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Chapter 1
Fourier Series

Let R” denote the space of R-valued sequences. Sometimes the sequence o =
{0} in R will be written as

a=(o,0,0s,...) (1.1)

Exercise 1.0.1 R is a real vector space.

Given a sequence ¢ as in 1.1, following the approach of old books, the common
practice is that of changing names and of constructing two new R-valued sequences
from ¢. So

ap :=20Q (1.2)
VkeN ay = O (1.3)
br = (1.4)

Next step is the construction of a sequence {Sn}neNu{o} of functions R — R:ifx e R

a
50 1= ?0 (1.5)

n
VneN )= ?0 ; ay cos(kx) + by sin(kx)] (1.6)

Having a sequence, the natural question deals with convergence: does {s, }nENU{O}
converge to something in some sense? For example

- {Sn}neNu{o} might have the property of pointwise convergence, i.e. fixed x € R,
the real-valued sequence {s,(x)},cnujoy admits limit.

- {Sn}nenujo) might have the property of L” convergence for some 1 < p < oo,
In particular, it is interesting the property of L?> convergence, since L?> can be
endowed with the structure of Hilbert space.

It {sn}nGNU{O} converges in some sense, it is customary to let s denote the R — R
limit function and also to write for x € R
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ngk

s(x) =: 61720 + ) [arcos(kx) + by sin(kx)] (1.7

k=1

Theorem 1.0.1 Let o € R™ satisfy Y |0%| < +oo. Then
Sp —> §  pointwise (uniformly)

Proof. The pointwise convergence will be prove showing that for x € R and Vp >0

I$n4p(x) = 82(x)] =30 (1.8)
Indeed, the equivalence
Y loy| < oo & Y la] + |bi| < +eo (1.9)
k=1 k=1
yields
n+p oo
Y lal+1b]] =50 (1.10)
k=n+1
Hence
n+p
[Sntp () — 50 (x)] = Z [ax cos(kx) + by sin(kx)] (L.11)
k=n+1
n+p
< Y llacl|cos(kx)| + |bg|| sin(kx)]] (1.12)
k=n+1
ary n—soo
< Y llal + 1) =0 (1.13)
k=n+1

The convergence is also uniform: since the above passages do not depend on x,or

rather Y7 i llax] +1bx]] % 0 no matter which x was chosen, it can be easily seen

that the sequence satisfies the definition of uniform convergence.
Example 1.0.1
Let

Then

k=1 k=1 k=1 -2
= =/ 11

_1 _ —
< +k§2(k—1)k +,§2(k—1 k)

Hence



1 Fourier Series 7
n k(- o k(-
1;1 w — Z M uniformly pointwise
Similarly, considering

a=(001.0 2 0 L 0,...)

,;1 sm(ky — ) sin(k(*)) uniformly pointwise

sin(k(~)) and ZZ—] COS(k(')) .

Exercise 1.0.2 Choose some n € N and plot Y _, 2 e

Example 1.0.2

The sequences

—_—

o:=(1,1 yeer)

1
o= |1 —
a ( b 74’ )

do not satisfy the condition of absolute convergence, whereas for a real ¢ > 1

g (L L1
L ’2C73C74C7.“

does, thus the sequence {s, },cnu0} Where

1,

)

N =
W | —

J [cos (kx)  sin(kx)

S”(x):§+,§] QK7 2kt 1)

converges uniformly pointwise to a function s : R — R that is usually written as

s(x) =

2T X e k)

d [cos(kx) sin(kx)
k=1

Esercizio 1.0.3 Define forn € N 7§, := (ZZ:] %) —log(n). Then the sequence
{Yn}n converges.

Hence the sequence {7, }, can be used to construct converging sequences of R — R
functions.

Let 7y denote the limit of {¥,},. 7 is called Euler-Mascheroni constant. It is still not
known whether it is rational or irrational.

A classical result of real analysis states that if a sequence of R — R continuous
functions converges uniformly, the limit is continuous. Hence, from Theorem 1.0.1
it follows
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Corollary 1.0.1 Letr o € R” satisfy Y5, |o%| < +oo. Then the limit s of the
corrisponding sequence {s,}, is a continuous function.
Define
Lhi={aeR”: Y |og| <oo} (1.14)
k=1

Exercise 1.0.4 o,f€l;, A €R = oa+AB el.

The above exercise implies that /; is a real vector space. Now, for ¢ € /1 define a
function ||- || : [; — R by

o] ==Y loy (1.15)
k=1

This function is well defined thanks to the definition of /;.

Exercise 1.0.5 Prove that [, is a Banach space, i.e. that

1. (11, - 1) is a normed vector space.
2. (L, |- |) is complete, namely
{04 }n Cauchy sequence in I, = o, — el

Consider a real number p > 1. Define
L={aeR”: Y |og]’ < oo} (1.16)
k=1

and define a function |- ||, : [, — R by

lellp ==Y [oul” (1.17)
k=1
Exercise 1.0.6 /. [, is a real vector space.
2. (Ip,||-Ip) is @ normed space.
3. (Ip,||-|Ip) is a Banach space.

Using the modern language of [, spaces, Theorem 1.0.1 can be stated again as
acl = s, — s pointwise (uniformly) (1.18)

Exercise 1.0.7 p{,p> € Rsuchthat1 < p; <pr» = [, Clp,

Solution of Exercise 1.0.7. Let a € [,,,. Then, from the definition of Cauchy se-
quence, VN € N Jey € R such thatif n,p € Nand n > N then

n+p

Y foul”t < ey (1.19)
j=n+1

To prove the statement of the exercise, one has to show that an analogous property
holds when p, replaces p;. Indeed, without loss of generality, one can assume that



1 Fourier Series 9

Vk € N o < 1 (since the series converges this has to be true from a fixed index on).
Then (X,fl > Oc,fz, hence VN € N Jey € Rsuch thatifn,p € Nand n > N

n+p n+p
Y < ) [l <ey (1.20)
j=n+1 Jj=n+1

and the statement is proved.

However, the converse does not hold: for example, if p; = 1 and py = 2, let

g ({111
L 727 3 ) 47"'
then a € [, but & € [,,. Hence 1, G 1,,.

Define a function || - || : R® — R* by ||¢t||« := supy |0%|. The subset of R* con-
taining all bounded sequences is called

lo :={@ €R”: ||Ot]|cc < Foo} (L.21)
Also, consider another subset of R*
co:={o € R”: Jlim o and lim o =0} (1.22)
k—oo k—yo0

Exercise 1.0.8 1. [.,cq are real vector spaces.

2. (L, || - |o0), (coy || - ||l0) @are normed spaces.
3. (I, || * |le0), (€0, ||  ||l0) @re Banach spaces.
4. ¥Yp € R such that p > 1 I, Ccp Clw.
Let
C([0,2x])) := {f € RP?" . £ s continuous} (1.23)
Define a function || - || : RI%?™ — RU {4} as
If]l:==sup |f(x)] (1.24)
x€(0,27]
Exercise 1.0.9

C([0,2n)) is a real vector space.
(C(10,27]), ]| - ) is a normed space.
(C(10,27]), ]| - ) is a Banach space.

Restricting the domain of s, functions to [0,27], Theorem 1.0.1 states

Theorem 1.0.2 If o € [ = ds € C([0,27]) such that s, — s pointwise (uni-
formly).

Thus it is defined a function /; — C([0,27]) that sends a sequence & to a continu-
ous function s.
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Exercise 1.0.10 Check the orthogonality relations for sine and cosine functions, i.e.
verify that for n,m € NU{0}

0ifntm

2
/ cos(nx)cos(mx)dx=< 7w if n=m>0 (1.25)
0 2 if n=m=0
m . 0 i =m=0
/0 sin(nx) sin(mx)dx = { T Z ZiZirg m (1.26)
2n
/ cos(nx) sin(mx)dx =0 (1.27)
0

Let o € R™. Thanks to the previous exercise, for m € NU{0} it is easy to compute
the following integrals:

2n ap 2 n 2
/ cos(mx)s,(x)dx = — cos(mx)dx+ Z ak/ cos(mx) cos(kx)dx+
0 2 Jo = o

n o
+ Z bk/ cos(mx) sin(kx)dx
k=1 0
0if n<m
o { na, if n>m (1.28)
2 0if n<m
/0 sin(imx) s, (x)dx = { o i o (1.29)
This way, for a fixed m, define
1 27 0if n<m
A, = p /0 cos(mx)s, (x)dx = {Clm i n>m (1.30)
1 2= 0if n<m
B, = p /0 sin(mx)s, (x)dx = {bm if n>m (1.31)

Theorem 1.0.2 holds for the sequence {s, },, and trigonometric functions are bounded
in absolute value by 1, it follows that cos(m-)s,, () — cos(m-)s(-) and sin(m-)s, (-) —
sin(m-)s(-) uniformly. Moreover the intervals of integration above are bounded,
hence for n — c Riemann integral allows the following passages:
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2n
an = lim a,, = lim — cos(mx)s, (x)dx
n—oo n—o U /0
1 27
—/ lim (cos(mx)s,(x))dx = —/ cos(mx)s(x)dx (1.32)
n—o0 T Jo
2n
by = lim b, = lim — sin(mx)s, (x)dx
n—oo n—e U /0
2 1 2
f/ lim (sin(mx)s, (x))dx = 7/ sin(mx)s(x)dx (1.33)
n—oo T Jo

Is it possible to invert the above procedure? Le., let f € L (0,27). Then, since sine
and cosine are bounded, the product of f and a trigonometric function still belongs
to L'(0,27), so it is feasible to associate to f a sequence ¢ in R where

1 21

am = f(x)cos(mx)dx (1.34)
0
1 2
bi=— |  f(x)sin(mx)dx (1.35)
T Jo
ao
o= (z,al,bl,az,bg,a3,b3,...) (1.36)

The entries of the sequence ¢ in 1.36 are called Fourier coefficients of f. Next, one
can associate to @ the sequence {s, },. The idea of “inverting”the above passages
can be concretized wondering:

1. Does {s,}, converge pointwise?
2. If {s, }, converges pointwise, is the limit f?

In general, the answers are no. Indeed, Kolmogorov proved the existence of f €
L'(0,27) such that the sequences of {s,(x)}, are divergent for every x.
Nevetheless, from previous theorems, if & € [q, then exists a continuous limit s.
Since s is continuous, s € L' (0,27x) (C([0,2x]) C L'(0,27)).

Exercise 1.0.11 p,p’ € R such that 1 < p < p' = LV (0,2m) C LP(0,27).
Moreover, C([0,2x]) C LP([0,2x]).

solution of Exercise 1.0.11. Let f € L' (0,27). Actually, in the following argument,
f 1is arepresentative of a class, not a class in LY (0,27). Then

27
/ folPde= | 1f)Pdet [ 1f (0] dx
0 lr1<1 11>
2T
p P
g/o ldx+ e 1\f( x)| dx<277:+/ x)|P dx
:ZTCJF”fHLP’ eR

Moreover, if f € C([0,2x]), | f|? € C([0,2x]), therefore, using Weierstrass theorem



12 1 Fourier Series

2 2
7l = [ 10l < [ max (1£@)1)dr =27 max (£0))) € R

t€[0,27] t€[0,2x]

One may now cast a glance at what happens if f € L?>(0,27) C L'(0,27).

Notice that, since s, are continuous, they belong to LZ(O, 21). Next result deals with
convergence of {s,(x)}, when the sequence comes from & € . Actually, a stronger
convergence than the one stated in the theorem holds.

2
Theorem 1.0.3 Let o € I. Then 3s € L*(0,27) such that s, s

Proof. Since (L*(0,27),| - |;2) is a Banach space, it is complete, hence it suffices
to prove that {s,(x)}, is a Cauchy sequence in (L?(0,27), | -||), i.e. Vp € N,p > 0
[$ntp = snll 2 =0.

In the computation, the equality labelled with T is achieved thanks to the linearity of
the integral, 1.25, 1.26 and 1.27, whereas the one labelled with I follows from 1.25
and 1.26:

21
Iswip = snlls = [ (snep() = () 2dx

0
o n+p 2
:/ ( Y akcos(kx)+bksin(kx)) dx
0 M=n+1
¥ n+p  2x n+p 271
=Y / apcos®(kx)dx+ Y b? sin® (kx)dx
k=n+170 k=n+170
s n+p -
= Y (ar+bp) =50 (1.37)
k=n+1

.. . . j j—ro0
where the limit ensues from o € I Y Oc,? < oo implies ):ljijp 110 750 and the
corresponding expression written in terms of ay, by.

Statement 1 Let f € L?(0,27). Then the sequence & associated to f in 1.36 be-
longs to 1.

(The above statement will be proved in Theorem 1.0.6) In this situation the answers
to the foregoing questions are not completely negative:

1. Theorem 1.0.3 implies that {s,}, converges (in L? sense) to an s € L*(0,27).
Actually, the convergence is stronger: it is an a.e. convergence (Conjecture 1.0.1).
2. It can be proved that f = s a.e. (Conjecture 1.0.1).

Conjecture 1.0.1 (Lusin, 1915) If f € L?(0,2%) then s, — f a.e..

In 1966 Lennart Carleson proved Lusin’s Conjecture (L. Carleson: On convergence
and growth of partial sums of Fourier series. Acta Math. 116, 135-157 (1966)).
Till that moment, mathematicians had thought the Conjecture to be false. In 1973
Charles Fefferman gave a different proof of the Conjecture.

Then, in 1967, a generalization was proved:
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Theorem 1.0.4 (Hunt, 1967) If pc R, p>1land f€L? then s,— f ae..

Thanks to Kolmogorov’s example, the above theorem does not hold if p = 1.

Exercise 1.0.12 i. If f,g € L'(0,27), then if a(f),a(g),a(f +g) are the series
associated as in 1.36 to f,g and f + g(€ L'(0,2x)) respectively, then ¥m € N

O (f +8) = 0 (f) + 0 (g).
ii. If f € L*(0,27) and s € L*(0,27) is the limit of the sequence {s,},, then Ym € N

0 (f) = 04 (s), equivalently, o, (f —s) = 0.

If z € C, two possible definitions of ¢° are, provided that the existence of the
limits has been proved,

n
¢ = lim <1 + Z> (1.38)
n—oo n
ok
Fi=Yy = (1.39)
= k!
Exercise 1.0.13 i. (Euler’s Identity) Vx € R e = cosx+ isinx.
ii. 71,20 € C efle?2 = i1t
Hence, for x € R, since
e efix X _ X
— d sinx=-—7"— 1.40
COSX 2 an sinx 2 ( )
aO n n .
sp(x) = > + Y agcos(kx)+ Y bysin(kx)
k=1 k=1
ao n eikx Jre—ikx n eikx o e—ikx
== - b
2 TE%TT *,{)::] KT
ap " jay + by ikx " jay — by ikx
=—+ —e + ) ——e
2 kg’l 21 kg’l 21
. ao 1l ay ibk ikx - a_j + ib_k ikx
’2+k§ 2 ¢ +k§;n 2 ¢
1 & :
=3 Y ce™ (1.41)
k=—n
where
ay —iby if 0<k<n
Ci = ap if k=0
a_p+ib_y if —-n<k<0

Lemma 1.0.1 Let B,r € R, then
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_ cos ((r+ 1)[3) +cos ((rf 1)B)

cos(rB) cos(B) = ' (1.42)
sin(rp)sin(p) = < ("= DP) i ((r+ 1)) (1.43)
sin(rB) cos(B) sin ((r+1)B) —;sin((r— 1)B) (L44)
cos(rB) sin(B) = sin ((r+1)B) ;sin((r— 1)B) (1.45)

Proof. Thanks to cos(—f) = cos(f) and sin(—f) = —sin(f), one gets

{ cos(rf)cos(f) —sin(rB)sin(B) = cos ((r+ 1)[3)
cos(rf)cos(B) +sin(rf)sin(B) = cos ((r—1)B)

{ sin(rf) cos(B) 4 cos(rB) sin(B) = sin ((r+1)B)
sin(rB) cos(B) — cos(rB)sin(B) = sin ((r—1)B)

Combining in each system the two equations, once adding them, once subtracting,
one gets the equalities displayed above.

Theorem 1.0.5 Let f € L'(0,27) and suppose all Fourier coefficients of f to be
zero. Then f =0 a.e..

Proof. -First step. Let f€C([0,27]) CL'(0,27) and suppose all Fourier
coefficients of f to be zero. Then f=0 .

By contradiction, suppose f # 0. Then, since f € C([0,2x]), 3c € R,# €]0,2x[, 5 €

R with 6 > 0 such that [to — 8,7+ 8] C]0,2x[and Vt € [tg — 8,10+ 6] f(y) > ¢ >0
(without loss of generality it is possible to assume f(zp) > 0, in fact otherwise it
suffices to consider — f since, thanks to linearity, also the Fourier coefficients of — f
are zero.). Define for n € N and ¢ € [0,27]

Y () == (cos(t—t0)+ 1 —cos§>’Z

Ifr € [to — 6,10+ O], then O < |t — 19| < &, and thus cos(r —1p) + 1 —cosd > cos 6 +
1 —cosd =1, s0 y,(t) > 1; analogously, if t € [0,27] \ [to — 0,t0 + 6], Wn(r) < 1.
Moreover 38’ € R, § > 8’ > 0 such that 3p € R, p > 0 such that cos(r —#y) + 1 —
cosd < 1+pifre [to— 06,10+ d']. Thus

21
FO W (t)dr =3 oo (1.46)
0
Indeed
A B
27 to+0
[ rowoa= [ FOwn(nd
0 t0—0 [0,27]\[tg— 6,19 +3]
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and B is finite because, if M € R is such that V¢ € [0,27] |f(t)] <M,

Bl | Fvar< [ M 1dr <27M
[0,27] [10— 8 t9+6] [0.27]~ [t — 8 to+]

whereas

"1o+0 lo+5l ‘l()+5/ H—soo
A 2/ 5 cy,(1)dt 20/ w,, (1)de Zc/ (1+p)'dt >2¢8' (14p)" = o0
1 !

th— 4 tofa

A contradiction arises showing that from the hypotheses it follows that Vn € N
O £(t)y(t)dr = 0, since this implies limy, e [37 £ (1) W, (¢)ds = 0.
First, by induction one proves that Vn € N 3A;, By € R such that

Wa(t) = Ag + Z {Akcos(kz) By sin(kr)} (1.47)
k=1

Indeed, if n =1

A B
0 Ay '1 '
Y (t) =cos(t —tp) + 1 —cosd = 1 —cos & +costycost + (—sinty) sint

Now, suppose 1.47 holds if n <N —1, N € N, N # 1,2. Then

yn (1) = (cos(t —19) + 1 —cos 8)yy—_1(t)
= (cos(t —t9) +1—cosd) <A0 +N_1 {Ak cos(kt) + By sin(kt)} >
k

=1

N-1
= ((1 —c0s8) + costycost — sinfy sint) (Ao + Z [Akcos(kt) + By sin(kt)D
k=1

N-1 N-1
=Ag(1 —cos8)+ Y Ar(1—cos&)cos(kt)+ Y Bi(1—cosd)sin(kt)+
k=1 =1
N—1 N-1
+Agcostycost + Z Ay costycostcos(kt) + Z By costycostsin(kt)+
k=1 k=1
N-1 N—1
— Agsintysint — Z Ay sinfysint cos(kt) — Z By sintgsint sin(kt)
k=1 k=1

and, thanks to Lemma 1.0.1
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N—1

N—1
=Ap(l —cosd)+ Z Ap(1 —cosd)cos(kt) + Z By (1 —cos 8)sin(kt)+
k=1 k=1

N—IA

cost,
+Aocostocost+z k 0
k=1

(cos ((k+1)t) 4cos ((k— 1)t))+

N-1p
% COSty
+

(i (k= 1)r) +sin (k= 1) )+

k=1

NflA :
. . L SInty
— Agsintgsint — Z

L (Sin((k+1)t) —sin((k—l)t))+

N=1 B, sint

L (cos ((k—1)r) —cos ((k+1)t))

N—1 N—1
=Ao(l —cosd)+ Z Ar(1 —cosd)cos(kt) + Z By (1 —cos d)sin(kt)+
k=1 k=1
N N-2
Aj_qcosty Aj41c08ty
+ Agcostycost + ————cos(kt) + ———— cos(kt )+
oeostpcost + 37 M cos(h) + T AT o)

N N-—2
By_jcosty . By 1costy |
—————sin(kt — L sin(kt
N . N-2 .
Ajy_1 sint, Ay sint,
—Agsintysint — Z Tho12770 sin(kt) + Z Ak+1 51100 .

sin(kt)+
k=2 k=0

cos(kr)

N-2 . N .
By sinty Bj,_sinty
- —_— kt L —
kg{) 5 cos(kt) + kg'z >

A to  Bjsint
=Ap(l —cosd)+ 1C2050+ 1821110

N—2 A : :
_1COST A1 cost By 1 sinty By, sintq
n Ap(1 —cos §) 4 1C08T0 | Akr1 COSTo _ Brr1Sinfo _ i1 51010
=2

kt
= 2 2 ) > cos(kt)+

Arcosty  Bjsint
+ |A1(1—cosd)+Apcosty+ 2 0 _ 5251k

i ) > } cos(t)+

S A _2COS B ) i t
- AN*I(I Cos )+ N-2 lO N San C(}S((N‘ l)l)
l‘ _1cC0Sst? B S.[]Z

N-2 . .
By_j1costy Byiicosty Agxppsinfy  Ax_jpsintg | .
By (1 —cosé — — kt
+k§2 (1 —cosd)+ 5 + 5 3 5 sin(kz)+

Bycosty  Azsint
+ |Bi(1—cosd) —Agsintg + 2€08%0 _ 251

i > > } sin(r)+

By_ to An_psint
+ |By_1(1—cos &)+ =~ 22coso_ N ZZSIHO]sin((N—l)t)+
:B _ to An_1sint
+ |2 120050_ N 1251n0 sin(Nt)
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Hence 1.47 is proved.
It follows that, by linearity, the condition on the Fourier coefficients of f yields

VneN znf(t)llln(t)dt =0

which contradicts 1.46. Thus f = 0.
-Second step. In the hypotheses of the theorem, f=0 a.e.

Define .
Flt) = /0 F(s)ds

F is a continuous function, 3F'(¢) = f(¢) a.e. t € [0,27], F(0) =0 and F(27) =
may = 0. Let Ay and By be Fourier coefficients of F. Then, for £ > 1, (in these
hypotheses, thanks to approximation results, it is possible to integrate by parts)

nAkz/Oz”F(g)cos(kg)dg _ {F(;)Sm (kt) L k/” ) sin (k& )&

1 /2m by,

== | r@singrag = —E% ~o

w = [ F(E) sinkE)aE = [—F(r)“’s L b [T cosk)a

7'L'ak

k/zﬂ &)cos(k€)dE = - =0

Define for t € [0,27] F(t) := F() — Ag. Let Ay, B, be Fourier coefficients of F. By
linearity, for k > 0,

Ap=Ag—A¢=0, Ay =Ar—0=A, =0, By=B;—0=B;,=0

F is continuous, hence F satisfies the hypotheses of the first step, therefore F=0,
i.e. F = Ay. It follows that F = 0, and since F' = fae., f =0a.e..

Definition 1.0.1 A Hilbert space is a couple (H,(-,-)) such that H is a vector space
over Ror C, (-,-) : Hx H — C is an inner product and, if || - || denotes the norm
induced by (-,-), (H,||-||) is a Banach space.

Recall that L?(0,27) with the inner product (f,g) := g”f(t)g(t)dt is a Hilbert
space.

Theorem 1.0.6 Let f € L*(0,27). Let ay, by be Fourier coefficients of f. Then

Isnllz2 < IIfllz2 (1.48)

and

N‘ow

Z a; +bp) < fo||§2 (1.49)
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In particular, if « is the sequence of Fourier coefficients of f, then o € . 1.49 is
called Bessel’s inequality.

Proof. Thanks to 1.25, 1.26 and 1.27

(50,52) = /Ozﬂsﬁ(t)dt / ( Z:: {akcos (kt +bk81n(kt):|)2df: 71?(‘12(2)—1—

Thanks to linearity and to the definition of Fourier coefficients
27 ao 27 n 27 27
(s f) = / s0)f(1)ar =% /0 Fnde+ Y (ak /0 F(t) cos(ke)dt + by /0 £0) sin(kt)dt)
k=1
< Z ak +bk >

Therefore, also using the Cauchy-Schwarz inequality, it follows

=

(az +bi>>

k=1

Isall72 = sw, A< lsall 2 1f1.2

Hence, for both ||s,|/;2 =0 and ||s,|l;2 # 0, [Isull2 < || f1l,2-
Moreover, Vn € N

'\J‘om

n
Z a;+b;) < Hf”iz eER

2
Thus the sequence { %0 +Yi (ai + bi) } is a bounded and non—decreasing, hence

n

it admits limit, i.e. & € . Moreover the limit, denoted with 2 + Y (a2 +b2),
satisfies 1.49.

2
Remark 1 Actually, if f € L*(0,27), then 3 + Y5, (af +b}) = || fI|%

An application. Let A, B € R and define h(x) := Ax + B for x € [0,2x]. Since
h € C([0,2x]), from Exercise 1.0.11 it follows immediately that Vp € R, p > 1,
he LP([0,27)).

Exercise 1.0.14 Let ai, by be Fourier coefficients of h. Show that

_ [2(An+B) if k=0 2
ak{ o A be=—7A (1.50)

Solution of Exercise 1.0.14. For m € N
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1 2 1/ [22]%" w1,
=— | (Ax+B)dx=—(A|Z| +B[x], ) = =(A27n°+B271) =2(An+B)
7 Jo T 21y T
0 0 0

1 2« A i 2n 2 B =
am = — (Ax+ B) cos(mx)dx = ( {xsm(mx)} f/ sin(mx)dx) + 7/ cos(mx)dx =0

T Jo T m 0 0 T Jo

0 0
—_—— ——

1 2« A/ — 2 2n B 2« 2
b = 7/ (Ax+ B) sin(mx)dx = — Qxcos(mx)} +/ cos(mx)dx> + 7/ sin(mx)dx = ——A

TJo T m 0 TJo m

If A,B are such that B = —Am, then Vk € N g; = 0. In particular, if A = f% and
B=1%,ie h(x)="3* thenag=0and Vk € Nag; =0, by = % Then from Remark 1,
since h € L*(0,27), it follows

e
1

0
e = (-m) =%

The result } )7, k]—z = %2 is due to Euler (but he found it in a different way).
The sequence ¢ of Fourier coefﬁcients of & is such that & € ()~ 1, and & ¢ 1.

In this situation, s,(x) = Y7_, Sm ) and since Conjecture 1.0.1 holds

T—Xx

Sn >~

a.c.

Actually, a stronger convergence holds: in (0,27) the convergence is pointwise and
for 8 € R, 0 < 6 < m, the convergence in [§,27 — §] is uniform (Example 1.1.1).

Definition 1.0.2 Let (H,(-,-)) be an Hilbert space. A collection of vectors {vy}yca
in H is said to be an orthonormal system if for y, L € A

1if y=
<V'Y7VIJ> = {O i; ,J,):?éﬁ (151)

The collection of vectors {vy}yea is complete if, given any y € H~ {0} 3 € A such
that (vy,y) # 0.

A complete orthonormal system is called an orthonormal basis.

Define, for k € N, functions [0,27] — R

up(x) := \/%77 Ui (x) == CO\S/(?) i1 (¥) 1= Sir\l/(I;)

(1.52)
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These functions are obviously in L?(0,27) and from 1.25, 1.26 and 1.27 it is imme-
diate to see that for i, j € (NU{0}) ~ {1}

Cf1ifi=

Hence the collection of vectors of L*(0,27) {titien~q1y U{uo} is an orthonor-
mal system in the Hilbert space (L?(0,27), (-,-)). Moreover, if f € L?>(0,2x) and
all Fourier coefficients of f are 0, applying Theorem 1.0.5 (from Exercise 1.0.11
L%(0,27) C L'(0,27)), it follows that f = 0 a.e., i.e f = 0 in L?>(0,27). Because of
the definitions, it is trivial to see that the condition “all the Fourier coefficients of f
are 0 ”is equivalent to the orthogonality of f to all the vectors of {u; };cn {1} U{uo}-
Therefore {u;};cn. {1} U{uo} is also complete, hence it is an orthonormal basis.

Exercise 1.0.15 Prove the extension of the Pythagorean Theorem in L*(0,27), i.e
that if f € L(0,27) then | |2 = (f.u0)? + X325 (f, ).

Let f € L'(0,27). Thanks to the definition of Fourier coefficients of f and thanks
to the linearity and homogeneity of the integral

su(x) = C;) + i [ak cos(kx) + by sin(kx)}
27r n
= 7/ < Z [cos (kt) cos(kx) + sin(kt) sm(kx)} > dr

77/27[ ( +Zcos )dt

Define, forn € N, and 9 € R

1 n + sin((n—l—%)ﬁ)
Dy(8%):==+) cos(kth) = ——~— 1.54

n(9)i= 5+ Looskd) £ — (1.54)
The function D, is called Dirichlet kernel.

Exercise 1.0.16 Prove T in 1.54.

sin ( (nJr%) 1.9)
Also plot the function of % ——————= for some n.

2sin 5
Hint to prove Exercise 1.0.16: Multiply the term on the left by 2sin %

Hint to prove Exercise 1.0.16 in a different way: Consider fRe (2 +Yr e”“’)

Solution of Exercise 1.0.16 following the second hint. Notice that
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m—1

1 —e™ 1 —cos(mx) — isin(mx)
Zcos (kx) -|—lZSll’1 (kx) = Ze i I —cos(x) —isin(x)

mx mx . mx . X . X
2sin? 7—1231n 5 cos & 5 sm 5 sin Z% 5 —icos 5 . sinz +icos 5

a2 x s i X in X oy g X
2sin 5—12s1n§cos§ sm2 sm2 icos3  sinz +icosj

. fa X X mx : X _ mx X
smz% SIn - Sln 5 +-COS 5~ COS 5 +z(sm 5 0052 COS 5+ sm2)

in2 X in2 X 2x
sin” 5 sin 2+COS 5

B B B
_sin (cos(m l)x_HSin(m l)x)

sin )276 2 2

Hence, considering the real part and the imaginary part separately, one gets

v

2

sin Z* —1
Z cos(kx) = — )26 cos (m—1)x (1.55)
sin3 2
m—1 sin X -1
Y sin(kx) = 2 sin (m—1)x (1.56)
= sin 3 2
Therefore
n n - (n+1)%
1 1 1 sin nd
D, (%) = 3 +k§1003(k6) =3 —l—k;)cos(kﬂ) —-1= —3 + ﬁ cos —=
B 2sin ("+21)19 cos n219 sin% B 2<cos ”2’9 sin 5 Y 4 sin2® '”9 cos g) cos % —sin 129
B 2s1ng B ZSin%
nd 0 -nd nd ¥
- (20052 7 1) $in 3 +2sin % cos %7~ cos 3 _ cos(n®)sin % +sin(nd) cos
- ZSin% - ZSin%
sin ((n + %) 19)
B 2sing
Hence
1 21
sn(x):;/o F(O)Du(x —1)dr (f*D )(x) (1.57)

1

U
2 smz

graph of the function D, (1) is “contained between”the graphs of T ? and —
ny

(* denotes the convolution product). Notice that |D,(¥)| < , hence the

_1
G U
2sin 5

Moreover, as n grows, over any interval of R the number of osc1llat10ns increases.

Exercise 1.0.17 Define the sequence o € R by o, :=

(i) ¢ U1§p<°<v
(ii)o € ¢ C low.

log( - Prove that
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Exercise 1. 0 18 Define a sequence a. € R* by ¥Yn € NU{0} a, :==0, Yn € N\
{1} by = o Og , b1 := 0. Then consider the corresponding sequence of functions on

[0,27] {s,,},, € N where s,(x) ==Y}, glg]g(éc? Prove that Vx € [0,2x] 3s, € R such
that s, (x) — sy

With the notation of the previous exercise, sy is denoted with } ;> , Slggé“k)) and then

define the function s : [0,27] — R as s(x) := Y, gl?éf]f))

One can prove that s ¢ L'(0,27), hence for s one does not compute the Fourier

k . .
coefficients. For this reason Y, Slgg(,f)) is not called Fourier series.

Exercise 1.0.19 Define a sequence o, € R® by ¥n € N by :=0,Vne N~ {1} a, :=
@, ay :=0, ay := 0. Then consider the corresponding sequence of functions on
[0,27] {5n}n € N where 5,(x) ==Y}, Sk prove that Vx € [0,27] sy € R such

log(k
that s,,(x) — 5.

Also this time, Y, cl‘rg((kkx; = 3, but the function 5 : [0,27] — R defined as
sx) =Yy, C](;f;(];{x)) is in L'(0,27), hence one can compute its Fourier coefficients.

Yo Cl(:((kx)) is therefore a Fourier series. Judging by looks, this is surprising, given

the similarity of };” , cos(kx) and Y77, sin(kx)

log(k) log(k) *
Define T := [0,2x] and
A(T) :={s € C([0,2r]) : Jox €I} s.t. s,(x) —> s(x)} (1.58)

Theorem 1.0.7 (Fatou, 1906) s € A(T) & Vx € [0,27]  s,(x) is abso-
lutely convergent, i.e. 5 + Y37 |ax cos(kx) + by sin(kx)| < +ee.

A(T) is a subset of C([0,27]) isomorphic to /1. If f € C([0,27x]) \ A(T), then the
sequence o of Fourier coefficients of f surely belongs to I, since C([0,27]) C
L2(O, 2m), but, more than this, it can be proved that Vg e R, ¢ > 1, a € [, (a ¢ ).
Let 0 < B < 1. Define the set of Holder continuous functions with exponent 3 as

CO¥P(T) = Lipp(T) := {f € RT: 3C e Rs.t. Va,y € T|f(y) — f(x)| < Cly—x[F}
(1.59)
(If B = 1 it is simply the space of Lipschitz continuous functions.) C%# (T) c C(T).
It can be proved that if § > 1, then C%F(T) C A(T). Nevertheless, for 0 < § < 1
CY%B(T)NBV(T) c A(T) holds (BV(T) denoting the set of functions of bounded
variation).

Lemma 1.0.2 (Riemann-Lebesgue) If f € L'(0,27) then the sequence o of Fourier
coefficients of f belongs to cy.

Proof -First step. Exists a subset of L!'(0,27) which is dense in L'(0,27)
(with the topology induced by the norm ||-|;L!) such that the thesis
holds whenever f belongs to this subset.
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Notice that measurable simple functions over [0,27] are in L?(0,27). A classical
result in measure theory is that any measurable function can be approximated by
measurable simple functions. Hence the set Q of all the measurable simple func-
tions over [0,27] is in L' ([0,27]) and is dense in L' ([0,27]). Since L?(0,27) D Q,
L%([0,2x]) is dense in L' (0,27).

If g € L?(0,27) then the sequence «(g) of Fourier coefficients of g belongs to I
(Theorem 1.0.6), therefore it belongs to ¢ (Exercise 1.0.8).

-Second step. Proof of the theorem using the first step.

Let f € L'(0,27). Since L?(0,27) is dense in L'(0,27), consider a sequence

1
{g,}n € N of functions in L?(0,27) such that g,, L, f. Thanks to Exercise 1.0.12,
VmeN

am(f) = am(f_gn +gn) = am(f_gn) +am(giz)

From the definition of Fourier coefficients it follows immediately that for /& €
L'(0,27) and Vk € N |og(h)| < L|\4||1. Therefore

1
|am(f)| < |am(f_gn)| + |am(gn)‘ < ;Hf_gn”Ll + |am(gn)|

1
Fix € > 0. Since g, L, f exists Ne € N such that VN > Ne || f —gn||1 < % Since
the thesis holds for functions in L2(O, 27), it holds for gy, , therefore M, such that
VM > Me |op(gn, )| < §. Thus

1 € &
Ve>0 INeMest.VM>Me oy ()< I/ =gnell+lom(gn)| < 5+5 =€

Therefore o, (f) "= 0, i.e. ot(f) € co.
Example 1.0.3

Let f € C([0,27]) such that f(x) = y+ [ g(v)dy where Y € R, g € L?(0,27) with the
property fozng(y)dy = 0. Notice that f(0) = f(27) = 7. Then s, — f uniformly.
The sequence ¢ of Fourier coefficients of f is in /;. A result of general theory
is that f'(x) = g(x) a.e. x € [0,27]. Then, as in the second step of the proof of
Theorem 1.0.5, one can show that for k € N (only the tail of « is significant)

alf)=—7ole) ad b(f) = Lae) (1.60)

Thus

1 1

<(£2) (T a@i+mo]) <+
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Therefore, using Theorem 1.0.1, 3s € C([0,2x]) such that s, — s uniformly. Con-
jecture 1.0.1 holds for f, hence s, — f a.e., hence f = s a.e., but f,s are both
continuous, so it has to be f = s, and the uniform convergence holds.

Example 1.0.4

Consider, for B € R\ Z, the function over R f(x) = cos(B(x—x)). Then f'(x) =
—Bsin(B(x— 1)), £(x) = cos(B) — B [ sin(B( — m))dr and —B [ sin(B(r —
m))dt = cos(B(2m — ) — cos(B(—m)) = 0. Hence f satisfies the hypotheses set
out in the example above. The result about convergence follows and thus, point-
wise,

cos(B(x— i [akcos (kx) + by sin(kx) (1.61)

_%
2

where, for k € N

27 1 [sin(B(x—7x))]** 2sin(Bx)
—/ cos(B(x—m)) ”{]0 T
21 S T
a = E/o cos(B(x— 1)) cos(kx)dx = % cos(By)cos(k(y+ m))dy

(=DF —”0
= % /_7r cos(By) (Cos(ky) cos(km) —sin(ky) sin(k7) )dy

= (_ﬂl)k /jrcos(ﬁy) cos(ky)dy et (-1 /7r cos((k++B)y) +cos((k=F)y) dy

4 - 2
_(—1)k[SiH((k+l3)Y) Siﬂ((k—ﬁ)Y)r _(—1)k( sin((k+B)m) Sin((k—ﬁ)ﬂ)>
= + = 2 +2
2n k+pB k—p . 21 k+PB k—p
k(_l)k sin k+B sin k—B — ﬁ(_l)k sin k+B —sin k—B
st (90 (57 p) sin (578w ) - g (s (5w —sn (50
0 (=1
Lemma 1.0.1 k(*l)k . k ﬁ(*l)k k .
2 (i _ﬁz)Zsm (ﬁﬁn> cos(Brm) — 22— BT _ﬁz)Zcos <ﬁﬁ7r) sin(B7)
2 .
zn(ﬁzﬁ_kz)sm(ﬁir)

by = - /0.27r cos(B(x— 7)) sin(kx)dx yam % § cos(By)sin(k(y+ x))dy

-
0 (—1)¥

_1 /7r cos(By) (cos(ky) sin(kr) + sin(ky) cos(kn))dy
TJ-x

sind=—sin(—1)

—1)k fm
= %[ﬂcos(ﬁy) sin(ky)dy = 0
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cos(ﬁ(x—n))zisin(ﬁn){;ﬁw;M} (1.62)
Recall that, for §,x € R,
cosh(Bx) = M sinh(Bx) = M (1.63)
Moreover, for ,x € R~ {0},
coth(Bx) = ote " _ cosh(fx) (1.64)

ePx —e=Px  sinh(Bx)
Exercise 1.0.20 Compute, fork € Nand B € R, [ eP*cos(kx)dx and [*, P* sin(kx)dx.

Solution of Exercise 1.0.20 Notice that eP*+%* = ¢ cos(kx) + ieP sin(kx). Easily

T ) Bx+ikx 17 Br —Br
D:= / eBxtike g — [ ¢ } = /; — cos(km) — ei,cos(kﬂ)
-7

x B +ik +ik B +ik
_ 2sinh(B7) " B —ik 2Bsinh(Bm)(—1)¢ .2ksinh(Br)(—1)F
=tk Rk g pie

Hence

/7t eP cos(kx)dx = Re(D) = 2Bsinh(Bm)(—1)*

. ﬁ2+k2
/_7; o sin(l)dx = Jm(D) = 2ksinll31§i7r]zz(—l)k

Example 1.0.5

Define, for § € R\ Z, the function over R f(x) = cosh(f(x— x)). Then f'(x) =
B sinh(B(x — 7)), f(x) = cosh(B7x) + B [ sinh(B(r — 7))dr and B [ sinh(B( —
7))dt = cosh(B (2w — 7)) —cosh(f(—n)) = 0. Hence, again, f satisfies the hypothe-
ses for the pointwise convergence of Fourier series.
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1 [sinh(ﬁ(x— n))} 7 _ 2sinh(B7)

T 0 B

1 27 yivn 1 (7

ax = ;/0 cosh(f(x—m))cos(kx)dx = = p cosh(By)cos(k(y+ ))dy

-7

= %/027[ cosh(f(x—m))dx =

_1\k =@ e
= %[ﬂcosb(ﬁy)cos(ky)dy: (2712 ./7”(eﬁy—e(fﬁ)y)cos(ky)dy

Exercise 1020 (—1) (2[5 sinh(Br) (=" 2 sinh(—ﬁn)(—])k) 2B sinh(B)
B 21 B2 +k? BZ+k2 T n(B2HR2)

1 2« Ly 1 (7
b= / cosh(B (x— m))sin(kx)dx = / cosh(By) sin(k(y + 7))dy

0 -

sinﬁzfzsin(fﬂ) 0

_1\k =@
= %/ﬁﬂcosb(ﬁy) sin(ky)dy

Thus, pointwise,

cosh(B(x—m)) = %Sinh(ﬁn {Zﬁ +B Z ;5(;:_]{;;2 } (1.65)

In particular, if x =0

2 .
cosh(frm) = ;smh(ﬁﬂ: {2[3 +B Z B2+k2 } (1.66)
And therefore, by means of Fourier series, one gets
P cothmf —
Zﬁ2+k2 25 for B ¢ Z (1.67)

Considering the limit for  approaching an integer different from 0, one also gets
that the previous formula holds for f € R~ {0}. The case § = 0 is dealt with in the
following exercise.

Exercise 1.0.21 Using 1.67, show again that } ;,_, iz = %2.

Solution of Exercise 1.0.21. Define for x € R, x # 0,

¥+l

D(x) = xcothx—1 X -1 _ x(eX4+1)—e*¥+1
2x2 2x2 2x2 (e —1)
Since
%)% (2x)3 %)% (2x)3
x(62x+])_62x+]Nox(2+2x+%+(%)_]_2x_%_%+]Nog

2x% (% — 1) ~p 202 (2x) = 4x°

25
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it follows that

2 2 3

T _ limm
e =

23% _
x—0 X3

Indeed, to prove ¥, (recall that } ;" el

notes)

= lim 72
x—0

D(x) = lim

B—0

n

Hence, from basic limit properties,

ﬁ~>0 Z ﬁ2 +k2

n 1 n
lim li — —
ﬁf})ng?o(kzlkz ,;kz
|
=i Y. 5
lim 1 " 1 y 1
L e 1
= Jim fim ) 7~ ,%‘L‘%)m

__n2
_[3 kglkz(k2+ﬁ2

1

(5

n
Yo
=1
1

2

B cothmf —
232

i

m ¥

ﬁ—)()k 1

)

k*+ B2

)

)<ﬁ22k2—2[32

27

|

=

1
:Z"I72

k=1

B2+k2 Zlﬁ

> < 2 was shown at the beginning of these

Now consider, for f € R\ Z, the equality 1.62 when x = 0. That leads to 1 in
the following computation (in which some details about convergence are skipped):

B

d (—1)UB sin(zB) _

d

dp

B

log ‘ sin(znf) ‘

Therefore 3¢ € R such that for 8 € (0,1)

‘2 [log|sin(7B)] —log|B]
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(=Pl sin(B) _ 1B T L
log*——p—— =log(~ )" T] (1- p) te (1.68)
hence ( )HﬁH (2B) 2
-1 sin(7w - k
) TR e\ LB _
5 =e(—1) k];[}(l [32) (1.69)
ie. (7B) 5
sin(7w gt k
sl (%) 7
Taking the limit for B — 0 it can be seen that ¢ = 7. Actually
sin(mf) - - K
np _k=1 (1 ﬁz) P GR\{O} (7D

This result was known in the eighteenth century and Euler used it as a tool for

. oo 1 _ 7'(2
proving Y7, Z2=%"

1.1 Cesaro convergence

Let {ay }» be a real-valued sequence. Then, if a € R, the sequence converges to a in

the Cesaro sense, written
(€)

ap —a (1.72)
if Fayt-t
a a e a,
ATRT T L, (1.73)
n
ie.if
Ve>0 dneeN : Vn>n |AERTTA e (174

n

Proposition 1.1.1 Let {ay}, be a real-valued sequence, a € R. Then

a—a =  a-Sa (1.75)

Proof. Fix € > 0, then, thanks to the classical definition of convergence
e eN : Vn>ng |a,—al<e (1.76)

Suppose 1 > ne.
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aretota ,’(al—a)+<az—a>+~~+<an—a>

n n
lai —a|l+]ax—al+ -+ |a, —a|
- n
_lan—al lar —al o lan 1 —al | fan —al +lang 1 —al oo o —a
n n
< |a1—a|+|a2—a|—|—---+|ans,|—a|+n—ng+lg
n n
In order to prove the existence of lim, . W —a|, consider
n n
_ _ L _ 1
< limsup jay —al Flaz —af -t fane a|+limsupu£:£
n n n n

Thus, since inequalities hold for all € > 0, it has to be

ay+ax+---+ay

limsup‘ —a‘ =0
n n
Hence
oghminf’w_a‘ Shmsup‘w_a <0
n n n n

yields both the existence of the limit and its value:

lim

n—so0

‘al+02+"'+an

fa‘:o
n

Observation 1.1.1 If a real-valued sequence converges according to Cesaro, it
does not necessarily converge in the classical sense, i.e. the reverse implication
in Proposition 1.1.1 does not hold.

For instance, consider the real-valued sequence {a, }»en that for n € N is defined by

(1.77)

) —1ifniseven
n 1 if nis odd

Then

limsupa, =1
n

liminfa, = —1
n

and thus Eﬂlimn ay, s0 {ay }, does not converge in the classical sense.
Nevertheless, defining
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n

o = ==L (1.78)
n
it is easy to check that
0 if nis even

% {;ﬁnmow (1.79)

Hence the sequence { ¢, }, converges to 0, and this means exactly that

c

an 0 (1.80)

The notion of convergence in the Cesaro sense can be extended to general normed
spaces.

Definition 1.1.1 Ler (X,||-||) be a normed space. Let {a,}, be a sequence in X,
a € X. Then {ay}, converges to a in the Cesaro sense, written

a, —a (1.81)

aytay+---+ay

Ve >0 dn.eN : Vn>ng H "

—aH<8 (1.82)

Moreover

Proposition 1.1.2 Ler (X, || - ||) be a normed space. Let {a,}, be a sequence in X,
a€X. Then

a, —a = anga (1.83)
Indeed, mutatis mutandis, the same proof of Proposition 1.1.1 holds: essentially,
that proof relied upon the triangular inequality, and the triangular inequality holds
in any normed space.

Let o € R™. Construct the corrisponding sequence of functions {s, },enu {0y~ In-
stead of questioning about the pointwise convergence of the sequence, one can won-
der whether for x € [0,27] the sequence {s,(x)},cnufo; converges in the Cesaro
sense: define the sequence {Gn}nENU{O} of functions by

_ Xigsi(x)
(1) 1= SO (1.84)
Notice that
Y (%" + Zf{:l [ay cos(kx) + by sin(kx)])
G (x) = (1.85)

n+1
=0, Zn: 1— k. [ay cos(kx) 4 by sin(kx)] (1.86)
2 5 n+1
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that is, 0, and s, have similar forms; o, has coefficients that improve convergence.
Indeed

Remark 2 [f there exists a function over [0,27] such that for x € [0,27] s,(x) —
s(x), then, thanks to Proposition 1.1.1, ©,(x) — s(x).

As a particular case, there’s the one concerning the sequence ¢ of Fourier coef-
ficients of a function f € L!(0,27). It was shown in 1.57 that s,,(x) = %(f*Dn)(x).
Define, for x € [0,27], the Fejér kernel as

_ YioDi(x)

Knlw) = =50 (1.87)

Hence, by the linearity of the integral,

n 1 r2n
o (L7 SOD—1)dt) |y pg
ou(x) = n1 = E/ f(t)Tdt

1 2= 1 '
=— | FOK(x—1)dt = —(f 5 K)(x)

T Jo

The Fejér kernels, unlike Dirichlet kernels, enjoy the property of being always non-
negative:

Exercise 1.1.1 Prove

(n+1)x 2
_ 1 sin ~—
Knlx) = 2(n+1) ( sin 5 ) (188)

Solution of Exercise 1.1.1.

Y7o Di(x) 158 Ti_osin (2k+1)x B Yio (sin(kx) cos 5 + cos(kx) sin %)

K, = =2 2 _
n () n+1 2(n+1)sin3 2(n+1)sin3
cos sin
T X Z sin(kx) + =——2— ¥ cos(kx)
2(n+1)sing = 2(n+1)sin3 &=
1.56 and 1.55 cos 5 sin ("';1) o onx sin )2,6 sin (nzl) nx
= sin — + — cos —
2(n+1)s1n sin 3 2 2(”+1)Sln§ sin} B
2
__sin w cosysin’y 4-cossiny 1 sin ("+21)
= 2(n+1)sin3 sin 5 S 2(n+1) sin 5

Notice that Vn € N
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2r 2T /1 n 27 n 2r
./0 D, (t)dt = /0 (E —|—kglcos(kt))dt —/0 Edt—i—k;l/o cos(kr)dr =m
(1.89)

27 2 Y . n 27 1y.
/ Kn(t)dtz/ Lo Dil) y,  LicoJo Dilv)dt (1.90)

0 0 n+1 n+1

Moreover, for n — o D, just increases the number of oscillations in an interval
but it does not “lower”itself, whereas for x € R\ 7Z K,(x) — 0.

Theorem 1.1.1 (Fejér) If f € C([0,2n]) and f(0) = f(2x) then o, — f uni-
formly.

Proof. From 1.90 and observing that K, is periodic, for x € [0,27]

1 27 1 27
flx)=f(x)— A Kn(y)dy:f(x)E A Ky (x—y)dy (1.91)

Fix € > 0. Since f € C([0,27]) 33, > 0 such that, for x,y € [0,2x], if |x —y| < ¢
then |f(x) — ()| < €. Moreover, from a well-known Weierstrass theorem, 3M € R
such that M = max(g o f- Therefore, for x € [0,27],

1

LI ke y)ay - 1
0

L[5 e e

T

1.91

0w (x) = f(x)| =

2r
<= [0 = FlKs - )y
1

1
=— |f(y) = f(x)|Kn(x—y)dy+ = |f(y) = f(x)|Kn(x — y)dy
T Jly—x| <8¢ T Jly—x|>6
€ 2M
< — K,(x—vy)d +7/ K,(x—vy)d
7 Jyages, SETIEH T g P
oM c
<e+— K,,(t)dtie+—
T J]t|>8 n

where C € R. Indeed, I holds since in a fixed interval having empty intersection
with 77 K, goes to zero with speed controlled by the coefficient ﬁ oo % Then

0 < liminf|o,(x) — f(x)| < limsup|o,(x) — f(x)| < €
n n
And this means that 3lim, |6, (x) — f(x)| and lim, |5, (x) — f(x)| = 0, i.e. the point-
wise convergence ¢, — f holds. Since the evaluation in terms of € + % does not
depend on the chosen x, the convergence is also uniform.

In particular, the sequence {s, } ,enuo} converges to f(x) in the Cesaro sense. How-
ever, it can be seen that the pointwise convergence in general does not hold. Notice
that the above proof would fail if s, substituted for o,: D, unlike K,,, does not con-
verge to the zero function in any interval. The first example of f € C([0,27]) such
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that for some x € [0,27] s,(x) — +oo is due to Du Bois Reymond, around about
1875.

1
Theorem 1.1.2 If f € L'(0,27) then G, — f.

Proof. Extend f to a function on the whole real line (by loose language, the exten-
sion will be referred to as f): if t € R \ 27Z, there are a unique j € N and a unique
x € [0,27] such that t = x+ 2 jm, thus define f(¢) := f(x). Since the Lebesge mea-
sure of 2717 is zero and f € L!(0,27), it is feasible to avoid defining the extension
over 2n7Z.

For y € R, define fy; [0,27] — R as f,(r) := f(t —y). A general result states that
limy o [|.fy = fll1 (0,22 = 0-

Fix € > 0. Therefore 30, > 0 such that if [y| < & then [|fy — fl[1(g2x) < &

7100 £ - |

2 1o1 1 (2@
||Gn—f||L1(0,2n) :/0 |on(x) — f(x)]dx = ;/0
1 21
-2

ubimi 1 27 2r 1 (2=
a0 () = wae )y = ¢ [T RO = Flisozed

[y sk ofars ¢ ([T sl Jax

T Jo 7o
1 r 1
= K, - — K, _
2 s B~ Tt 3 [ KOS~ uroandy

N 2(1£1l210.22)

c
K,(y)dy < e+ —
e UL

where C € R and the latter inequality holds for the reasons stated towards the end
of the proof of Fejér theorem. Again,

0< lin}11anGn — fllL 027y < limsup|[6n — fll 110 0m) < € (1.92)
n

thereby 31imy, [|6, — fl|11(0 27y and limy, |G, — £l 11 (0 22) = O

If f € L'(0,27), an already mentioned example by Kolmogorov (around about
1926) shows that in general the same conclusion for the sequence {s,}, does not
hold.

Theorem 1.1.2 triggers a new proof of Theorem 1.0.5: suppose the Fourier co-
efficients of a f € L'(0,27) are all zero. Then Vn € N s, = 0 = o, therefore

0 =1imy, [[6n = fll11(0.22) = lima || 111 (0.22) = f L1020y 1€ f =0 ae..
Example 1.1.1

Consider the function over [0,27] h(x) := %5+ already considered just after Exer-
cise 1.0.14. Extend / to the whole real line as was described beginning the proof of
Theorem 1.1.2. Let A(w™) (resp. h(w™)) denote the limit of /4 from the right (resp.
the left). Then Vx € [0, 27]
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h(xT)+h(x™)

Sn(x) — (1.93)

Moreover, for areal 0 < § < @, s, — h uniformly in [§,27 — J].

Proof. Define the function over R /(x) := (1 —cosx)h(x). h is continuous since for
x ¢ 277 it is the product of continuous functions, and for w € 27Z h(w) = 0 and
also the limits are 0.

The derivative of & exists in every point of R:

- _{M(X)Sin(")“os(")—lifxgéZEZ (1.94)

g(x) =N (x) 0 if x€2nZ
Indeed, if x = 27wm form € Z,

B (2rm+r) — i (27m) (1 =cos(2mm+r))h(2mm+r) — (1 —cos2wm)h(27mm)
(rm+r)—2mm r
(1 —cos(r))h(2mm+r) é (1_?")” r(1-2m)m ,—
B r o r B 4 —0

g is bounded, hence g € LZ(O, 27). Therefore, for c € R
~ 2
N=ct [ g(E)a (1.95)

I satisfies the hypotheses set out in Example 1.0.3, thus, if {5, }, is the sequence of
functions associated to h it follows that s,, — n uniformly, i.e. a stronger conver-
gence than the one given by Fejér theorem holds. Using repeatedly Exercise 1.0.14,
the Fourier coefficients of 4 are (ay, by denote the Fourier coefficients of A4):

27 271:7-5 x 2 _
aoff/ lfcosx :—/ f—/ cosx dx=ap—a; =0

_ 2 T—x 1 ["m—x 1 2 T—x
= — 1 — —_ — - —
ax ﬂ/o (1 —cosx) 5 cos(kx)dx ”/0 3 cos(kx)dx ﬂ/o cosx— cos(kx)dx
1 2rr— —a
Lemma 1.0- k—*zn/ 7r2 x(cos((k+1)x)+cos((k— 1))6))d)c=ak—7%Jrl zak L)

~ 1 r2n _ 1 /27— 1 2= _
by = f/ (1 —cosx) Tox sin(kx)dx = —/ X sin(kx)dx — 7/ cosx” al sin(kx)dx
0 2 T Jo 2 T Jo 2

1 2%

Lemrrglmbkff/ T (sin((k+ 1)x) +sin((k — 1)x))dx
2 2

if k=

1 1
1 ,7"!‘7 . 1 .
T = @D if ke N~ {1}

o= S

bZ —
b] 2 1 -
b bk+l bk*l
< 2

FNIN

Therefore



1.1 Cesaro convergence 35

n n

sin(kx) 1. . 1 1 1 .
,smx—&- Z 1—k2 = —4s1nx+smx+kz’2(k— ED) 2(k1)) sin(kx)

B sm(kx) 1/1 sin(kx) & sin(kx)
SmHZ k 2(2Sl +Z k+1 +,§2 k—1

B sm(kx) sin((n—1)x) = sin(nx) & sin(kx)  sin(2x)  sin(3x)

=5l ( H k1 o axd +k23 -1 1 2 )
sm sin(3x) +sinx & Vsin((i + 1)x) +sin((i — 1)x)  sin((n— 1)x) sin(nx)

= Snlx 2<sm 2 +i§ i * n )Z(n—i—l)

n—1 s

Lemma 1.0.1 1 sin(x) cos(x) - sin(2x) cos(x sin(ix)cos(x) sin((n—1)x)\\  sin(nx)
=" sp(x) 2(2 (x) cos(x) + sin(2x) ()+2i=23 ; + " ) 2+ 1)

= 5n(x) — % (2005(}5) i sinl(ckx) B 2sin(nx) cos(x) n sin((n — l)x)) B sin(nx)

- n n 2(n+1)
Lemma 101 ¢ () — % <2sn(x) cos(x) — sin(nt-1)x) : sin((n — 1)x) - Sln((nn_ l)x)> - Zszz(jle))

sin((n+1)x)  sin(nx)
2n 2(n+1)

= (1 —cos(x)) su(x) +

Thereby
sin((n+ 1)x) n sin(nx)
2n 2(n+1)

(1 —cos(x)) su(x) = su(x) —

As it has been already observed, 5, — h uniformely. Moreover for every x |sin((n+

—sin(@Y) 0 and “<“<’ 1)> 50

1)|,|sin(nx)| < 1, hence also the convergences
are uniform. Thus it easily follows that

(1 —cos(x)) sp(x) — h(x) = (1 —cos(x)) h(x) uniformly (1.96)

Hence, for € > 0 3N, € N such that if N > N for x € [0,27] [(1—cos(x))|-

[sy(x) — h(x)| = |(1 = cos(x)) sy (x) — (1 — cos(x))h(x)] < € Fix 0 < 6 < . For

x€[8,2r—06]0< |1 —cosd| < |(1—cos(x))| < 1. In particular |(1 —cos(x))| # 0
1 1

and 1ot = [Teo@)

Thereby for x € (6,27 — 6]

&€ < €
[(1—=cos(x))| ~ |(1 —cos(8)]

s (x) = h(x)] < (1.97)

and this implies that in [§,27 — 8] s, — h pointwise and more than pointwise: the
convergence is uniform since the latter inequality does not depend on x.

To conclude the proof of the statement one has to prove that s,,(0) — M
and that s, (27) — %211(2”) %
h(X);h(X)

forx € (0,27) his continuous in x, thus

= h(x), and s,,(x) —> h(x) has been just proved.
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Easily, h(0%) = h(21") = § and h(0") = h(2x") = =5, hence w =
% =0 and the statement is proved since Vn € N 5,(0) =Y}, S‘“Ef‘o) =0

and 5,(27) = yp_, S,

Example 1.1.2

Let f € C(]0,27]) be such that f(x) = £(0)+ [ g(y)dy for a function g € L*(0,27).
Notice that, comparing to Example 1.0.3, just one hypothesis has been dropped. No-
tice that £(07) = £(0) and £(07) = £(0).

Extend f to the whole real line by the procedure stated in the proof of Theo-
rem 1.1.2. Consider the function

T—x
_ ) 3 if xe R\ 27Z
hix) = { 0 if xe2nZ (1.98)
Define f: R—R
7o) = fx) — wh(x) if xR~ 27Z (1.99)
T A if  xe2nz '

f € C(R), in particular f € C([0,2x]). Indeed, for x € R\ 27Z f is trivially contin-
uous, whereas for 2mm (m € 7))

lim f=r@mat) - M,@m,ﬁ) — (0%) - f(0+);(0*) g _J(0) erf(O*)
~ +) — - + — + _
tim = pema) - LEIS O oy — o) - L2100 < ’;) 10D+
Moreover, for x(0,27)
flwy = sl - LSO 722
! fOH—fO) (m (1
=/O)+ | gb)dy— . (2—/ 3 )
Q) 30
fO)+f(07) £(0%) = f(07)
R R (8(Y)+2n> dy (1.100)
Notice that o
g)dy = f(2m) — f(0) + f(07) — f(07) =0 (1.101)

And then obviously 1.100 holds for x € [0,27]. Moreover
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27 21 _ - _ —))2

2n +Y) - 2 +) —))2
[P 02 0L [, VO 10

since g € L?(0,27) and therefore also g € L?(0,27) C L'(0,27). This means that
fer*0,2m).

f satisfies the hypotheses of Example 1.0.3, hence for x € [0,27] the sequence {5, },
converges uniformly in [0,27]. Let {A,},, {s,}» denote the sequences of functions
associated to / and f (as functions on [0, 27]) by means of Fourier coefficients.

Fix 0 < 87. Notice that in [§,27 — 6]

f(x) ZJ?(XH-WMJC) (1.102)

Thanks to Example 1.1.1, by the linearity of the integral one can easily check that

fOO+fO07), e

Sp=Sn+ > hy, — f uniformly in [8,27 — 6] (1.103)

Moreover, also by Example 1.1.1,

Sn(x) = Sp(x) + whn (x) =3 w for every x € [0,27]

(1.104)

1.2 A classical application of Fourier series

LetRe R, R > 0and
B:={(x,y) eR*: |(x,y)| <R},  9B:={(x,y) €R*: |(x,y)| =R} (1.105)

Consider a continuous function f : dB — R. Then a classical problem in physics
is: find a function u : B — R, u € C*>(B), such that

Au(x,y) =0 if (x,y) € B
{M(w) = f(x.y) if (x,y) € OB (1.106)

(the condition Au = 0 implies that u has to be an harmonic function.) Because of
the simmetry of the domain, it may be useful to switch coordinates:

{x:rcosﬁl

y=rsind (1.107)

eR
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and define v(r,¥) := u(rcos 3, rsin ¥). It is necessary to translate Au = 0 in terms
of v,r and ¥, the function 2 Fre) S+ % 3‘ has to be written as a function of r and 6.
Exercise 1.2.1 Show that 5 (1, 9) + 24 (r,0) = 12 () (19) + & 251 0)
Solution of Exercise 1.2.1.

oo _oudx duay_ou, . ou
or  dxadr dydr Ox o8 (9ySl

Then
5050 = 5, (Gareose) + 5 (G5 rsno)

= (%gi) cosﬂ—l—g—cosﬂ—&- (aagl;)rsmﬂ—i—gsmﬁ

= a—i?rcoszﬁ—&- ai?yrsinﬁcosﬁ—i—i(cosﬁ—&- 8328 rsint cos ¥ + 32 rsin 19—&-3})sm19

a;rcos 19+g—22rsm 19+2882;yrsm1900819+3 co sz9+3ysm19
Moreover
5—1‘; = —? s1n19+§yrcos19

Then
% = %(— %rsim&) 55 (3urcosﬁ)

2,

:_( 3 S5 rsind + ——— O

0
Txdy rcos 19)rsm19 — —urcos O+

ox

2
+( 388 rsm19+(;y rcosz9>rcos19(;yrsm1§l
2%u 0%u u u . du .
ﬁr sin ¥ + Iy 2r cos 0—51*00319 Zaxayrsmﬂcosﬁ—a—yrsmﬁ

Combining the above calculations,
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10/ dv 1 odv
737 (5 9) + (9 =
1 /0% 9%u %u du du .
7(ﬁrcos 19+Wrsm 19—1—28 3 rs1n19€osﬁ+8xcosz9+a—ysm19>+
1 /02 02 du %u du
—&——(a—grzsm 19+(9—Zrzcos 19—(9—er0519 2axayrsm19cos19—a—yrsm19)
82u 2y
=3 5 (rcos ¥, rsind) + R 2(rcosz? rsind)
Hence the previous problem can be expressed as
9 &( 9) +lﬂ( 9)=0
ar\"ar 1y ragZ\hU) = (1.108)
V(R,¥) = f(D)

The classical approach to solve the problem is based on the separation of variables
method. Suppose the existence of a solution v of the form

v(n,®) = @(r)y(¥) (1.109)

(¢, w € C? on the respective domains). This way, the equation in B becomes

y(0)(re' () + = o(r)y" (v (1.110)

If for (r9, %) € B is such that v(rp, %) # 0, then in a neighbourhood of (rg, ¥),
dividing, the above equation is equivalent to

('), v'(®)
o(r) v(9)

The two summands depend on r and ¥ separately, there exists ¢ € R such that the
equation is equivalent to the system

=0 (1.111)

2 !
S =c rre"+ro —cp =0
0] ¢ {W”+cw:0 (1.112)
v(9)

1. If ¢ =0, ¥’ = 0 implies that y is linear, but since v(R,¥) = f(¥) on dB and f
is continuous, it has to be y(0) = y(27), hence y (%) = Ag with Ag € R.
2@" 4+ r¢' =0, thus r¢” + ¢'. Define o = ¢, then ra’ + o = 0. Suppose that
(rp, Do) € B such that o (ry, %) # 0; then, for the regularity of v, & does not
assume the value 0 in an open neighbourhood of (rg, ¥) in which
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o 1
—=—— = loga=-logr+C,CeR
a r
C
= ¢=a=—,CecR = o¢(r)=elogr+D,C,DeR
r

But then, the solution can be extended. Such a ¢ is not defined for » = 0, hence
a must be 0 in a closed ball B((0,0),Ry) with Ry such that € log Ry + D = 0 and
(r0,%) ¢ B((0,0),Ro). o must be C' since ¢ is C2, thus 4% must be continuous.

C . . .
For Ry <r <R 4(r) = —%, and the requirement that o’ exists continuous
implies

€

. ! . !
0 rgrl% o'(r) rLHI?g o' (r) o
This is absurd, and it follows that & must be O in B, hence in B ¢(r) = C for
CeR.
From the previous discussion it follows that if ¢ = 0, then in B v(r, %) = ’%, with
Ap €R.
2. Ifc—0, y" — 0y = 0 with @ € R~ {0}. The general solution for an ODE of
this kind is W () = Ae®® + Be~®? for A, B € R. But then the conditions y(0) =
v(27) and ¥/ (0) = y/'(27) yield, considering that ¥/ (1) = @(Ae®® — Be=®?),

A+ B = Ae?™® | B 270 N A=0
®(A —B) = ©(Ae*™® — Be=27?) B=0

Hence for ¢ < 0 the only possible solution is the null function.

3. If ¢ > 0, then y" + @?y = 0 with @ € R~ {0}. From general ODE theory,

solutions can be written as y(¥) = Acos(w®d) + Bsin(w®) with A, B € R. Such
a y has period %’ Since an integer multiple of the period must be 27, then all
the solution to the particular problem can be written as ¥, (%) = A, cos(n®) +
B, sin(nd) withA,Be R, n € N.
The equation 72¢” +r¢' —n?>@ = 0 for n € N is e linear second order ODE
with nonconstant coefficients, hence the space of solutions is a vector space of
dimension 2. Notice that @;(r) := r", @2(r) := r~" are both solutions and they
are linearly independent, thus the general solution of the equation can be written
as @(r) =A@ (r) + Bea(r), with A, B € R. ¢, has a singularity in 0, B =0.

Then, from the above discussion, a solution v of Av = 0, obtained using the separa-
tion of variables method, is

rﬂ

va(r,®) = ﬁ(Ancos(nﬁ)—i—anin(nﬁ)), n € NU{0} (1.113)
Notice that the operator A is linear. Hence, if u;,u, are solutions of Av =0 and
A €R, also A(uy + Aup) = Aup + AAup = 0, ie. uy + Auy is still a solution of
Av = 0. Therefore ¥rn € NU{0} choosing a function v; for each 0 < k < n one gets
that Y, vk(r, ¥) is a solution of Av = 0.



Chapter 2
Fourier Transform

Definition 2.0.1 Consider f € L'(R), f: R — C. The Fourier transform of f is the
function f : R — C defined, for £ € R, as

J&):= [ e ptoas @.1)

Since f € L'(R), f is well-defined. Indeed, e £(x)| = ||| f(x)| = |f(x)],
therefore [ |e ™ f(x)|dx = [ |f(x)|dx € R.
Exercise 2.0.2 Show that [ e~ *+i&)xdx = +'l.§ for A,E e Rand A > 0.

Solution of Exercise 2.0.2.

oo _ (A+i&) 1
—(A+i€)x g, — Ii _ _
fy e e H‘Tm[ AT ]0 it

Example 2.0.1
Let A € R, A > 0. Consider f(x) := e * € L'(R). Then

f(g)zfeiixéefl‘x‘dx:/o —i&) xdx+/ —(A+iE)x

tee ‘ 1 1 22
_ A—i&) de / —(A+i&)x Exercm:e 2.0.2 _
/ * A_iE At APtE

Note that the Fourier transform fin this example is real-valued. This could have
been foreseen noticing that the function e/l is even, thereby the imaginary part of

eS¢~ s odd, implying that its integral over R is 0.

Exercise 2.0.3 Show again that e ] (&)= 12 52 by means of the observation

;7L\|x|(§) = /Rcos(xé)e””ﬂdx = 2/027t cos(x&)e *dx (2.2)

41
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Exercise 2.0.4 Let A € R, A > 0 and consider the function over R f(x) := e,
Prove that

~ . no_é&
(&)= /R e e A qr = Te (2.3)
A first solution of Exercise 2.0.4.
Odd even

. —_—~
o(&) ::/e_’xge_lxzdx:/cos(xé)e_lxzdx—i sin(xé)e_b‘zdx
R R R

= /Rcos (x& )e‘lxzdx

) eflxz )
¢'(&) :—/Rxsin(xé)e*’lx dx = %/Rsin(xé)d - dx:—% Rcos(xé)e*lx dx

2
Hence ¢'(€) = f%(p(‘g') and the solution of this ODE is, for € R, ¢(£) = ae 7.
Since it is well-known that

/R e dr= 7 2.4)

for & =0, one gets

0= [t [ [T
a—(p(O)—/Re dx” = \/IRe dy = 1 (2.5)

A second solution of Exercise 2.0.4.

w(é):/ Ay = /cos (x&)e ™ dx
_/ (k ) k))! )ekxzdx:];(_l)kgl){jf /ny‘e*lxzdx

(it can be proved that the exchange of sum and integral is allowed). Define for k €
Nu{0},

1 k
L ::/R 2,1 g £ %Wn(z,n_n (2.6)
m=1

I can be proved by induction.

iy 2.5 T
I():/Re dezuz

Suppose k > 1, and that § holds for 0 < j <k — 1. Then
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2
I :/ 2k A gy — / -rde de™™™ | ovpas 2k—1 [ g1y, a2y,
R 21

dx 24 JRr
2k —1 2%k—1 [m 1 K T 1 K
= 1=y \/;(u)klﬂ(zm_”_\/;(zz)km_l(zm_l)
Hence

A third solution of Exercise 2.0.4.

/ ~(Ax i) gy — / \F” “: +i]dx:eﬁ/e(ﬁx+fi)zdx
R
& :
SYE O SN OO

=——1
\/> Y ﬂRalToo.fRe

Now recall that if 2 C C is a simply connected open set and g: Q — C is a
holomorphic function, then for any closed path y C Q

/g(z)dz =0 2.7
Y

This result provides a way to compute the needed integral. In the following compu-
tation the assumption is £ > 0. For A < 0 the computation is analogous.

The function g : C — C g(z) := e 7 is holomorphic in the simply connected and
open set C. Then, for R € R, consider the closed path y: [0,1] — C defined as

R-l—it% : if 1€[0,4]

o= OB Rg re Ls-2] 2.8)
—R+lf(3 4[) if t € [E’Z]
(6t —7)R if 1€[3,1]
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S

Y

Hence

€ &€
) R 5 R+i—== 5 —R+i—= 5 —R 5
0:/[Z dz:/ et dz+/ VA gt dz+ ‘gﬁe*Z dz—i—/ iy e “dz
Y —R R R+lﬁ 7R+lﬁ

R —? . % —(R+iy)? R ity [0 —(—R+iy)?
:/ e dy—|—l/ e y dy—|—/ e Vi dy—&—l/5 e Y dy
—R 0 R =

VA
(2.9)
And
£ £ £
l/ﬁ e—(R-‘riy)zdy’ S /\/I e—(Rz—y2+2iyR)‘dy _ /\/I eyz—dey
0 0 0
i 2 2
< [T ray= Eof o kg
0 NG
0 Riv)? % 2_p2 E & R2 R—+oo
i/é e~ R gy S/ ’ey Mldy=—=e71"" "— 0
=+ 0 VA
The conclusion of the exercise follows taking the limit for R — +oo in 2.9:
~+oo (Y i 2 ~+oo
/ ¢ Ot dy:/ eV dy =T (2.10)

Example 2.0.2

Leta € R,a>0and f(x) :=1if x € [-a,q], f(x) :=0if x € R~ [—a,a]. Then for
E£0

neE)] pshiel)

g = [ e arm [ cosagyan= |2 :

—a —a

Whereas for £ =0



2 Fourier Transform 45

1(&) :/ dx = 2a (2.12)
Let
Co(R) :={g € C®: gis continuos and lim g(&)= lim g(&)=0} (2.13)
(‘;*)—oo €~)+°<’
and define || - || : Co(R) — R as
[1f]le- := sup | £ (x)] (2.14)
xeR

Exercise 2.0.5 (i) Co(R) is a vector space over C.
(ii)|| - || is @ norm in Co(R).
(iii)(Co(R), || - ||) is a Banach space.

Given f € L'(R), f enjoys the following properties

1. Zis continuous.
2. feCy(R).

A linear function between Banach spaces is called linear operator

Exercise 2.0.6 Let f,g € L'(R), & € R. Then (f + Ag) = [ + A3,
ie.”: (LY(R), |- |l1) — (Co(R), || ||) is a linear operator

Definition 2.0.2 Consider f € L'(R), f: R — C. The inverse Fourier transform of
f is the function f : R — C defined, for & € R, as

7= 57 [ rta 215

Notice that

v

1 ~
f(&) = Ef(_g) (2.16)
Hence f € Cy(R) and ~: (L'(R), |- [|;1) — (Co(R), || -||) is a linear operator.
Remark 3 Cy(R) ¢ L'(R).

For instance

" 1 ifxe[-1,1] o1
glx):= 1 : _ .
W ifxeR\[-1,1]
belongs to Co(R), but it does no belong to L' (R).

Exercise 2.0.7 For a € R, the function

L 2me iy e R x#0
h(x) == {2a xm0 (2.18)

does not belong to L' (R), but it belongs to Co(R).
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Exercise 2.0.8 Since, for A € R, A >0 e~*hl =4 ¢ LI(R), compute the inverse

—_— 5
Fourier transform of both e=*1* and e=***,

Remark 4 Let f € L'(R). Then || fl|e. < ||f|1, that is to say, " is a bounded linear
operator, and also~ is a bounded linear operator.

Indeed,
[l = sup | [ et < sup [ e peofar=sup [ 17(oax
EeR|/R EeR/R EeR/R
= sup |l = 171
EeR
and
o 1 ;
_ L —ix€
71 = sup |5 € 0188 = 52171 <

Proposition 2.0.1 Let f,g € L'(R). Then

/f x)dx = /f (2.19)

/fmawm=/fwaww 2.20)
R R

Proof. First of all, one has to show that the integrals displayed in the statement
make sense. Indeed, since the Fourier transform and the inverse Fourier transform
are functions in Cy(R), they are bounded by a constant M € R. Thereby the integral
of the module of each of those products is less or equal than M times the L' norm of
either f or g. This forces more than the good definition of the displayed integrals, it
forces the four products to be functions in L!.

Consider the function that maps (x,y) € R xR to f(x)g(y). By Fubini Theorem, it
is immediate that it belongs to L! (R x R):

/ Rfo(x)g(y)dXdy:/Rf(x)dx'/Rg(y)dy eR

Since for (x,y) € R xR |e ™ f(x)g(y)| = [f(x)g(y)], also the function (x,y)
e ™ f(x)g(y) belongs to L'(R x R). This enables to compute the integral of the
latter function, and using again Fubini Theorem

[ roasnc— s [ somac— [ [ sanomas
=/Rg(y)</ Y f(x) )dy /f

And similarly also the second equality in the above statement can be proved.
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Given f,g € L'(R), the convolution product of f and g (which has already been
used) is defined as, for x € R,

(Feo)) = [ fr=1)s0)dy @21)
Theorem 2.0.1 Let f,g € L'(R). Then f * g € L'(R) and moreover

1+ gllr < A1l (2.22)

Exercise 2.0.9 Let f,g,h € L'(R), A € R. Then prove that
eL!

~ =
1. (f+g)xh=fxh+gxh
2. frg=gxf
3. (fxg)rh=f+(gxh)
4. (Af)xg=2A(f*g)
Definition 2.0.3 Given a commutative ring (R,+,X), (A,+, X) is called an asso-
ciative R—algebra if
(i) (A,+, X) is a ring
(ii)A can be endowed with a structure of R—module such that the ring multiplication

X is R-bilinear, i.e. forw €R, Y, EAw(y* ) = (wy)*x L = y* (wi)

If (A, +, x) is an associative algebra and (A, || - ||) is a Banach space, (A,+, X, || -||)
is a Banach algebra if

VrueEA [y > ull < 71wl (2.23)

From Exercise 2.0.9 it is immediate that (L'(R),+,*) is a ring (without unit).
Since (L' (R), +) is a vector space over C, thanks to the homogeneity of the inte-
gral and to Theorem 2.0.1, it follows that (L!(R),+,,| - ||,1) is a Banach algebra
without unit (the absence of unit can be related to a Gelfand Theorem). Actually, it
is a commutative Banach algebra.

Corollary 2.0.1 Let f,g € L'(R). Then fora € R

()@ = (78) @) .24

Notice that y : R — C, y(x) := e~ f(x) belongs to L! (R). Moreover

~

1 ; ; | 1
W) = 5 [ @)y = o [ e D py)dy = —fla—x)

W) = [ e p)dy = [ e p)dy = Flxta)

Proof. Using the notation of the remark above
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(D@ = [ e rwatoa ™™= [ g

R

= %/Rf(a—x)g(x)dxz %(f*g)(a)

Remark 5 The function f does not necessarily belong to L' (R) and the convolution
product has been defined for functions in L' (R), but since f € Cy(R), it is bounded.
g € L'(R), and therefore that “extension ”of the convolution product makes sense
and is an R-valued function.

Example 2.0.3

For A € R, A > 0 define f(x) := ¢4 (see Exercise 2.0.4). Pick a € R

- Suppose g € L'(R). Then, using Proposition 2.0.1, the remark between the state-
ment of Corollary 2.0.1 and its proof, and then Exercise 2.0.4,

1 iax 71){’\ _L z _ - 4
g/ et g(xdx—zﬂ/R Pl —a)g(x)dx = rn / S g
(2.25)

What happens when A — 0?
- Suppose g € L'(R) to be such that also g € L' (R). Then

A2~ A2~ ~,
e g (x)| = e g(x)| < [g(v)]

A2~y A0

Thanks to the new hypothesis, considering that e/*e~*4* g(x) == ¢/*g(x), using

Lebesgue dominated convergence theorem

—a) 1 iax-~ _ X
/l—>0 (W g x)dx> = ﬂ/ﬂ{e g(x)dx = g(a) (2.26)

Exercise 2. 0 10 Define for A,a € R, A > 0 the function over R ¥, (x) :=

(x lI

\/4171_767 . Prove that [, ; (x)dx = 1.

- Lastly, suppose g € L' (R) N Cy(R) to be such that g € L' (R) (C,(R) denotes the
space of bounded continuous functions over R). Then

M( e e (e dx)=g<a> 2.27)

In particular, cosidering the previous point, it follows that, given these hypothe-
ses, Ya € R g(a) = g(a) Indeed g € C,(R) implies that IM € R such that
for every x € R |g(x)| < M. Moreover, Ve > 0 35 : Vx,y €R [x —y| < § =
|g(x) —&(y)| < & Hence,
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i e e @) P | e o) glaos
Vvari JrR vari JrR
1 / — (—a)? 1 B (x—a)?
< e M gxfgadani/ e |g(x)—gla)|dx
VAT Jix—al<8e l8(x) = (a) VAT Jix—a|>8 lg(x) = g(a)
Exercise 2.0.10 2M (r—a)?
g o dx=¢e+2M1(g, M)

e e
VATA Jix—a|>5

where 7(g,1) 220 0. Hence Ve > 0

(x—a)?
4L

0 <limsup =&

A—0

g(x)dx—g(a)

1 _
varA /]Re

(X7(1)2

thus Jlimy _,q \/ﬁ Jre  # g(x)dx—g(a)| = 0 and the claim is proved.

Notice that the function g(x) := e~ *1l satisfies the three assumptions stated in
the third point of Example 2.0.3 (g(&) = ﬁ, see Example 2.0.1), hence g = ¢

and also §. As a further consequence, one gets that

1 : 27
ix€ dx = —Alx| )
27'[/]Re A2 4 &2 ¢ (2.28)

2.1 The space .

Define
P = {<p € C*(R): Yo, B € NU{0}3Cyp € Rs.t. x*DP p(x)] < caﬁ} (2.29)

. is called Schwartz space or space of fast decreasing functions.

Let ¢ € .. Then ¢ and all its derivatives are in C,(R): it follows easily choosing
o = 0 in the definition of .. More than that, ¢ and all its derivatives are in Cp(R),
and it is interesting to notice the convergence to zero at infinity is faster than the
convergence to zero at zero of any polynomial: for x # 0

1 o
IDP (x)] < Cyp (M) (2.30)

Notice that . is not empty. Indeed, the function x — 0 belongs to .#. Less trivially,
forA €R, A >0, e e (but e.g. e~ AWl ¢ . because it is not smooth in 0).

Exercise 2.1.1 . is a vector space over C.

Remark 6 .7 C L' (R).
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In fact, take ¢ € . and consider both o =2, =0 and @ = 0,8 = 0. Then
3C50,Co,0 € R such that, for x € R,

lp(x)] < Coo Coo+Cap
; = < 200720
o1 L POl
Hence the claim is proved.
Definizione 2.1.1 Let X be a vector space. A function || - || : X — R is called a

quasi norm if

(i) VYxeX |x||>0

(ii) VxeXif |x||=0thenx=0
(iii) Vx,j € X [lx+y| < [[x[|+ ¥
(iv) VxeX |lx]| = —x]

A vector space equipped with a quasi norm enjoying the property of completeness
(considering the induced distance d(x,y) := ||x—y||) is called a Frechét space.

Define for each possible choice of a, § € NU{0} the function pg g : ¥ — R

Pap(®) = sup|x*DP o(x)| (2.31)

xeR
Exercise 2.1.2 Prove that pg, g is a norm, i.e. that for ¢,y € ;A € R

(i) Pap(p)>0

(ii) Po.p (Lo) = |7L|Pa,ﬁ((P)

(iii) Po.p (p+y) < pa,ﬁ(¢)+pa,B(W)
(iv) Pap(9)=0=9=0

Define the function over .

. 1 Pa,ﬁ(q’)
lell —Za‘,%‘, 258 T+ pog (9) (2.32)

Exercise 2.1.3 Prove that || - || is a norm on .. Moreover show that (.7, ]| - ||) is a
Frechét space.

Theorem2.1.1 ¢ € .¥ = @ € ..

Proof. First step. @ €. implies that for peCx] pp ..
Both ¢ and the identity of R belong to C**(R), hence the product function x — x@(x)
belongs to C*(®). By induction, for n € NU{0},

(@ ()" = ne" "V (x) + x0™ (x) (2.33)

Indeed, of course the equality holds when n = 0. Now, for n € N, suppose the equal-
ity holds when 0 < i < n. Then, noticing that (1) € .5,
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(9™ = (o))" = (px) +200) " = 0V 4 (w9 )"

= ")+ (= (@) () +x(91) 1)
= 19" V() +x9") (1)

Hence, for o, f € NU{0},
¥ (2 (x))P| < |Bx“9P 1 (x) |+ [xT 1 o!P) (x)] < BCap 1 +Carrp

implying that x € .. By a trivial induction, for any r € N X' @(x) € .7, therefore,
since . is a vector space, for p € C[x] pp € .7.

Second step. If @ €., then @ has derivative over R and (9)'(§)=
(—ixp(x)) (). Actually, ¢ €C*(R) and for neN

(®)"(&) = (—ix)"9(x)] (&) (2.34)
Let £,6 € R. Then

P _a e*ix(é 8) _ e*ixé
¢ +9) :p(é) :/R i o(x)dx

(E+90) é

e — . —i .
= [ oa i [ e g = (—ixp(0T(E)

Indeed, e~%¢ * o(x) 029 je—ing x¢(x) and it possible to apply Lebesgue dom-

inated convergence theorem:

e ] _ |cos(0x) — 1 —isin(6x)| \/(1 — cos(8x))? + sin® (6x)
1) B 1) B [6]
s 2 x0 . (x
\/2—2cos(6x) v4sm (7) sm(%) ] < 1o x| =
= = = - X S X = |X
3] 3] 3
hence
e efixﬁ -1
et ()| < 1-]xl-[o(x)] = o (x)]

and x — x¢(x) belongs to L' (R) since, thanks to the first step, it belongs to .7
Hence 2.34 is proved for n = 1. Now consider n > 2 and suppose 2.34 holds for
1 <i < n. Then, thanks to the first step, (—i)”’1 ¢ € .7, therefore
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(9T (8) = (ix[(-i o] (@) = ([-r~00]) )
= (3" ) ©=@"

Third step. If ¢ €./, then for neN

—

oM (&)= (i&)"p(&) (2.35)

For one thing, notice that 2.35 makes sense since if ¢ € .7 then @) € .7: clearly,
o) € C*(R), and [x*DP o) (x)| = [x*DP " (x)| < Carp .

?(6) = [ g wdr= lim [e—"x5<"<x>L+ié e 0w =iEp()

L—+oo

And this proves 2.35 for n = 1. Take n < 2 and, by induction, suppose 2.35 holds
for 1 < j < n. Then

— —_—

P (E) = () 1(&) = (i€ oD (&) = (1) (i) $(&) = (i€)"B(&)
Fourth step. 9 €. = VEeR|9(&)| <| o] €R.

#@)1=| [ tpwa < [lowlac=lol @39

Fifth step. Conclusion: o, € NU{0} JE, 5 €R such that Ix*DB@(x)| <

Eqp-
Using the previous steps,

E4@) P& 2 1EX ((—ix)P () (&) = |(iE)*[(—i)* PP p()[1E))
2 (1P ()@ V) < N(-)* P ()]s € R

Hence the claim is proved defining Eq g := ||[(—i)**PxP @ (x)](@)]| 1.

Define R : .7 — . as, for & € R, (R@) (&) := ¢(—&). Easily, the codomain of
Ris .7 since Rp € C*(R) and |E*DP) (Rp)(£)| = [E%(—1)P (DP)g)(—&)| -
ly*DB (y)| < Cq - Then, thanks to the preceding theorem, one gets the following
commutative diagram

ST
R O iR
7

Indeed, the diagram is commutative since, for ¢ € .7
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(]8) () =(-&)= [ o’ ="~ [ e ooy

J —oo J +oo

= [ (Ro) )y = Ro(©)

Since ¢(&) = ﬁ (Ro) (&), thanks to the homogeneity of the integral and to the fact
that .# is a vector space, one gets the commutative diagram
F
e
which includes the theorem
Theorem 2.1.2 ¢ € .¥ = ¢ € .¥.
As a consequence of the two last theorems
Corollary 2.1.1 If ¢ € ., then § = ¢ = .

Notice that the foregoing theorem is a special case of the third step of Example 2.0.3:
if o € .7, then ¢ € L'(R)NCp(R) and ¢ € L'(R).

2.2 Fourier transform of functions in L>(R)

Exercise 2.2.1 Show that

1. pye s/ =opyecy
2. Vpe[l,+e) S CLP(R)

Solution of Exercise 2.2.1. Obviously ¢y € C*(R) and moreover, for n € N

CIONED) (Z) oy h 2.37)

k=0

Indeed, forn =1 ((pl[/)(l> = ()@ Qy W+ (1) @My, and for n > 2, assuming the

formula holds for 1 <i<n-—1
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(o) = ((ow)"") W _ (i (nk 1> o 1,,<n—1—k>) m

k=0

n—1

n—1 _ n—
_ < ; )[(P(ld—l)w(n (D) 4 gty r-b)]

Oy ¥ (7] A=\ T h) (1) 1 () (0)
=oPym Y 1)U ) (e T ey

k=1

oy (1) (0 gy (n—H)
= oWy

Hence, for o, f € NU{0},

B B
DB () Z( >|x o (x) b (x)| < Z( )c“’ CYy LR
k=0

and the first point of the exercise is proved. For the second point notice that thanks
to the first, by trivial induction, Vp € N if ¢ € .% then ¢” € .. Therefore for
p € [1,+0o0)

Llorwas= [ lorwart [ ol
R Jlo(x)|<1 ()21
<[ lel e [ gl (e
lp(o)l<t
S/RWMM /Riw“‘\(x)dx' S L R

and this means @? € L”(R).

In particular, . C L*(R).
Theorem 2.2.1 Let ¢,y € .. Then

L,
(p.v) =5 _{(0.9) (2.38)
o
(@.v) =5 _{o.y) (2.39)
Proof. First, notice that y € .¥ = ¥ € .. Moreover
(&) = o [ TWar= o [ e Eryar= ()
v 2m -~ 2n)r v “ o

Then, since the Fourier transform and the inverse Fourier transform are bijective
over .%,



2.2 Fourier transform of functions in L?(R) 55

@) = [ 0T = [ pwa """ [ p(ids
5 [ owion =5 _(3.9)
And since ¢,y € .7

s

o1
E(‘P’W—

(9.9) = 70 V)
Remark 7 CZ(R) C .7, where CZ°(R) denotes the set of functions in C* having
compact support.

Since C?(R) C . C L*(R) and C°(R) is dense in (L*(R),|| - ||,2), -7 is dense in
(L*(R),|| - ||;2). Hence, if f € L*(R) there exists a .#-valued sequence {¢, }, that
converges to f with respect to the L?-norm. One can consider the sequence {®, },
and

19w = @ullZ2 "2 L6 G2 = o [ — 2
(Pn (Pm L2 275 (Pl’l (Pm L2 271_ (pn (Pﬂ’l L2
Hence {@,}, is a Cauchy sequence and since (L*(R),]| - ||,2) is a Banach space

o 2
Jg € L*(R) such that ¢, N g

Definition 2.2.1 Lez f € L*(R). Then define the Fourier transform f of f as f := g
where g € L*(R) is the function constructed above. The inverse Fourier transform
of f, f, is defined, by an analogous construction, as the limit in L* of the sequence

{@n}n:

Moreover, from Theorem 2.2.1 and the szconvergence one gets that for f,g €
L*(R)

[
(f.8) = 51,8 (2.40)
N 1
(.8) = 5. (f.8) (241)
In particular
| S
A1z = 51112 (242)
% 1
71172 = 511172 (243)

Exercise 2.2.2 The Fourier transform and the inverse Fourier transform over L*(R)
are well-defined, i.e. they do not depend on the chosen converging sequence { @y },.

The Fourier transform and the inverse Fourier transform over L?(R) are L?>—valued
because of the completeness of (L?>(R),|| - ||,2). This in particular implies that they



56 2 Fourier Transform

can be applied in a sequence to a function. From the definition, chosing appropri-
ately the converging sequences, one gets that the commutativity of the following
diagram:

L[*(R) — L*(R)
[2(R) —— L*(R)

andforfeLz(R)f:f:f.

2.3 An application to the heat equation on a line

Consider the problem (that can be seen as the equation modelling the diffusion of
heat along an infinitely long bar, with ¢ regarded as the time ccordinate and x as the
position)

Uy = Cliyy in {(,x) eR?>: ¢ >0}

{ u(0,x)) = f(x) forxeR (2.44)

where the unknown function u(,x) is defined over R* x R, u(t,-) € L*(R) (but
notice that one has to derive u(t,-)) and f € L*(R), ¢ € R, ¢ > 0 are given.
Actually, only the uniqueness of the solution will be proved here. In order to achieve
this goal, suppose that u(t,-) admits a Fourier transform as functions in L' (R) and
that the transform is invertible. Then

" du : 0 0
ox —iéxy, 9 —iéxq,. 9
| Grene Sae= 2 [ uxe Sar= L)
Then, recalling 2.35 (that actually holds for functions in .%),
0%u .
ou —ifxq, — _£25
[ S e Srar = —~g20(1,8)
Therefore the original problem becomes
(4); :fcéz in {(£,x) €R?>: ¢ >0}
{ﬁ( W) =f(x)  forxeR (2:45)
The solution of the ODE is
1.8) = F@)e & = &) e ¥ )0 (2.46)
u(r, = e = e 4 .
vVarct

(f+8)(&) =1(8)&(8) (2.47)
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Indeed,

Fro)@)= [ l/R f(x—y)g(y)dy] ar= [ 50 l/R f(x—y)e"x’?dx] &y

= [ 500 Wél/fx e '”’?dx]dy a0 f(E)dy = F&)a@)

Hence o
. 1 2
a(t, ) = e (f*e i ) (2.48)

And if the Fourier transform is invertible
2

u(hé)ééfg(f*e‘%)\/ém—c/

The problem in 2.44 belongs to the family of problems called Cauchy prob-
lems or evolution equations. The next problem belongs to the same family. The
Schrodinger equation (quantum free particle) is

e dy (2.49)

{ul iCllyy in {(t,x) e R*: 1 > 0} (2.50)

(0,x) = f(x) forxeR

where f € L'(R), c € R and u(t,-) € L'(R). Again, applying the Fourier transform
to both sides, one gets
= icEi

{< ¥) = F(x) (231)

hence the solution of the ODE is i(t,§) = € f(€), but this time for every p €
[1,400) €%" ¢ LP(R) since

>

/R |5 |PdE = /R ldx = +oo (2.52)

and this implies that one cannot find the solution applying the inverse Fourier
transform, in one of the versions given before, to & +— eiett However, define
v(t,x) := f(x+ct), then, since f € L'(R),

$0,8) = [ frrandr= [ e 5D o= e [ B aae = e f(E)

R

and it follows that u(f,x) = f(x+ct).
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2.4 Extension of the Fourier transform

If (2] -]) is a normed vector space (over a field K, that might be C or R), its dual
is the set

2= {(pe(C‘%: Vx,ye Z,A€K @x+Ay)=0¢x)+10(y)

and  JeeRVxe 2 |o(x)| < cHxH}

and defining || - || 27 : 2 — Ras

x
9l :=sup 2 = up ) @:53)
2o Xl <
one has that (27, ]| - || 2) is a Banach space. Actually, an other definition of dual is

sometimes applied: the algebraic dual of 2", 2%, is the space of all the functionals
(linear functions) from the vector space 2" to its field K, i.e. the functionals are not
continuous in general. Indeed the latter definition makes sense in vector spaces that
are not topological spaces. Obviously 2 C 27*.

!/
ForpeR, 1< p < 4o, (LP(R), || ||zr) is a Banach space and it the dual (L%IR))
is identified with LY(R) where ¢ is such that %—i—% = 1 via the isomorphism
!/ /
(LP (R)) — L7(R) that maps @ € (LP (R)) to the function g € L7(R), given
by Riesz representation theorem, such that

Wpel®)  of) = [ st @54

For short, one says that the dual of L”(R) is LY(R). A particular case is the one
of p =2 since p = g = 2. Actually, (L*(R),|| - ||,2) is an Hilbert space, and more
generally, if H is a set endowed with a structure of Hilbert space, then, for short,
H =H.

The vector space . is a topological space. A normed vector space can be endowed
with the topology induced by the norm, but a topology is not always induced by a
norm. Hence in the case of .7 the dual can be defined as

S = {T cC” VYo,ye S AeC T(p+Ay)=T(9)+AT(y)

andif @, 5 ¢ then T(¢y) — T((p)} (2.55)

' is a vector space, but not a normed one. It is called the vector space of tempered
disributions (T € % is called a tempered distribution) or it is also called the space
of generalized functions.

Definition 2.4.1 Let T € .. Then the generalized derivative (or the derivative in
the sense of the theory of distributions, or derivative in the weak sense) is, for ¢ €
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Z,
T'(¢):=-T(¢') (2.56)
The Fourier transform and the inverse Fourier transform are, for ¢ € .7,
T(9):=T(¢) (2.57)
T(g):=T(¢) (2.58)

Notice that the definitions are good definitions since if ¢ € . then ¢', 0, € ..
One has that 77,7, T € .. Moreover

¢

(9)=T(¢)=T(9)=T(p) (2.59)

that is to say, TX" =T (and also 70‘ =T).
. can be embedded in .¥": for v, € ./

)= [ ot 2.60
Ty € ./, and so .’ C ." makes sense via the identification of y and Ty,. Now,
i _ (AN ! —— I L
7y(9) = ~Ty(9) = = [ ¢'(p(dr =~ lim [<p<x>w<x> | foov s

7 [ o)w ()dr =Ty ()
Ty(9) = T(9) = [ oyt = [ p(x)ir)dx =Ty (o)

Ty(9) = Ty(9) = [ $wde= [ p()¥)ds=Ty(p)

that is, W/, ¥ and \ are identified with T’,{r and V respectively. This explains the
names given to 7', and . Actually, a set of functions larger than . can be em-
bedded in .7’ via an extension of 2.60. For instance, consider the Heaviside function
H:R—C

1 if x>0
H(x) = {0 s 2.61)
Then, for ¢ € .7,
—+oo
H— Tu(p / oWHx)d = [ @(x)dx (2.62)

Ty € ' and

~+o0

Ti(9) = ~Tu(@) =~ [ ¢'(dr=p(0) = | p(x)(a)
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i.e. the derivative in the weak sense of the Heaviside function is the measure Delta
of Dirac in 0, &y: .’ also “contains “measures, it does not contain just functions.
' contains elements that are neither functions nor measures (i.e. that do not come
from a function or a measure over R via the extension of 2.60), for instance

T (9) = T5,(¢') = ¢'(0)

i.e., @ — @'(0). Carrying on this example,

Ts, (@) = Ts, (§) = §(0 <px =/ “@(x)dx =Ti (@)
<p) Ts, (§) = Ts) (¢) = Ts, (9)

thus f};o = Ti, and often the two above results are written as 50 —landi=6=3.
Other spaces that can be embedded in .7 are L”(R), Co(R), Cp(R) and Clx]. If
p € C[x] then it has already been shown that pg € . for any ¢ € ., and therefore
it is possible to compute 7,(¢) = [ @ (x)p(x)dx.

Not the whole C(R), space of continuous functions, can be embedded in .. Indeed,
if for f € C(R) 3A € R,m € N such that for x € R

lf(x)] <A+ |x|™ (2.63)

then f can be embedded in .. For instance the functions ¢* and e * cannot be em-
bedded in . (loosely speaking, they can be seen as infinite polynomials and their
growth is too quick to be dampened by that of ¢ € .%). Actually, .’ can be embed-
ded in a larger space, 2’ (R), that contains also ¢* and e™*. 2'(R) is constructed as
the dual space of Z(R), that is the set C;° endowed with a particular topology.

2.5 Fourier transform in R?, for d € N

Definition 2.5.1 Consider f € L'(R?), f: R — C. The Fourier transform of f is
the function f : R? — C defined, for E € R?, as

78y = [ e 8 pas 264

The inverse Fourier transform of f is the function f : R? — C defined, for & € R?,

as
HE) = [ o)
F(&) = [, e ran (2.65)

Asinthecased =1, f,f IS Co(Rd), moreover
Theorem 2.5.1 Let f,g € L' (R?). Then
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| Fsd= [ st 2.66)

R4

Define
S (RY) = {(p e C™(RY) : Yim= (my,....mq)sn = (ni,....ng) € (NU {0})"

Cmn ER s.t.VE = (&1,...,&) € R? ‘f[é’""m(é)‘<c
m,n L = (S1,---,64 11 i 8x’1“---8x2" = L“mn

2.67)

S (RY) ¢ L' (R?) is a vector space.

Theorem 2.5.2 If ¢ € .7 (RY), then ¢,¢ € .Z(R?). Moreover ¢ = ¢ = ¢, and
again, as ford =1,

S (RY) —— 7 (RY)
Fooo )
S (R?) —— .7 (RY)

Exactly as for d = 1, by means of approximation, one can extend the Fourier trans-
form to functions f € L?(RY). And as before, for f,g € L*(RY)

(f.8) = (271r)d (f.2) (268)

d
Define, for m = (my,...,mg),n = (ny,...,ng) € (NU{O}) s Pmn s S (R — R

ﬁgm[ azgjlniq)
LX) oxly

i=1

Pma(@) == sup
EeRd

©)| 2.69)

and thus, again, .7 (R?) can be endowed with a quasi norm that turns . (R“) into a
Frechét space. The dual of .7 (RY) is

S (RY) = {T e C”®) ;T is a continuous linear function} (2.70)

One can define the Fourier transform and the inverse Fourier transform over .’ (R¢)
as T (@) :=T(®) and T(¢) := T () getting the commutative diagram

S (RY) — 7"(RY)

SR —— S (RY)
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2.6 An application to PDE

Consider the equation
Au—Au=f (2.71)

where A € C, A is the laplacian and u, f : R? — C. f is given, but for the time
being no further hypotheses concerning the spaces where f and u belong are stated.
One can apply to both the members of the equation the Fourier transform (not spec-
ifying what Fourier transform and using the properties that all the definitions share)

F(8) = (hu—Auy(&) = 2a(&) - (Au) (&)

d azu d 5
= (&)= Y. (32)16) = Aa(8) - X (18 ()
k=1~ 9% k=1
d
=2a(§)+a Y & = (A +|Ea(g) (2.72)
k=1
Now suppose f € L*(R?). Then f € L>(R?) and if A ¢ {x € R: x <0} then ﬁlé\z €
Co, hence #“5‘2 € L*(R4) and
_ 5\ 2 mod
) = (12 ) © e 2w )
In this case
IR SRR S | FoP_ IF(E)P
Il = oy Vs = o |37 77 = o o o e
1 1 . 1
< lelflliz = W”f”iz
A more general version of 2.71 is
Au— (Au+<ﬁ,vu>) — (2.74)

where A € C and B € RY. For B = 0 this equation is exactly the previous one.
Applying again the Fourier transform, (notice that % (&) =i&a)

f=ni—(~1EPa+iB,E)a) = (A+IEP~i(B.&))a

Andif V€ € R A+ &> —i(B,&) # O then

P

W(E) = f v 2(d
&= (g ) © e 2E) @79
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A futher generalization is possible: if A = (ay;,) is a d x d positive definite matrix
and d € RY, then one might look for the solutions of

d az
Au— ( Y akhaxka”ﬂﬁ,vu)) —f (2.76)

k=1 Xh






Chapter 3
Laplace Transform

The space L}OC (R") is the spaces of all the functions f defined over R such that

forany T € Rt f € L'(0,T).
Suppose that for f € L} (R*) there exist M,c, o € R* such that

loc

VieRt>c |f(2)] < Me*™ (3.1)

Then for p € C such that Re(p) > o one can define the Laplace transform of f in p
as

Fo)i= [ e stan (3.2)

Indeed it is well-defined since

\AMeWWMzsgmwmﬂmmzﬂkpvmw+[”eﬂvmw§

FEL}, (RT) oo oo
1< ‘L'(c) + / efme(p)t\f(t)\dt < ‘L'(c) +M/ e~ FRelp)—a) 4
” o (Re(p)-a) .

—TM e €

For example, the function over R* f(r) := 1 is in L} (RT) and for o = 0,M =

1,¢ = 0 it also satisfies 3.1. Hence for p € C such that Re(p) >0

- +oo 1
i(p) = / e Pdr = — (3.3)
0 p

The function f(r) := ¢ belongs to L}, .(R™) and one can choose any ¢ > 0. Indeed
(te~*) = e (1 — at), hence te~* has maximum (L) for r = 1, and this implies
that V¢ > 0 te % < é, re.t < ZTD;’ and one can choose c =0 and forax = 0M = 1.

. 400 +oo p=pt 1
flp) = / e Pdt — / dr = — 3.4

0 0 4 p

65
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Finally, for 0 < 8 < 1, consider f(¢) = tLﬁ feLl (RY) (notice that it is not true if
B=1).31holdsfora=0,M=1andc=1.

Remark 9 Thanks to the linearity of the integral, the Laplace transform is a linear
operator.

Proposition 3.0.1 Let f € L}OC(R+) satisfy 3.1. Then f is an holomorphic function
in{z€C: Re(z) > a}.
Moreover, for pg € C such that Re(pg) > a

%(Po) — —(tf(1)(po) (3.5)

Proof. Consider pg, p € C such that SRe(po + p) > a. Let Ap denote the difference
p— po- Then

f()=f(po)  flpo+Ap)—flpo)  Jo = e PorAPI f(e)dr — [ e Po! f(¢)dt

P—Po Ap Ap

+oo ot e*A[)l _ 1 d
= 67 e 1t t
/ pymail)

The aim is to prove that Jlim,, M (i.e. fis holomorphic) and to write it
in a practical form (i.e. to prove 3.5). In order to achieve this, one can prove ¥:

_ +oo —Apt __
fim L@ ZS@0) o 77 e g (3.6)
P—po P—DPo P—p0.J0 p
L o €271 g 3.7
= m T — (1 t .
| tim (e Pyl )) (3.7)
oo —
—— [ emipa =) 63
0
Notice that the integral on the right of § makes sense:
<0
——

le Pt f ()] < e TPVt f(r) < Mem TPt — Me(—Re(po) + @), ¢ g (RY)

I will be proved applying Lebesge dominated convergence theorem. To apply that
theorem it has just to be proved the the sequence labelled with p is dominated by a
function in L':



3 Laplace Transform 67

—Apt __ 1
o Pot eif(,)

Ap

|

)

— o~ Re(po)t
e A

fol (—ApteAP1%)ds
Ap

— o Relpo)t O e~ Relpo)t

[f(@)l

1
t/ e AP
Jo

. 1
< e‘me(l’o)ft/ le 4P| ds [ f(1)| = e_me(m)tt/ e T4l ds | £(1))|
A 0

* 1
< ety [0 |f(0)] 2 ke £ 1) = g0

* follows noticing that one wants to study what happens when |A p| — 0, hence it is
possible to choose p € R, p > 0 such that |Ap| < p. The integral becomes a constant
K and therefore #* follows. g € L' (R*), and the proof is accomplished.

Recall the following property about holomorphic functions:

Proposition 3.0.2 Let Q,Q, be open subsets of C, f: Qy - Cand g: , - C
be holomorphic functions. If there exists a set A C Q¢ N £, such that

- A has an accumulation point in Q7N £,

- fla=gla
then f [a,n0,= 8 [o;ne,

In particular this proposition implies that if fis the Laplace transform of a function
f, defined for z € C such that Re(z) > «, and g is an holomorphic function defined
for z € C such that fRe(z) > o, moreover if fand g coincide when z is real, then
they coincide everywhere.

Now take ¥ € R and consider the function over R A(t) = /. h is bounded, hence
it is possible to compute the Laplace transform of 4, and it is defined for any p € C
such that Re(p) > 0.
— oo , oo , e~ (p—ineL 1
e(p) = / e PleMdr = / e (P=iigr — im [— . } = .
Jo 0 Lo p—Y o P

Since sine and cosine are bounded functions, one can compute their Fourier trans-
form for any p € C such that Re(p) > 0. By the linearity of the laplace transform

—~ . ~/‘\/ —~ 1
cos(yr)(p) +isin(y)(p) = eV (p) = iy
In particular, for real values of p,
— 1 1 Re(p)+iy  NRe(p) +iy

X))+ IR = 00y iy T Relp) iy Felp)+iy | Relp) 7

and this, separating the real and the imaginary part, reads
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cos(yt)(Re(p)) = gm
e

i.e. cos(yr) and sin(yt) coincide on R™ respectively with the holomorphic functions
# and % (removing the singularities in iy, —i7, they are holomorhic func-
tions on the whole C). Therefore, recalling the remark just after Proposition 3.0.2,
one gets

COS(’J/t)(p) = p2+,}/2 (3.9)
sin(1)(p) = 1 (3.10)

Now consider the function defined forz > 0 as g(¢) := tiv, v < 1. One can compute
the Laplace transform of g. For p real

oo 1 1 Feo 1
- _ ~se(pyr L g, / ~Re(py)_ 1 d
Be(p) = [ e = e [ el

0 e(p p)t)Y
1 e ] 1 s RPN r(1-v)
- - S ds= — s (1-v) ld I S
%e(pw*v/o e me<p>1*v/o ©7 P Re(p)Y

where I' denotes the Gamma function. Notice that I"(1 — v) is a constant and that

the function F}E}fvv ) can be extended to a holomorphic function over C\ {z € C:

MRe(z) <0, Im(z) = 0}. Since the latter function coincides over R* with the Laplace
transform that is to be computed, again from the remark just after Proposition 3.0.2,

one gets that
~ rii-v
g(p) = ;H ) (3.11)

Remark 10 Let f,g € L} (RY) satisfy 3.1 with My, ar,cp and My, 0, cq respec-

loc

tively. Then for p € C such that Re(p) > max {ay, o, }

P

(f+g)(p)=f(p)s(p) (3.12)

Indeed
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—_~—

(o= [ eriregna= [ ( [ 71t S)ds> d

= /O+°°ds/s+°°dt (e*ptf(s)g(f—s)) _ /0+°"ds<f(s)gps /S+°"ep(t5)g(t_s)dt)

= /:wds (f(s)eps/~+°°eﬂyg(y)dy) _ /Oerds(f(S)efmg(P))

0
=20) [ e mas = )

Thanks to the latter remark it is easy to compute again the Laplace transform of the
identity f(¢) =t knowing that the Laplace transform of A(¢t) = 1is h(p) = %. Indeed

(h*h)(t):/0'1.1dt:t:f(t)

Therefore
~ — ~ o~ 1 1 1
f(p) =hxh(p)=h(p)h(p)=—--—=—
pp
Notice that, for n € N, define g (¢) := (hxh)(¢) and g,+1 := (g, *h)(t). Then, by
induction, g,(t) = % This statement has just been proved for n = 1, and if it holds
forn>1

ot it gl tn+l
gutl) = [ gals) 15— [ Tas—
JO 0 n! !

Moreover, for p € C such that Re(p) > 0, g,(p) = #. Indeed, again by induction,
the step for n = 1 has been proved, and if the claim is true for n > 1

~ 1

gnr1(p) = guxh(p) = gu(p)h(p) = — - :

pn+l

<=

Next theorem will be stated without proof:

Theorem 3.0.1 Suppose f,g to be functions over R* such that it is possible to
compute their Laplace transform and f = g. Then f = g a.e..

Proposizione 3.0.3 Let f € C'(RT) be such that one can compute its Laplace
transform. Then, for an admissible p,

F(p) = pf(p)—f(07) (3.13)
Proof.

oo L oo
P = [T = i e 7o) wp e 0w = pfo)-107)

Lo
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3.1 An application to ODE

Consider the problem

{}C(OZ) ifz (3.14)

where A,z € C are given constants and f is an unknown function defined over R™ U
{0} belonging to C'(R*) UC?(R* U {0}) and admitting Laplace transform.
Therefore, applying the Laplace transform and recalling 3.13,

pf(p) —z=Af(p) (3.15)

Hence f(p) = —%+, and thanks to Theorem 3.0.1 and the result about the Laplace
p—A

transform of ¢ — e , one gets
fl) = ez (3.16)
The above problem can be modified in
"= A f+
(a2

where f, A,z are as before and g is a function over Rt admitting Laplace transform.
Applying again the Laplace transform one gets

pf(p)—z=Af(p)+& (3.18)

=~ Z ~ 1
fp)= Sate T (3.19)

Hence, thanks to the same observations as before and to the linearity, one gets a
formula which is usually referred to as the variation of constants formula:

g
(1) =eMz+ (gxeM) =M+ / Mg (s)ds (3.20)
Jo

3.2 Inverse Laplace transform

A heuristic argument. Given a function f, one might want to find a function f over
R™ such that for some p € C

+oo
7(p) = /0 P () dr (3.21)

Define forr € R

bS]

S
-~

=
I

f() if teRT
{ 0 if r e R R (322)
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Let x := Re(p) and y := IJm(p). Now
oo , oo
f(p) :/0 e eV f(t)dt = /_oo e (e*’“(p(t))dt

i.e. fmight be the Fourier transform of 7 — e @(¢). If it were so, one might be
able to apply the inverse Fourier transform, getting

_1
T 2n

o 1 -
o(1) /Re(H'W)’f(x—i—iw)dw: %/Ge”’f(p)dp (3.23)

where I, = {x+iw € C: w € R}. Then one would expect 5 Jr.e” f(p)dp to be
zero whent € R\ R" and forz € R

1 _
Flt) = — /F e F(p)dp (3.24)

- 2mi

Actually the inverse Laplace transform can be computed as an improper Riemann
integral: considering x such that f is defined and holomorphic for all the p € C such
that Re(p) > x,

i L d 3.25
7= im o [ e Fp)ap (325)



