X: Q=R
Y: Q= R™

(X,Y): Q — R™™
X:(Xl,XQ,...7Xn>
in Q—R

Caso di misure assolutamente continue rispetto alla misura di
Lebesgue

s (B) = B(X.Y) € B) = [ fla,) dsdy
B=Jx1I
P(XeJYel)= J If(a:,y)dxdy:/J(/If(x,y)dy)d:c
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PYell|lX=xz):=p]I)

IP(XeJ,YeI):/IP(YeI|X:a;)IP>(Xeda:)
J

}P(Ye]):IP(XeR”,YEI):/ PYell|lX=uz)PX €dr)
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P(Y €I|X =2)P(X € dx)
P(YGIXGJ)P();(GXJ’GYJ)GI)L

/JIP’(X € dx)



P(X, € I) = P(X, € R, X, € I) :/P(Xt € 1| X, =12)P(X, € dz)
R

p(s,z;t, 1) =P(Xy € [ | Xy =x)

;anémwmmeJ>

s<r<t

D)= [ mwta)ptrztn) = [ ([ nfaa)ptoairdo) o zsn.1)

(1) :/R,us(dx) (/Rp(s,x;r,dz)p(r,z;t, I))

(s, z;rt, 1)

P(X €Y €el)= /P(YGI\X_x)P(Xedx)

/ Y(y) P(X € JY edy) = / /w P(Yedy| X =x)P(X € dx)
P(X €dz,Y €edy)=P(Y €dy | X =z)P(X € dx)
P(X € dx) =P(X; € dry, X5 € dxs, ..., X, € dx,)
X = (X1, Xo, ..., Xp) =X, ™ = (x1,29,...,2p) dz™ = dxidas - - - dz,,
P(X™ ¢ dz) = P(X, € dz, | X"V = z(n=D)p(X"=D g dzp(n=D)
P(X, € dr, | X" = ") P(X,y € dr, g | XD =207 P(X 2 € dz(n?)
P(X; € dzy, Xs € drg, X3 € dx3) = P(X3 € das | Xo = 29, X1 = 11)

P(Xs € dry | X1 = 27)

P(X; € dxy)

/RB flzy, e, 23)P(X, € dy, Xy € dag, X3 € dag) = /R]P’(Xl € dzy)
/RIP’(XQ € dry | X1 = 1)

/Rf<l‘1,l'2,l’3)P(X3 € drs | Xo =19, X1 = 11)

2



P(Xl € dIl,Xg c dl’g)

— 5

]:P)(XQ € dxo | X = ZEl)P(Xl € dl’l)

]P(XQ < de,Xg € diL‘g) = ]P(Xg € dl'g ‘ X2 = SCQ) ]P)(XQ € dl’g)

p(z1,drs)

iD(Xg € dxs | X, = .2313 ]P(Xl S dﬂfl)

]P)(Xl € dl‘l,Xg € d,Tg)

I
—

/]P)(Xg el | X2 = QTQ)P(XQ € dIL’Q | X1 = ZL‘l) = W(Il,l)
R
/]P)(Xg - dl’g | XQ = .172) ]P(XQ c dIL‘Q | X1 = (L‘1> = 7T(Z)L'1,dl‘3)
R
In generale p(zy,dxs) # m(x1, dzs)!

Caso Gaussiano m(t), a(s,t), s <t.

1 _y-w?

e 22 dy=:p(z,d
Noroe y =: p(w, dy)

pls,xit,dy) =P(Xy €dy | X =x) =

dove
o a(s,t) I 52— a(s, s)a(t,t) — a(s,t)?
w=mit) + a(s,s) ( (5)), a(s,s)
s<r<t. y?
P(X, € dz | X, =) = \/%e% d=
— lr a(s,r) (s 52 a(s,s)a(r,r) —a(s,r)?
= m(r) + a(s,s)( (5)); ! a(s,s)
1 _ (y—no)?
PX;edy| X, =2)= 27?026 25 dy
- a(r,t) R 52 a(r,r)a(t,t) — a(r, t)?
o = mit) + a(r, 7‘)( (). 2 a(r,r)

W(x,dy):/P(Xtedy|Xr:Z)P(XrEdz|XS:a:) =
R

1 _ (y—u22)2 1 _ (z—u21)2
= e 2 ——e i dz] dy
[/]R \/2mo? \/2no?
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Affinché 7(z, dy) = p(z, dy) deve risultare
Ja(r,t)
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=

a(s,s)a(r,r) (¢ —m(s)) +m(t) = m(t) + a(s, ) (z —m(s))
a(s,r)a(r,t)
a(s,t) )
_ a(s,t)’ . _ a(s,r)%a(r,t)?
a(t,t) a(s.5) (t,1) 2 2)alr. 1)

Equazione (relazione) di Chapman-Kolmogorov
s<r<t

p(s,z;t, I) :/R (s,x;r, dzl g)( )

i

v(dz) o(2)

Nel caso Gaussiano la relazione di Chapman-Kolmogorov & verificata se e
solo se

a(r,r)
Esempi: Processo di Wiener (a(s,t) = s At)
Brownian bridge (a(s,t) = s At — st)

Fractional Brownian motion with Hurst index a (0 < o < 1)

' (s,t) = 5 (| + [t — [t — s*)

Per a = 1 risulta aV/?(s,1) = s At !



Figure 1: Sidney Chapman (1888-1970) and Andrej Kolmogorov (1903-1987)



Figure 2: Norbert Wiener (1894-1964)



Figure 3: typical Wiener trajectories



