Ω→ Rm

(X, Y ) : Ω→ Rn+m

X = (X1, X2, . . . , Xn)

Xk : Ω→ R

Caso di misure assolutamente continue rispetto alla misura di
Lebesgue

µ(X,Y )(B) = P((X, Y ) ∈ B) =

∫
B

f(x, y) dxdy

B = J × I

P(X ∈ J, Y ∈ I) =

∫
J×I

f(x, y) dxdy =

∫
J

(∫
I

f(x, y) dy
)
dx

ϕ(x, y) =
f(x, y)

f1(x)

f1(x) :=

∫
Rm

f(x, y) dy

P(X ∈ J, Y ∈ I) =

∫
J

(∫
I

ϕ(x, y) dy
)
f1(x)dx

p(x, I) :=

∫
I

ϕ(x, y) dy

P(X ∈ J, Y ∈ I) =

∫
J

p(x, I)µX(dx)

P(Y ∈ I | X = x) := p(x, I)

P(X ∈ J, Y ∈ I) =

∫
J

P(Y ∈ I | X = x)P(X ∈ dx)

P(Y ∈ I) = P(X ∈ Rn, Y ∈ I) =

∫
Rn

P(Y ∈ I | X = x)P(X ∈ dx)

P(Y ∈ I | X ∈ J) =
P(X ∈ J, Y ∈ I)

P(X ∈ J)
=

∫
J

P(Y ∈ I | X = x)P(X ∈ dx)∫
J

P(X ∈ dx)

1



P(Xt ∈ I) = P(Xs ∈ R, Xt ∈ I) =

∫
R
P(Xt ∈ I | Xs = x)P(Xs ∈ dx)

p(s, x; t, I) := P(Xt ∈ I | Xs = x)

µt(I) =

∫
R

µs(dx) p(s, x; t, I)

s < r < t

µt(I) =

∫
R

µr(dz) p(r, z; t, I) =

∫
R

(∫
R
µs(dx) p(s, x; r, dz)

)
p(r, z; t, I)

µt(I) =

∫
R

µs(dx)
(∫

R
p(s, x; r, dz) p(r, z; t, I)︸ ︷︷ ︸

π(s, x; r; t, I)

)

P(X ∈ J, Y ∈ I) =

∫
J

P(Y ∈ I | X = x)P(X ∈ dx)∫
Rm

ψ(y)P(X ∈ J, Y ∈ dy) =

∫
Rm

∫
J

ψ(y)P(Y ∈ dy | X = x)P(X ∈ dx)

P(X ∈ dx, Y ∈ dy) = P (Y ∈ dy | X = x)P(X ∈ dx)

P(X ∈ dx) = P(X1 ∈ dx1, X2 ∈ dx2, . . . , Xn ∈ dxn)

X(n) = (X1, X2, . . . , Xn) = X, x(n) = (x1, x2, . . . , xn) dx(n) = dx1dx2 · · · dxn
P(X(n) ∈ dx) = P(Xn ∈ dxn | X(n−1) = x(n−1))P(X(n−1) ∈ dx(n−1))

P(Xn ∈ dxn | X(n−1) = x(n−1))P(Xn−1 ∈ dxn−1 | X(n−2) = x(n−2))P(X(n−2) ∈ dx(n−2))

P(X1 ∈ dx1, X2 ∈ dx2, X3 ∈ dx3) = P(X3 ∈ dx3 | X2 = x2, X1 = x1)

·P(X2 ∈ dx2 | X1 = x1)

·P(X1 ∈ dx1)∫
R3

f(x1, x2, x3)P(X1 ∈ dx1, X2 ∈ dx2, X3 ∈ dx3) =

∫
R
P(X1 ∈ dx1)∫

R
P(X2 ∈ dx2 | X1 = x1)∫

R
f(x1, x2, x3)P(X3 ∈ dx3 | X2 = x2, X1 = x1)
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P(X1 ∈ dx1, X2 ∈ dx2) =

∫
R
P(X2 ∈ dx2 | X1 = x1)P(X1 ∈ dx1)

P(X2 ∈ dx2, X3 ∈ dx3) =

∫
R
P(X3 ∈ dx3 | X2 = x2)P(X2 ∈ dx2)

P(X1 ∈ dx1, X3 ∈ dx3) =

∫
R

p(x1,dx3)︷ ︸︸ ︷
P(X3 ∈ dx3 | X1 = x1) P(X1 ∈ dx1)∫

R
P(X3 ∈ I | X2 = x2)P(X2 ∈ dx2 | X1 = x1) = π(x1, I)∫

R
P(X3 ∈ dx3 | X2 = x2)P(X2 ∈ dx2 | X1 = x1) = π(x1, dx3)

In generale p(x1, dx3) 6= π(x1, dx3)!

Caso Gaussiano m(t), a(s, t), s < t.

p(s, x; t, dy) := P(Xt ∈ dy | Xs = x) =
1√

2πσ2
e−

(y−µ)2

2σ2 dy =: p(x, dy)

dove

µ = m(t) +
a(s, t)

a(s, s)

(
x−m(s)

)
, σ2 =

a(s, s)a(t, t)− a(s, t)2

a(s, s)

s < r < t.

P(Xr ∈ dz | Xs = x) =
1√

2πσ2
1

e
− (z−µ1)

2

2σ21 dz

µ1 = m(r) +
a(s, r)

a(s, s)

(
x−m(s)

)
, σ2

1 =
a(s, s)a(r, r)− a(s, r)2

a(s, s)

P(Xt ∈ dy | Xr = z) =
1√

2πσ2
2

e
− (y−µ2)

2

2σ22 dy

µ2 = m(t) +
a(r, t)

a(r, r)

(
z −m(r)

)
, σ2

2 =
a(r, r)a(t, t)− a(r, t)2

a(r, r)

π(x, dy) =

∫
R
P(Xt ∈ dy | Xr = z)P(Xr ∈ dz | Xs = x) =

=
[ ∫

R

1√
2πσ2

2

e
− (y−µ2)

2

2σ22
1√

2πσ2
1

e
− (z−µ1)

2

2σ21 dz
]
dy
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=
1√

2πσ2
e−

(y−µ)2

2σ2 dy

µ =
a(s, r)a(r, t)

a(s, s)a(r, r)

(
x−m(s)

)
+m(t)

σ2 = a(t, t)− a(r, t)2

a(r, r)2
a(s, r)2

a(s, s)
=
( a(r, t)

a(r, r)

)2[
a(r, r)− a(s, r)2

a(s, s)︸ ︷︷ ︸
>0

]
+a(t, t)− a(r, t)2

a(r, r)︸ ︷︷ ︸
>0

Affinché π(x, dy) = p(x, dy) deve risultare

a(s, r)a(r, t)

a(s, s)a(r, r)

(
x−m(s)

)
+m(t) = m(t) +

a(s, t)

a(s, s)

(
x−m(s)

)
a(s, t) =

a(s, r)a(r, t)

a(r, r)

a(t, t)− a(s, t)2

a(s, s)
= a(t, t)− a(s, r)2a(r, t)2

a(s, s)a(r, r)2

Equazione (relazione) di Chapman-Kolmogorov
s < r < t

p(s, x; t, I) =

∫
R
p(s, x; r, dz)︸ ︷︷ ︸

ν(dz)

p(r, z; t, I)︸ ︷︷ ︸
ϕ(z)

Nel caso Gaussiano la relazione di Chapman-Kolmogorov è verificata se e
solo se

a(s, t) =
a(s, r)a(r, t)

a(r, r)

Esempi: Processo di Wiener (a(s, t) = s ∧ t)
Brownian bridge (a(s, t) = s ∧ t− s t)

Fractional Brownian motion with Hurst index α (0 < α ≤ 1)

a(α)(s, t) = 1
2

(|s|2α + |t|2α − |t− s|2α)

Per α = 1
2

risulta a(1/2)(s, t) = s ∧ t !

4



Figure 1: Sidney Chapman (1888-1970) and Andrej Kolmogorov (1903-1987)
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Figure 2: Norbert Wiener (1894-1964)
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Figure 3: typical Wiener trajectories
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