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Chapter 1
Fourier Series

1.1 Trigonometric Series

Definition 1. Let {a0,a1,b1,a2,b2, . . .} , ai,bi ∈ R, be a set of numbers. Something
like

a0

2
+

∞

∑
k=1

[ak cos(kx)+bk sin(kx)]

is said to be a trigonometric series.

c
We want to study the convergence of this series, in other words, if we define the

finite sum

sn(x) =
a0

2
+

n

∑
k=1

[ak cos(kx)+bk sin(kx)] ,

we want to study when there exists a function s(x) such that sn(x)→ s(x). In this
case we write

s(x) =
a0

2
+

∞

∑
k=1

[ak cos(kx)+bk sin(kx)] .

Let us suppose that
|a0|
2

+
∞

∑
k=1

(|ak|+ |bk|)< ∞

then ∣∣∣∣∣a0

2
+

∞

∑
k=1

[ak cos(kx)+bk sin(kx)]

∣∣∣∣∣≤ |a0|
2

+
∞

∑
k=1

(|ak|+ |bk|)< ∞

hence the trigonometric series exists and sn(x)→ s(x) uniformly. Since for each
n ∈ N sn(x) is continuous and periodic of period 2π , so is s(x).

Hence
|a0|
2

+
∞

∑
k=1

(|ak|+ |bk|)< ∞

5



6 1 Fourier Series

is a first sufficient condition for the convergence of the trigonometric series.

Let us recall some properties of the trigonometric function sin and cos. Integrat-
ing by parts we have: ∫ 2π

0
cos(kx)dx =

{
2π if k = 0

0 if k 6= 0

∫ 2π

0
cos(nx)cos(mx)dx =

2π if n = m = 0
π if n = m,n 6= 0
0 if n 6= m∫ 2π

0
sin(nx)sin(mx)dx =

{
π if n = m,n > 0
0 if n 6= m∫ 2π

0
sin(nx)cos(mx)dx = 0

As we have just proved, if

|a0|
2

+
∞

∑
k=1

(|ak|+ |bk|)< ∞,

sn(x)→ s(x) uniformly and s(x) is continuous and 2π-periodic, hence we can inte-
grate it. Using the properties above we can calculate the coefficens of the series and
we obtain that

an =
1
π

∫ 2π

0
s(x)cos(nx)dx ∀ n≥ 0

and

bn =
1
π

∫ 2π

0
s(x)sin(nx)dx ∀ n≥ 1,

where an and bn are called Fourier coefficients for s(x).

Let us introduce some notations. The vector space of all sequences in R is de-
noted by R∞.

lp =
{

α ∈ R∞ : ∑ |αk|p < ∞
}

p≥ 1

is a vector space on R and a Banach space with respect to the norm ‖α‖p =

(∑ |αk|p)1/p.
l∞ = {α ∈ R∞ : |αk| ≤C < ∞}

is a vector space on R and a Banach space with respect to the norm ‖α‖
∞
=

supk |αk|.

Remark 1. lp ⊂ lp′ if p < p′ ⇒ l1 ⊂ lp ⊂ . . .⊂ lp′ ⊂ l∞.

Let α = {a0,a1,b1,a2,b2, . . .} ∈R∞. We can associate to α the partial sum sn(x)
for all n≥ 1. Hence we associate to α a new sequence {s0(x),s1(x),s2(x), . . .}where
sn(x) ∈C∞ 2π-periodic for all n.



1.1 Trigonometric Series 7

Theorem 1. If α ∈ l1 then sn(x)→ s(x) uniformly. Moreover we can compute the
Fourier coefficients ak, bk of s(x).

In general, a way to choose the sequence α is to take a function f ∈ L1(0,2π)
and then compute

an( f ) =
∫ 2π

0
f (x)cos(nx)dx and bn( f ) =

∫ 2π

0
f (x)sin(nx)dx.

Example 1. We want to prove that

∞

∑
k=1

cos(kx)
k2 = ϕ(x) in [0,2π]

where ϕ(x) is a suitable parabola.

First of all we can consider a parabola p(x) = a(x−π)2 + c. Let us observe that

ϕ(0) = ϕ(2π) =
∞

∑
k=1

1
k2 and ϕ(π) =

∞

∑
k=1

(−1)k

k2 .

If we put

σ =
∞

∑
k=1

1
k2

it is easy to proof that
∞

∑
k=1

(−1)k

k2 =−σ

2
.

Hence, after some computation, we have that

p(x) =
3σ

2π2 (x−π)2− σ

2
.

Let us compute the Fourier coefficients for p(x). We have that a0 = 0, an =
1
n2 and

bn = 0 for all n≥ 1. Now let us consider

s(x) =
∞

∑
k=1

cos(kx)
k2 .

It is trivial to show that a0 = 0 and bn = 0 for all n ≥ 1. After some computation
we also have that an =

1
n2 for all n≥ 1. Hence s(x) and p(x) have the same Fourier

coefficient. Is it suffiecient to state that s(x) = p(x) in [0,2π]?

The answer of this question is given by the following theorem:

Theorem 2. Let f ∈C0(0,2π) such that an( f ) = bn( f ) = 0 for all n. Then f ≡ 0.

Now we can use this theorem to complete the example above and state that
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∞

∑
k=1

cos(kx)
k2 =

3σ

2π2 (x−π)2− σ

2
in [0,2π].

To prove the theorem above we use the following lemma:

Lemma 1.

a0

2
+

n

∑
k=1

[ak cos(kx)+bk sin(kx)] = P(cos(x),sin(x)),

where P(ξ ,η) is a polynomial in two variables of degree n. Vice versa any trigono-
metric polynomial of degree n can be written as above with suitable coefficients.

Proof. From the identity exp(ix) = cos(x)+ isin(x) we get

cos(nx)+ isin(nx) = exp(inx) = (cos(x)+ isin(x))n

=
b n

2c
∑
k=0

(−1)k
(

n
2k

)
cosn−2k(x)sin2k(x)

+ i
b n−1

2 c
∑
k=0

(−1)k
(

n
2k+1

)
cosn−2k−1(x)sin2k+1(x)

from which we have

cos(nx) =
b n

2c
∑
k=0

(−1)k
(

n
2k

)
cosn−2k(x)sin2k(x)

sin(nx) =
b n−1

2 c
∑
k=0

(−1)k
(

n
2k+1

)
cosn−2k−1(x)sin2k+1(x).

Hence we get that

a0

2
+

n

∑
k=1

[ak cos(kx)+bk sin(kx)] = P(cos(x),sin(x)), (1.1)

where P(ξ ,η) is a polynomial in two unknowns of degree n.
On the other hand any trigonometric polynomial of degree n can be written as

(1.1) with suitable coefficients. It is sufficient to prove it for

cosn−k(x)sink(x).

First, let us suppose k even, i.e., k = 2m: we can write

cosn−k(x)sink(x) = cosn−k(x)(1− cos2(x))m
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and this observation allows to prove the assertion only for cosm(x); this can be seen
by induction and using the identity 2cos(kx)cos(x) = cos((k+1)x)+cos((k−1)x).
Further, we remark that in the sum (1.1) all terms bk = 0.
If k is odd, i.e., k = 2m+1, we can write, exploiting the preceding remark

cosn−k(x)sink(x) =

(
a0

2
+

n−1

∑
j=1

a j cos( jx)

)
sin(x),

where we use the identity

2cos( jx)sin(x) = sin(( j+1)x)− sin(( j−1)x)

to finish the proof and observing that in this case all ak = 0 in (1.1).

Proof (Proof of the theorem 2). Step 1. Any trigonometric polynomial P(cos(x),sin(x))
of degree n, where P(ξ ,η) is a polynomial in two unknown with degree n, can be
written as

P(cos(x),sin(x)) =
a0

2
+

n

∑
k=1

[ak cos(kx)+bk sin(kx)]

with suitable a0,a1,b1, . . . ,an,bn. Hence we have that for any trigonometric polyno-
mial it holds ∫ 2π

0
f (x)P(cos(x),sin(x))dx = 0.

Step 2. Let us suppose that f is not identically zero and without loss of generality we
can suppose there exists a point x0 where the function is positive; that implies that
there exists an interval [x0−δ ,x0+δ ] centred in x0 where the function f (x)≥ c > 0
for some c.
Let us consider now the function p(x) = cos(x− x0)+1− cos(δ ) with the property
that, in the interval [0,2π], p(x)> 1 for |x− x0|< δ and |p(x)| ≤ 1 for |x− x0| ≥ δ .
p(x)n is a trigonometric polynomial, hence

0 =
∫ 2π

0
f (x)p(x)ndx =

∫
|x−x0|≤δ

f (x)p(x)ndx+
∫
[0,2π]\(x0−δ ,x0+δ )

f (x)p(x)ndx.

Now, with δ ′ < δ∫
|x−x0|≤δ

f (x)p(x)ndx≥
∫
|x−x0|≤δ ′

cp(x0 +δ
′)ndx = 2δ

′cp(x0 +δ
′)n,

from which we have that the integral tends to infinite as n tends to infinite, because
p(x0 +δ ′)> 1. On the other hand,∣∣∣∣∫

[0,2π]\(x0−δ ,x0+δ )
f (x)p(x)ndx

∣∣∣∣≤ 2π max
0≤x≤2π

| f (x)| .

Hence we have An +Bn = 0 where An→ ∞ and Bn is bounded: that is not possible;
hence f must be identically zero.
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Let us consider now a function f . If

f ∈ L1(0,2π) :=
{

f : [0,2π]→ R : f is measurable and
∫ 2π

0
| f (x)|dx <+∞

}
,

we can compute the coefficients

an( f ) =
∫ 2π

0
f (x)cos(nx)dx and bn( f ) =

∫ 2π

0
f (x)sin(nx)dx.

Which criterion have we got for the convergence of the numeric series

α = (a0,a1,b1,a2,b2,a3, ...)?

In 1924 Kolmogorov gave an example for the non convergence of the series:

Theorem 3 (Kolmogorov). There exists a function f ∈ L1(0,2π) such that the cor-
responding sequence sn doesn’t converge in any point.

However, if we restrict the choice of f , we have a sufficient condition for the
convergence of α .

Theorem 4. Let f ∈ L2(0,2π) then sn(x)→ f (x) in the L2(0,2π)−sense, that is∫ 2π

0
|sn(x)− f (x)|2 dx−→ 0.

Remark 2. This theorem says in particular that

f (x) =
a0

2
+

∞

∑
k=1

(ak cos(kx)+bk sin(kx)) in L2-sense

The theorem states that, if we take f ∈ L2(0,2π), sn(x) converges to f (x) in
L2-sense. Lusin conjectured that this convergence had to be a convergence almost
everywhere. Lusin’s conjecture was proved by Carleson in 1966 and in 1967 Hunt
generalized the theorem for f ∈ Lp(0,2π) for all p > 1 (for p = 1 it doesn’t hold, as
the example of Kolmogorov shows).
For the proof of the theorem 4, we need some general facts about the Hilbert spaces.

1.2 Trigonometric Series in L2

Let H be a separable Hilbert space.

Definition 2. A collection {e1,e2,e3, ...} ⊂ H such that
〈
ei,e j

〉
= 0 for every i 6= j

is called orthogonal system of vectors. If in addition 〈ei,ei〉= ‖ei‖2 = 1 ∀i ∈N, it is
called orthonormal system.
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To each α ∈ l2(N) we can associate a sequence of vectors {vn}, where vn :=
∑

n
i=1 αiei. Then, for the completeness of H, vn→ v in H. If we define

V0 :=

{
n

∑
i=1

αiei : α ∈ l2,n ∈ N

}

in particular {vn} ⊂ V0 and, since V0 is a subspace of H, V := V̄0 is complete and
v ∈V .
On the other hand we have the following theorem:

Theorem 5. Let H be a Hilbert space, v ∈H and α = {αn} be the sequence defined
by αn = 〈v,en〉. Then α ∈ l2(N).

Proof. Let vn := ∑
n
i=1 〈v,ei〉ei.

Then ‖vn‖2 = ∑
n
i=1 〈v,ei〉2, but also 〈vn,v〉= ∑

n
i=1 〈v,ei〉2, that is

‖vn‖2 = 〈vn,v〉=
n

∑
i=1

α
2
n . (1.2)

Notice that v = vn +(v− vn) and vn and v− vn are orthogonal, indeed 〈vn,v− vn〉=
〈vn,v〉−〈vn,vn〉= 0. Then

‖vn‖ ≤ ‖v‖< ∞. (1.3)

From (1.2) and (1.3), follows that α = {αn} ∈ l2(N).

Proof (of Theorem 4). Recall that L2(0,2π) with the scalar product

〈 f ,g〉=
∫ 2π

0
f (x)g(x)dx ∀ f ,g ∈ L2(0,2π)

is a Hilbert space and define

u0 :=
1√
2π

, un :=
cos(nx)√

π
and vn :=

sin(nx)√
π

∀n≥ 0

Notice that

• ‖u0‖= ‖un‖= ‖vn‖= 1 ∀n≥ 1
• 〈un,um〉= 0 ∀n 6= m
• 〈vn,vm〉= 0 ∀n 6= m
• 〈un,vm〉= 0 ∀n,m.

Then {u0,u1,v1,u2,v2, ...} is an orthonormal system in L2(0,2π). It is called Fourier
system.
Let f ∈ L2(0,2π), and, using the functions just defined, notice that

an =
1
π

∫ 2π

0
f (x)cos(nx)dx =

1√
π

∫ 2π

0
un(x) f (x)dx =

1√
π
〈 f ,un〉
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bn =
1
π

∫ 2π

0
f (x)sin(nx)dx =

1√
π

∫ 2π

0
vn(x) f (x)dx =

1√
π
〈 f ,vn〉

for n≥ 1 and

a0 =
1
π

∫
π

0
f (x)dx =

√
2
π

∫ 2π

0
u0(x) f (x)dx =

√
2
π
〈 f ,u0〉 .

Then it is not hard to see that

a0

2
= 〈 f ,u0〉u0(x) ak cos(kx) = 〈 f ,uk〉uk(x) bk sin(kx) = 〈 f ,vk〉vk(x)

hence

sn(x) = 〈 f ,u0〉u0(x)+
n

∑
k=1

(〈 f ,uk〉uk(x)+ 〈 f ,vk〉vk(x))

Applying the previous theorem with H = L2 , v = f and the orthonormal system
given by the Fourier system, it follows that

sn converges to an s(x) ∈ L2(0,2π). (1.4)

It remains to prove that s(x) = f (x) and it is a consequence of the following theorem
and the fact that L2(0,2π)⊂ L1(0,2π).

Theorem 6. Let f ∈ L1(0,2π) and let an = bn = 0 for every n ≥ 0. Then f = 0
almost everywhere.

Proof. Define

F(x) :=
∫ x

0
f (y)dy.

Then F is continuous and derivable almost everywhere.
Since an = bn = 0 ∀n, it is not hard to show that also the Fourier coefficients of F ,
An,Bn, are 0, except at most A0. This means that the Fourier coefficients of F− A0

2
are all 0.
Since F − A0

2 is continuous, we can now apply theorem 2 to show that F(x) = A0
2

for all x ∈ [0,2π]. In particular 0 = F(0) = A0
2 .

Hence F is continuous and all its coefficients are 0. Applying again theorem 2, it
follows that

F(x) = 0 ∀x

and
F
′
(x) = f (x) = 0 for almost every x ∈ [0,2π].

To prove statement (1.4), there is also a more directly way:

Theorem 7. If sn(x) ∈ L2(0,2π), sn(x)→ s(x) in L2.

Proof. It is sufficient to prove that (sn(x))n is a Cauchy sequence, i.e.
∥∥sn+p(x)− sn(x)

∥∥
2→

0 for all p, if n→ ∞. If it is true, ∃ s(x) ∈ L2(0,2π) such that sn(x)→ s(x) in L2

because of the completeness of L2. We have that
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sn+p(x)− sn(x) =
n+p

∑
k=n+1

(〈uk, f 〉uk(x)+ 〈vk, f 〉vk(x)) .

After some computations, using the definition of orthonormal system, we have that

∥∥sn+p− sn
∥∥2

2 =
∫ 2π

0
(sn+p(x)− sn(x))

2 dx =
n+p

∑
k=n+1

(
〈uk, f 〉2 + 〈vk, f 〉2

)
.

Using the Cauchy-Schwartz inequality, we obtain that

‖sn‖2
2 = 〈sn, f 〉 ≤ ‖sn‖s ‖ f‖2 ⇒ ‖sn‖2

2 ≤ ‖ f‖2
2 .

Hence

〈u0, f 〉2 +
n

∑
k=1

(
〈uk, f 〉2 + 〈vk, f 〉2

)
≤ ‖ f‖2

2 (Bessel Inequality)

Hence

n

∑
k=1

(
〈uk, f 〉2 + 〈vk, f 〉2

)
<+∞ ⇒

∥∥sn+p(x)− sn(x)
∥∥2

2→ 0.

Example 2. We want to apply this theory to the function

f (x) =
π− x

2
for 0≤ x≤ 2π.

Then f ∈ L2(0,2π) and an = 0 ∀n and bk =
1
k , that is

α = {0,0,1,0, 1
2
,0,

1
3
, ...}

Then α ∈ l2, but α /∈ l1 and we can’t apply theorem 1, so we won’t have a uniform
convergence of sn(x).
However, since f ∈ L2(0,2π),

π− x
2

=
∞

∑
k=1

sin(kx)
k

in the L2−sense.

From this result, we can also compute a particular series:

∞

∑
k=1

1
k2 =

1
π

∫ 2π

o
f (x)2dx =

π2

6
.
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1.3 Some sufficient conditions for the convergence of a Fourier
series

Until now, we have shown that a Fourier sequence with coefficients in l1 converges
uniformly to a function in C(0,2π), while there is a bijection between the sequences
with coefficients in l2 and the functions in L2(0,2π), but in this case we have only a
L2−convergence and we loose the uniform convergence.
Our goal is to extend these relationships. We will see that the following diagram
holds

l1 ⊂ l2 ⊂ c0
↓ l ↑

C(0,2π) ⊂ L2(0,2π) ⊂ L1(0,2π)

where the downarrows mean that the Fourier sequence of the coefficients converges
to a function in the pointed space, while the uparrows mean that the Fourier coeffi-
cents of the considered function are in the pointed space.
We have already proved all the implications, except the last one that is the content
of the Riemann Lebesgue theorem. We will consider it in the next section.
For the vice versa of these arrows there exist only sufficient conditions and we pro-
pose us to study some of them.

Theorem 8. Let us suppose that we can write f ∈C0(0,2π) as f (x)= c+
∫ x

0 g(ξ )dξ

with

(i) g ∈ L2(0,2π)

(ii)
∫ 2π

0 g(ξ )dξ = 0

then

f (x) =
a0

2
+

∞

∑
k=1

(ak cos(kx)+bk sin(kx)) uniformly in [0,2π].

Remark 3. Notice that the theorem states only the uniform convergence of the
Fourier series. It is not implied that the coefficients are in l1.

Remark 4. Condition (ii) of the theorem allows us to extend the function f periodi-
cally on R in a continuous way.
To study such a continuous periodic function we can consider every inteval [c,c+
2π]. Then in some cases it can be useful to consider the function f defined on the
circle, T1.
In this notation, assumption (ii) of the theorem requires that f ∈C0(T1).

Proof. Since g ∈ L2(0,2π), we can compute the Fourier coefficients of g:

αn =
1
π

∫ 2π

0
g(x)cos(nx)dx βn =

1
π

∫ 2π

0
g(x)sin(nx)dx.

Remember that g(x) = f
′
(x) for a. e. x, then, integrating by parts,

αn = nbn and βn =−nan (1.5)
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for all n≥ 1, where an and bn are the Fourier coefficients of f . We have to show that
the partial sum sn(x) converges uniformly to f (x). To reach this goal we show that
{sn} is a Cauchy sequence. Indeed

∣∣sn+p(x)− sn(x)
∣∣ = ∣∣∣∣∣ n+p

∑
k=n+1

(ak cos(kx)+bk sin(kx))

∣∣∣∣∣
=

∣∣∣∣∣∣
n+p

∑
k=n+1

√
a2

k +b2
k

 ak√
a2

k +b2
k

cos(kx)+
bk√

a2
k +b2

k

sin(kx)

∣∣∣∣∣∣
=

∣∣∣∣∣ n+p

∑
k=n+1

(√
a2

k +b2
k cos(kx−ϕk)

)∣∣∣∣∣
≤

n+p

∑
k=n+1

√
a2

k +b2
k =

n+p

∑
k=n+1

√
α2

k +β 2
k

k

≤

(
n+p

∑
k=n+1

1
k2

) 1
2
(

n+p

∑
k=n+1

(α2
k +β

2
k )

) 1
2

where, ϕk is such that cos(ϕk) =
ak√

a2
k+b2

k

, sin(ϕk) =
bk√

a2
k+b2

k

, and we have used result

(1.5) and, in the last line, the Cauchy-Schwarz inequality. Notice that the first factor
tends to zero when n goes to infinity, because

∞

∑
k=1

1
k2 < ∞,

while the second factor tends to zero, because

∞

∑
k=1

(α2
k +β

2
k )≤

1
π

∫ 2π

0
g(x)2dx

that is bounded. This means that {sn} is a Cauchy sequence, hence it converges to an
f̃ (x) ∈C0(0,2π). Since f and f̃ have the same Fourier coefficients, from theorem 2
follows that f ≡ f̃ .

We would like to extend this condition also for a function f ∈ C0(0,2π) that
doesn’t satisfy condition (ii), that is that can’t be extended periodically to a con-
tinuous function on R. Some examples on the computer, make us suppose that the
Fourier series of such a function converges uniformly to f , but not in the whole
interval [0,2π], but in a restricted one, as [δ ,2π−δ ], with δ > 0.

To prove it we will make use of the function

h(x) =
π− x

2
,
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that we can write also as
h(x) =

π

2
+
∫ x

0
−1

2
dξ .

Its Fourier coeffincients are ak = 0 and bk =
1
k , so the sequence {a0,a1,b1,a2, ...} ∈

l2. Then
∞

∑
k=1

sin(kx)
k

converges to an h̃(x) in L2.
Consider f ∈C0(0,2π) such that

f (x) = c+
∫ x

0
g(ξ )dξ ,

with g∈ L2(0,2π), and f (0) 6= f (2π), and extend it periodically on R. This function
is discontinuous in all the points 0+ 2kπ , k ∈ Z. Let us introduce the size of the
discontinuity size( f )= f (0+)− f (0−). If we consider h(x) we have that size(h)= π .
Then the function

f̃ (x) = f (x)− ch(x) where c =
f (0+)− f (0−)

π

is continuous and we can apply the previous theorem. By linearity, the partial sum
is

s̃n(x) = sn(x)− chn(x) ⇒ sn(x) = s̃n(x)+ chn(x).

Using the theorem we have that s̃n(x)→ f̃ (x) uniformly. If we prove that hn(x)→
h(x) uniformly in [δ ,2π − δ ], δ > 0, it follows that sn(x) → f (x) uniformly in
[δ ,2π−δ ]. Hence we have proved the theorem without condition (ii).

It remains to prove that hn(x)→ h(x) uniformly in [δ ,2π−δ ], δ > 0.

Proof. Let us consider
ĥ(x) = (1− cos(x))h(x).

After some computations we obtain that ân = 0 for all n ≥ 0, b̂1 = b1− 1
2 b2 = 3

4 ,
and

b̂n = bn−
1
2
(bn+1 +bn−1) =−

1
n

1
n2−1

∀ n≥ 2.

Moreover ĥ(x) satisfies conditions (i) and (ii) of theorem 8, hence

ĥn(x) =
3
4

sin(x)+
n

∑
k=2

sin(kx)
k(k2−1)

−→ ĥ(x) uniformly.

Now
(1− cos(x))hn(x) = ĥn(x)−

1
2

bn sin((n+1)x)+
1
2

bn+1 sin(nx),

where ĥn(x)→ ĥ(x) uniformly and 1
2 bn sin((n+1)x), 1

2 bn+1 sin(nx)→ 0 uniformly,
because bn→ 0 and sin(·) is bounded.
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Hence (1− cos(x))hn(x)→ ĥ(x) uniformly, that is

(1− cos(x))(hn(x)−h(x))→ 0 uniformly.

Since 1− cos(x)≥ 1− cos(δ ), for each x ∈ [δ ,2π−δ ], with δ > 0, it follows that

hn(x)→ h(x) uniformly in [δ ,2π−δ ], δ > 0.

We are now interested in the Fourier sereies of the function

f (x) = cos(αx) ∈ L1(0,2π), where α /∈ Z.

The period of this function is 2π

α
, then its Fourier series is not the function itself. We

would like to find its Fourier series and to study its convergence.
More generally, let us consider f ∈ L1(0,2π) and its Fourier coefficients an and

bn. The partial sums sn(x) exist for all n ≥ 0, but, as the theorem of Kolmogorov
shows, we don’t know anything about their limit. However, we can always compute

sn(x) =
a0

2
+

n

∑
k=1

[ak cos(kx)+bk sin(kx)]

=
1

2π

∫ 2π

0
f (y)dy+

1
π

∫ 2π

0
f (y)

n

∑
k=1

[cos(ky)cos(kx)+ sin(ky)sin(kx)]dy

=
1

2π

∫ 2π

0
f (y)dy+

1
π

∫ 2π

0
f (y)

n

∑
k=1

cos(k(x− y))dy

=
1
π

∫ 2π

0
f (y)[

1
2
+

n

∑
k=1

cos(k(x− y))]dy

Definition 3. Dn(ϑ) :=
1
π

[
1
2
+

n

∑
k=1

cos(kϑ)

]
is called Dirichlet kernel.

Hence

sn(x) =
∫ 2π

0
f (y)Dn(x− y)dy.

Proposition 1 (Properties of Dirichlet kernel). The following statements hold:

(i)
∫ 2π

0
Dn(ϑ)dϑ = 1

(ii) D0(ϑ) =
1

2π

(iii) Dn(ϑ) =
sin( 2n+1

2 ϑ)

2π sin(ϑ

2 )
for all n≥ 1

Proof. The proof of the statements (i) and (ii) is trivial. Let us prove (iii).

1
2
+

n

∑
k=1

cos(kx) = ℜ [1+ exp(iϑ)+ exp(2iϑ)+ . . .+ exp(niϑ)]− 1
2
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Let z = exp(iϑ). Then 1+ z+ z2 + . . .+ zn = zn+1−1
z−1 . Hence

ℜ

[
zn+1−1

z−1

]
= ℜ

[
(z−1)(zn+1−1)
(z−1)(z−1)

]
=

ℜ
[
(z−1)(zn+1−1)

]
(z−1)(z−1)

Now

(z−1)(z−1) = zz− z− z+1 = 2− (z+ z) = 2(1− z+ z
2

) = 2(1− cos(ϑ))

(z−1)(zn+1−1) = zzzn− zn+1− z+1

Hence

ℜ

[
zn+1−1

z−1

]
=

cos(nϑ)− cos((n+1)ϑ)− cos(ϑ)+1
2(1− cos(ϑ))

and

1
2
+

n

∑
k=1

cos(kx)=
cos(nϑ)− cos((n+1)ϑ)− cos(ϑ)+1

2(1− cos(ϑ))
− 1

2
=

cos(nϑ)− cos((n+1)ϑ)

2(1− cos(ϑ))

Now

cos(nϑ) = cos((n+
1
2
)ϑ − ϑ

2
) = cos((n+

1
2
)ϑ)cos(

ϑ

2
)+ sin((n+

1
2
)ϑ)sin(

ϑ

2
)

(1.6)

cos((n+1)ϑ)= cos((n+
1
2
)ϑ +

ϑ

2
)= cos((n+

1
2
)ϑ)cos(

ϑ

2
)−sin((n+

1
2
)ϑ)sin(

ϑ

2
)

(1.7)

1− cos(ϑ) = 2sin2(
ϑ

2
) (1.8)

Hence, using (1.6), (1.7) and (1.8), we obtain (iii).

Let us consider f ∈ L1(0,2π). We have seen that sn(x) =
∫ 2π

0 f (y)Dn(x− y)dy.
What can we say about the convergence of this series?

We can’t hope to obtain a convergence in the usual meaning. So we want to
introduce another kind of convergence: the convergence in the Cesaro sense.
Let (an)n be a sequence such that an→ a. We can introduce a new sequence

a1,
a1 +a2

2
,

a1 +a2 +a3

3
, . . . i.e. (σn)n where σn =

a1 + . . .+an

n

We can prove that, if an→ a, then also σn→ a, while the contrary isn’t true in gen-
eral.
This convergence is called convergence in the Cesaro sense, from the name of
Ernesto Cesàro, the mathematician, who introduced it, and extends the set of se-
quences that are convergent in the usual meaning.

We want to study the Cesaro convergence of (sn(x))n. Let
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σn(x) =
s0(x)+ s1(x)+ . . .+ sn−1(x)

n

be the Cesaro sum of (sn(x))n, then

σn(x) =
∫ 2π

0
f (y)(

D0 +D1 + . . .+Dn−1

n
)(x− y)dy.

Definition 4. Kn(ϑ) := D0(ϑ)+D1(ϑ)+...+Dn−1(ϑ)
n is called Feyer kernel.

Fig. 1.1 Constantin Caratheodory (Berlin 1873, Munich 1950) and Leopold Fejér (Pécs 1880,
Budapest 1959)

Hence

σn(x) =
∫ 2π

0
f (y)Kn(x− y)dy.

It is easy to prove the following proposition:

Proposition 2 (Properties of Feyer kernel). The following statements hold:

(i)
∫ 2π

0
Kn(ϑ)dϑ = 1

(ii) Kn(ϑ)≥ 0

(iii) Kn(ϑ) =
1

2πn
sin2( nϑ

2 )

sin2(ϑ

2 )
for all n≥ 0.

In the notation that we have introduced, we can give the following sufficient
condition:

Theorem 9. If f is periodic and continuous, then σn(x)→ f (x) uniformly.
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Remark 5. We stress that the Fourier series {sn(x)}n can be divergent, while the
theorem assures only the convergence in the Cesaro sense. However, if the Fourier
series is convergent, then it converges also in the Cesaro sense.

Example 3. We want to compute the Fourier series of the funtions f (x) = cos(αx),
g(x) = sin(αx) and h(x) = exp(αx) with α /∈ Z.
Let us observe first that

cos(nπ) = (−1)n ∀ n ∈ N and sin(nπ) = 0 ∀ n ∈ N (1.9)

Before to start let us recall the addition formulas for the function cos(x),

cos(x+y)= cos(x)cos(y)−sin(x)sin(y) cos(x−y)= cos(x)cos(y)+sin(x)sin(y).
(1.10)

Let us start with f (x).
We have trivially that bn = 0 for each n ∈ N, and that

a0 =
1
π

∫
π

−π

cos(αx)dx =
[

sin(αx)
πα

]π

−π

= 2
sin(απ)

πα
.

We have now to compute an with n≥ 1. Using (1.10) we have that

an =
1
π

∫
π

−π

cos(αx)cos(nx)dx

=
1

2π

∫
π

−π

(cos((α +n)x)+ cos((α−n)x))dx

=
1
π

[
(α−n)sin((α +n)π)+(α +n)sin((α−n)π)

α2−n2

]

Using (1.9) we have that

(α−n)sin((α +n)π)+(α +n)sin((α−n)π) = 2(−1)n
α sin(απ). (1.11)

Hence, using (1.11), we have that, for all n≥ 1,

an =
1
π

(−1n)2α sin(απ)

α2−n2 .

Hence,

cos(αx) =
2sin(απ)

π

(
1

2α
+

∞

∑
n=1

(−1)n α

α2−n2 cos(nx)

)
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Let us now consider the function g(x).
First of all, let us observe that

a0 =
1
π

∫
π

−π

sin(αx)dx = 0,

because we are integrating an odd function on a simmetric interval. Moreover, triv-
ially, an = 0 for each n ≥ 1, hence an = 0 for all n ∈ N. We have now to compute
the bn coefficients. Using (1.9) and (1.10), we have that

bn =
1
π

∫
π

−π

sin(αx)sin(nx)dx

=
1

2π

∫
π

−π

[cos((α−n)x)− cos((α +n)x)]dx

=
1

2π

[
(α +n)sin((α−n)x)− (α−n)sin((α +n)x)

α2−n2

]π

−π

=
1
π

(−1)n2nsin(απ)

α2−n2 .

Hence, we have

sin(αx) =
2sin(απ)

π

∞

∑
n=1

(−1)n n
α2−n2 sin(nx)

Let us now consider the function h(x).
First of all, let us observe that, integrating two times by parts, we obtain that∫

exp(αx)cos(nx)dx =
α

α2 +n2

(
exp(αx)cos(nx)+

n
α

exp(αx)sin(nx)
)
, (1.12)

and∫
exp(αx)sin(nx)dx =

α

α2 +n2

(
exp(αx)sin(nx)− n

α
exp(αx)cos(nx)

)
. (1.13)

Before we start to compute the Fourier coefficients for h(x), let us recall the defini-
tion of the hyperbolic functions cosh(x) and sinh(x),

cosh(x) =
exp(x)+ exp(−x)

2
and sinh(x) =

exp(x)− exp(−x)
2

. (1.14)

We have, trivially integrating and using (1.14), that

a0 =
1
π

∫
π

−π

exp(αx)dx =
2sinh(απ)

απ
.
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Using (1.9), (1.12), (1.13) and (1.14) we have that

an =
1
π

∫
π

−π

exp(αx)cos(nx)dx

=
α

α2 +n2
1
π

[
exp(αx)cos(nx)+

n
α

exp(αx)sin(nx)
]π

−π

=
1
π

α

α2 +n2

[
cos(nπ)(exp(απ)− exp(−απ))+

n
α

sin(nπ)(exp(απ)+ exp(απ))
]

=
1
π

α

α2 +n2

[
2cos(nπ)sinh(απ)+2

n
α

sin(nπ)cosh(απ)
]

=
1
π

α

α2 +n2 (−1)n2sinh(απ),

for each n≥ 1, and, with similar computations,

bn =
1
π

∫
π

−π

exp(αx)sin(nx)dx

=
1
π

n
α2 +n2 (−1)n+12sinh(απ),

for all n ∈ N.
Hence,

exp(αx) =
2sinh(απ)

π

[
1

2α
+

∞

∑
n=1

(−1)n

α2 +n2 (α cos(nx)−nsin(nx))

]

Exercise 1 Compute the Fourier series for the functions c(x) = cosh(αx) and
s(x) = sinh(αx) with α /∈ Z.

1.4 The Riemann-Lebesgue Lemma and its applications

Let us recall the following diagram

l1 ⊂ l2 ⊂ c0
↓ l ↑

C(0,2π) ⊂ L2(0,2π) ⊂ L1(0,2π)

where c0 = {α ∈ R∞ : αn→ 0 when n→ ∞}. The Riemann-Lebesgue lemma proves
the uparrow L1(0,2π)→ c0.
Let us recall the following result:

Theorem 10 (Lebesgue). If f ∈ L1(a,b), then
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a
| f (x+h)− f (x)|dx→ 0 when h→ 0.

Proof. See ”S. Mizohata, The theory of partial differential equations, Cambridge
University Press, London, 1973”, Lemma 1.1.

Lemma 2 (Riemann-Lebesgue). If f ∈ L1(a,b),∫ b

a
f (x)sin(nx)dx→ 0 when n→ ∞

∫ b

a
f (x)cos(nx)dx→ 0 when n→ ∞

Proof. We will consider the case of
∫ b

a f (x)sin(nx)dx. The proof for
∫ b

a f (x)cos(nx)dx
is analogous.

Let n∈N and consider the intervals
[ 2kπ

n , 2k+2
n π

]
contained in [a,b]. The integral

of sin(nx) vanishes in all this intervals. Defining Aa,b ⊆Z as the set of all k ∈Z such
that 2kπ

n and 2k+2
n π are in [a,b], we can consider the whole interval [a,b] as the

union over k ∈ Aa,b of the intervals
[ 2kπ

n , 2k+2
n π

]
and the two smaller intervals, that

have a resp. b as left resp. right border. Calling Ia and Ib the integral of f (x)sin(nx)
calculated respectively on this two intervals, we obtain that

∫ b

a
f (x)sin(nx)dx = ∑

k∈Aa,b

∫ 2k+2
n π

2kπ
n

f (x)sin(nx)dx+ Ia + Ib

Let us consider∫ 2k+2
n π

2kπ
n

f (x)sin(nx)dx =
∫ 2k+1

n π

2kπ
n

f (x)sin(nx)dx+
∫ 2k+2

n π

2k+1
n π

f (x)sin(nx)dx

In the second integral make the substitution x′ = x−π/n, then 2kπ

n ≤ x′ ≤ 2k+1
n π ,

because 2k+1
n π ≤ x≤ 2k+2

n π , and

∫ 2k+2
n π

2k+1
n π

f (x)sin(nx)dx =
∫ 2k+1

n π

2kπ
n

f (x′+
π

n
)sin(n(x′+

π

n
))dx

= −
∫ 2k+1

n π

2kπ
n

f (x′+
π

n
)sin(nx′)dx

where in the last equality we have used sin(n(x′+π/n))= sin(nx′+π)= sin(nx′)cos(π)+
sin(π)cos(nx′) =−sin(nx′).
Hence ∫ 2k+2

n π

2kπ
n

f (x)sin(nx)dx =
∫ 2k+1

n π

2kπ
n

[ f (x)− f (x+π/n)]sin(nx)dx.
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Taking the absolute value, we get the following majorization∣∣∣∣∣
∫ 2k+2

n π

2kπ
n

f (x)sin(nx)dx

∣∣∣∣∣≤
∫ 2k+1

n π

2kπ
n

| f (x)− f (x+π/n)|dx.

Hence ∣∣∣∣∫ b

a
f (x)sin(nx)dx

∣∣∣∣ ≤∑
k

∫ 2k+1
n π

2kπ
n

| f (x)− f (x+π/n)|dx+ |Ia|+ |Ib|

≤
∫ b

a
| f (x)− f (x+π/n)|dx+ |Ia|+ |Ib|

Now, let k
′

be the smallest integer in Aa,b, then if n increases, also k
′

changes and
the value 2k′π

n tends to a, hence

|Ia| ≤
∫ 2k′π

n

a
| f (x)|dx→ 0 when n→ ∞,

and for the same reason also Ib tends to 0 when n→ ∞. Applying theorem 10 also
the principal term goes to 0 when n→ ∞. Hence∫ b

a
f (x)sin(nx)dx→ 0 when n→ ∞.

Lemma 3 (Riemann-Lebesgue, another formulation). If f ∈ L1(0,2π), then

an( f ),bn( f )→ 0 when n→ ∞.

Let us give another criterion for the convergence of the Fourier series, which
concerns the following definition.

Definition 5. A function f is said to be an Hölder type function on [0,2π] if

| f (x)− f (y)| ≤C |x− y|α ∀x,y ∈ [0,2π] with 0 < α ≤ 1.

If f is an Hölder type function on [0,2π] we write f ∈Cα([0,2π]).

Exercise 2 Prove that Cα([0,2π]) is a Banach space with norm

‖ f‖Cα = sup
x
| f (x)|+ sup

x,y

| f (x)− f (y)|
|x− y|α

Remark 6. Notice that, if α = 1, an Hölder type function is a Lipschitz function.
Moreover we have the following inclusions

Cα([0,2π])⊂C0([0,2π])⊂ L1([0,2π]).



1.4 The Riemann-Lebesgue Lemma and its applications 25

Exercise 3 From the remark it is not implied that f ∈Cα([0,2π]) is also differen-
tiable. For istance, prove that the function

x 7−→
√

x

is in C
1
2 ([0,2π]), but it is not differentiable in 0.

Another example is

f (x) =
∞

∑
k=1

b−kα cos(bkx) with b ∈ N and x ∈ [0,2π].

This function is in Cα , but is not differentiable in any point x ∈ [0,2π].

After this introduction, let us give the following criterion

Theorem 11. If f ∈Cα(R) and periodic, then sn( f (x))→ f (x) uniformly.

Proof. Let f ∈ Cα(R) and periodic, then we can compute the Fourier coefficients
an and bn and

sn(x) =
∫ 2π

0
f (y)Dn(x− y)dy.

Since Dn(x) is periodic of period 2π and
∫ 2π

0 Dn(y)dy= 1, also
∫ 2π

0 Dn(x−y)dy= 1,
hence

f (x) =
∫ 2π

0
f (x)Dn(x− y)dy.

Hence

sn(x)− f (x) =
∫ 2π

0
( f (y)− f (x))Dn(x− y)dy

=
∫
|x−y|<δ

( f (y)− f (x))Dn(x− y)dy+
∫
|x−y|≥δ

( f (y)− f (x))Dn(x− y)dy.

We have only to prove that the two terms go to 0 when n→ ∞. For the second term,
we have∫
|x−y|≥δ

( f (y)− f (x))Dn(x− y)dy =
∫
|x−y|≥δ

f (y)− f (x)
2π sin( x−y

2 )
sin
(

2n+1
2

(x− y)
)

dy,

that converges to 0 when n→ ∞ for the Riemann-Lebesgue lemma applied to the
function

f (y)− f (x)
2π sin( x−y

2 )
∈ L∞(0,2π)⊂ L1(0,2π).

Let us consider the first integral∫
|x−y|<δ

f (y)− f (x)
sin( x−y

2 )
sin
(

2n+1
2

(x− y)
)

dy.
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Since f ∈Cα(R), ∣∣∣∣∣ f (y)− f (x)
sin( x−y

2 )

∣∣∣∣∣≤ 2C |x− y|α

|x− y|

∣∣∣∣∣ x−y
2

sin x−y
2

∣∣∣∣∣ .
The term ∣∣∣∣∣ x−y

2

sin x−y
2

∣∣∣∣∣
is bounded, while

2C |x− y|α

|x− y|
=

2C

|x− y|1−α

has a singularity, but this singularity is integrable because 1− α < 1. Hence
(|x− y|1−α)−1 ∈ L1(0,2π). So we use the Riemann-Lebesgue lemma to state that
also the first integral goes to 0 when n→ ∞. Hence |sn(x)− f (x)| → 0 when n→ ∞

for all x ∈ [0,2π]. Moreover the convergence is uniform because we consider the
difference |x− y|that does not dipend on the point x.
Or: Moreover the convergence is uniform, because the convergence in the Riemann-
Lebesgue lemma is independent from the bounded interval that we consider, hence
it is intependent from the point x.



Chapter 2
Fourier Transform

2.1 Generalities

In the previous chapter we have studied some sufficient conditions so that, if f ∈
L1(0,2π), we can reconstruct it with its Fourier series

f (x) =
a0

2
+

∞

∑
k=1

[ak cos(kx)+bk sin(kx)].

We want to write this trigonometric series in another way. Let us recall the Euler
formulas

cos(x) =
exp(ix)+ exp(−ix)

2
sin(x) =

exp(ix)− exp(−ix)
2i

.

Hence

f (x) =
a0

2
+

∞

∑
k=1

[ak cos(kx)+bk sin(kx)]

=
a0

2
+

∞

∑
k=1

[ak
exp(ikx)+ exp(−ikx)

2
+bk

exp(ikx)− exp(−ikx)
2i

]

=
a0

2
+

1
2

∞

∑
k=1

[(ak− ibk)exp(ikx)+(ak + ibk)exp(−ikx)]

=
1
2

+∞

∑
k−∞

ck exp(ikx),

where ck = ak− ibk if k > 0, c−k = a|k|+ ib|k| if k < 0 and c0 = a0. Let us consider
the case k ≥ 0. We have

27



28 2 Fourier Transform

ck = ak− ibk =
1
π

∫ 2π

0
f (x)[cos(kx)− isin(kx)]dx

=
1
π

∫ 2π

0
f (x)exp(−ikx)dx

If k < 0 we have

ck = a|k|+ ib|k| =
1
π

∫ 2π

0
f (x)[cos(|k|x)+ isin(|k|x)]dx

=
1
π

∫ 2π

0
f (x)exp(i |k|x)dx

=
1
π

∫ 2π

0
f (x)exp(−ikx)dx

and the same holds also for k = 0. Hence

ck =
1
π

∫ 2π

0
f (x)exp(−ikx)dx for all k ∈ Z.

If f is periodic we can substitute the interval [0,2π] with the interval [−π,π] and
define the number

f̂k =
∫

π

−π

f (x)exp(−ikx)dx ⇒ f (x) =
1

2π

+∞

∑
k−∞

f̂k exp(ikx). (2.1)

This result on a periodic function, suggests us a way to extend this notation to a non
periodic function

Definition 6. Let f ∈ L1(R). The Fourier transform of f is

f̂ (ξ ) :=
∫
R

f (x)exp(−iξ x)dx.

We will return later on the Fourier transform. Now we want to give a second way
to find an analogous transformation.

Let f ∈ L1(−T/2,T/2) be a periodic function with period T > 0. We know
a formula (2.1) to represent a function in L1(−π,π). Applying to f the following
substitution: for y∈ [−T/2,T/2] take y= T

2π
x with x∈ [−π,π], we obtain a function

g(x) = f ( T
2π

x), that is in L1(−π,π). Hence we can use the previous theory and,
using x = 2π

T y, state that

ĝk =
∫

π

−π

g(x)exp(−ikx)dx=
∫ T

2

− T
2

f (y)exp(−ik
2π

T
y)

2π

T
dy ⇒ g(x)=

1
2π

∑
k∈Z

ĝk exp(ikx).

Then
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Fig. 2.1 Jean Baptiste Joseph Fourier (1768-1830)

f (y) = g(x) =
1

2π
∑
k∈Z

ĝk exp(ik
2π

T
y).

If we define

f̂k :=
∫ T/2

−T/2
f (y)exp(−ik

2π

T
y)dy,

we get

ĝk =
2π

T
f̂k ⇒ f (y) =

1
T ∑

k∈Z
f̂k exp(ik

2π

T
y).

So we have obteined the Fourier series with period T 6= 2π .
Let f ∈ L1(R) be a non periodic function. We can consider f in the interval

[−T/2,T/2] and extend it periodically on the whole R. Then we can apply to this
function the previous theory. Since sending T to infinity, we obtain the original
function f , we can extend the theory to a general non periodic f ∈ L1(R).
Fix ξ and choose kT ∈ Z such that kT

T ≤ ξ < kT+1
T . If T → ∞ also kT → ∞ and

kT
T → ξ .

Then taking the limit for T → ∞, we obtain

f̂k =
∫ T/2

−T/2
f (y)exp(−ik

2π

T
y)dy−→

∫
R

f (y)exp(−2πiξ y)dy =: f̂ (ξ )

f (y) =
1
T ∑

k∈Z
f̂k exp(ik

2π

T
y)−→

∫
R

f̂ (ξ )exp(2πiξ y)dξ =: f (y)

that is another way to introduce the Fourier transform.
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Return now to the first definition of Fourier transform: let f ∈ L1(R),

f̂ (ξ ) =
∫
R

exp(−ixξ ) f (x)dx.

Let us observe that, if f ∈L1(R), then f̂ ∈C0(R)= {ϕ : R→ C continuous: limx→∞ f (x) = 0}.
Hence we can consider the Fourier transform as an operator

F : L1(R) −→ C0(R)
f 7−→ (F f )(ξ ) = f̂ (ξ )

It is easy to see that F is a linear operator, i.e. F (λ f +g) = λF ( f )+F (g).

Exercise 4 Prove that:

(i) C0(R) with the norm ‖·‖
∞

is a complex Banach space;
(ii) Every f ∈C0(R) is uniformly continuous;

(iii) C∞
c (R) is dense in C0(R), where C∞

c (R) is the set of the C∞ function with compact
support;

(iv) If f ,g ∈C0(R), then f g ∈C0(R);
(v) C0(R) is a commutative Banach algebra.

Exercise 5 Prove that:

(i) L1(R) with the norm ‖·‖1 is a complex Banach space;
(ii) C∞

c (R) is dense in L1(R) with respect to the norm ‖·‖1;
(iii) If f ,g ∈ L1(R), f ∗g ∈ L1(R) where ∗ is the convolution product;
(iv) L1(R) is a Banach algebra with respect to the convolution product.

Since if f ,g ∈ L1(R), then f ∗g ∈ L1(R),we can compute

f̂ ∗g(ξ ) =
∫
R

exp(−ixξ )( f ∗g)(x)dx =
∫
R

exp(−ixξ )

[∫
R

f (x− y)g(y)dy
]

dx

We can apply the Fubini-Tonelli’s theorem, because

|exp(−ixξ ) f (x− y)g(y)|= | f (x− y)g(y)| and exp(−ixξ ) f (x−y)g(y)∈L1(R×R),

hence
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f̂ ∗g(ξ ) =
∫
R

exp(−ixξ )

[∫
R

f (x− y)g(y)dy
]

dx

=
∫
R

g(y)
[∫

R
exp(−ixξ ) f (x− y)dx

]
dy

=
∫
R

exp(−iyξ )g(y)
[∫

R
exp(−i(x− y)ξ ) f (x− y)dx

]
dy

=

(∫
R

exp(−iyξ )g(y)dy
)(∫

R
exp(−izξ ) f (z)dz

)
= f̂ (ξ )ĝ(ξ )

where we have used the substitution x−y = z. Hence we have proved the following
theorem

Theorem 12. F : L1(R)(+,λ ,∗)→C0(R)(+,λ ,·) is an endomorphism, that is f̂ ∗g =

f̂ · ĝ.

2.2 The Schwartz Space

Once we have the Fourier transform of a function in L1, we would like to reconstruct
it. To do that we have to introduce the inverse Fourier transform. A candidate is
given by

1
2π

∫
R

g(ξ )exp(ixξ )dξ .

Let us note that this function is well defined for all g ∈ L1(R). So we can define
F̃ : L1→C0 such that

(F̃g)(x) = ǧ(x) =
1

2π

∫
R

g(ξ )exp(ixξ )dξ .

We require that F̃F = Id. We observe immediatly however that this is not possible,
because F : L1 →C0, and F̃ isn’t defined on the whole space C0. An example of
that is the following

Example 4. Let

f (x) =
{

1 if x ∈ [−a,a]
0 otherwise

Since f ∈ L1 we can compute the Fourier transform
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(F f )(ξ ) =
∫
R

exp(−ixξ ) f (x)dx =
∫ a

−a
exp(−ixξ )dx

=
∫ a

−a
(cos(xξ )− isin(xξ ))dx =

∫ a

−a
cos(xξ )dx

=
2
ξ

sin(aξ )

but f̂ (ξ ) /∈ L1 and we can’t apply F̃ to it.

We could try to restrict F to the space L1∩C0, but F (L1∩C0)* L1∩C0.
The only way is to introduce a new subspace: the Schwartz Space

S =
{

f ∈C∞(R), ∀ n,m≥ 0
∣∣∣xm f (n)(x)

∣∣∣≤Cn,m

}
This space is such that F (S )⊆S .

Remark 7. Notice that S ⊂ L1(R)∩C0(R), indeed taking n= 0 and m= 0 we obtain
| f (x)| ≤C0,0 that is, f is bounded and with m = 2 we get |x2 f (x)| ≤C0,2. Then

| f (x)| ≤ C
1+ x2 ∈ L1(R)∩C0(R).

It is trivial that C∞
c (R) ⊂ S , but this set is too small for our goal, because

F (C∞
c (R))*C∞

c (R).
However, since C∞

c (R) is dense in L1(R), we have that S is dense in L1(R) and the
following inclusions hold

C∞
c (R)⊂S ⊂C0(R)∩L1(R)

Exercise 6 Prove that

(i) S is a vector space over C;
(ii) if f ,g ∈S , f g ∈S , that is S is an algebra;

(iii) if f ,g ∈S , f ∗g ∈S ;
(iv) if f ∈S , F f ∈S .

Hence we can define

F : S −→S and F̃ : S −→S

Example 5. Let f (x) = exp(−ax2), a > 0. f ∈S hence we can compute the Fourier
transform and then the inverse Fourier transform. We have that

(F f )(ξ ) =
∫
R

exp(−ixξ −ax2)dx =
√

π

a
exp
(
−ξ 2

4a

)
(F̃F f )(x) = exp(−ax2) = f (x)

Hence in this case we have that F̃F = Id. Our goal will be to prove this in general.
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Example 6. Let f ∈ L1(R) such that f ′ ∈ L1(R). We can compute the Fourier trans-
form of f ′, that is

(F f ′)(ξ ) =
∫
R

exp(−ixξ ) f ′(x)dx

= [ f (x)exp(−ixξ )]+∞

−∞
+ iξ

∫
R

exp(−ixξ ) f (x)dx

= iξ (F f )

where we have used that f (+∞), f (−∞)<+∞, because f ′ ∈ L1, and then f (+∞) =
f (−∞) = 0 because f ∈ L1. Hence we have obtained the following main formula
for the Fourier transform of a derivation:

(F f ′)(ξ ) = iξ (F f )

We want now to prove that F̃F = Id on S . To reach our goal we start with the
following proposition

Proposition 3. The following statements hold:

(i) 2πF ( f ǧ) = f̂ ∗g for all f ,g ∈ L1(R);
(ii) F̃ ( f ĝ) = f̌ ∗g for all f ,g ∈ L1(R).

Proof. We will give the proof only of statement (i). The proof of statement (ii) is
analogous.
Let f ,g ∈ L1(R), then f̂ , ĝ, f̌ , ǧ ∈ C0(R) and are bounded. Hence f ǧ ∈ L1(R), be-
cause | f ǧ| ≤ c | f | ∈ L1(R), and we can apply the Fourier transform

F ( f ǧ)(ξ )=
∫
R

exp(−ixξ ) f (x)ǧ(x)dx=
∫
R

exp(−ixξ ) f (x)
[

1
2π

∫
R

exp(ixy)g(y)dy
]

dx

Now |exp(−ixξ )exp(ixy) f (x)g(y)|= | f (x)g(y)| and exp(−ixξ )exp(ixy) f (x)g(y)∈
L1(R2), hence we can apply the Fubini-Tonelli’s theorem obtaining

F ( f ǧ)(ξ ) =
1

2π

∫
R

g(y)
[∫

R
exp(−ix(ξ − y)) f (x)dx

]
dy

=
1

2π

∫
R

g(y) f̂ (ξ − y)dy =
1

2π
(g∗ f̂ )(ξ ).

Theorem 13. FF̃ = Id on S .

Proof. Applying statement (i) of proposition 3 with f (x) = exp(−ax2), we have
F ( f ǧ) = 1

2π
f̂ ∗g, where

F ( f ǧ) =
∫
R

exp(−ixξ −ax2)(F̃g)(x)dx (2.2)
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and

1
2π

f̂ ∗g=
1

2π

∫
R

√
π

a
exp
(
− (ξ − y)2

4a

)
g(y)dy=

∫
R

1√
4πa

exp
(
− (ξ − y)2

4a

)
g(y)dy.

(2.3)
When a→ 0, we have that the first integral is∫

R
exp(−ixξ )(F̃g)(x)dx = FF̃g(ξ ). (2.4)

If we prove that ∫
R

1√
4πa

exp
(
− (ξ − y)2

4a

)
g(y)dy→ g(ξ ),

we will obtain that FF̃g(ξ ) = g(ξ ). Let us prove the last statement.
Consider

|∆a| =
∣∣∣∣∫R 1√

4πa
exp
(
− (ξ − y)2

4a

)
g(y)dy−g(ξ )

∣∣∣∣
=

∣∣∣∣∫R 1√
4πa

exp
(
− (ξ − y)2

4a

)
(g(y)−g(ξ ))dy

∣∣∣∣
≤
∫
R

1√
4πa

exp
(
− (ξ − y)2

4a

)
|g(y)−g(ξ )|dy

=
∫
|ξ−y|<δ

1√
4πa

exp
(
− (ξ − y)2

4a

)
|g(y)−g(ξ )|dy+

+
∫
|ξ−y|≥δ

1√
4πa

exp
(
− (ξ − y)2

4a

)
|g(y)−g(ξ )|dy.

Since g ∈ S , g is bounded, that is ∃M ∈ R such that |g(y)| ≤ M for each y, and
g is continuous, then for each ε > 0 there exists δ > 0 such that |g(y)− g(ξ )| <
ε, ∀|ξ − y|< δ . Hence

|∆a| ≤ ε

∫
|ξ−y|<δ

1√
4πa

exp
(
− (ξ − y)2

4a

)
dy+2M

∫
|ξ−y|≥δ

1√
4πa

exp
(
− (ξ − y)2

4a

)
dy

≤ ε ·1+
∫
|y|≥δ

1√
4πa

exp
(
− y2

4a

)
dy

The second term tends to 0 as a goes to 0, because it is the integral on (−∞,−δ ]∪
[δ ,∞) of a gaussian with mean a << 1. Hence limsupa→0 |∆a| ≤ ε ∀ε > 0 that
proves that there exists

lim
a→0
|∆a|= 0.

Then
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lim
a→0

∫
R

1√
4πa

exp
(
− (ξ − y)2

4a

)
g(y)dy = g(ξ ).

This result together with (2.2), (2.3), (2.4) and proposition 3 prove that

F ◦ F̃ (g) = Id(g) ∀g ∈S .

Remark 8. Someone could ask, why haven’t we done the conputation directly in this
proof? More precisely, why haven’t we calculated

FF̃g(ξ ) =
∫
R

exp(−ixξ )

(
1

2π

∫
R

exp(ixy)g(y)dy
)

dx

The problem is that
|exp(−ixξ )exp(ixy)g(y)|= |g(y)|

that isn’t in L1(R2), then we can’t change the order of the integrals.

Exercise 7 Prove theorem 13, using the equation F̃ ( f ĝ) = f̌ ∗g.

On the space S we can define an inner product (or scalar product) as follows: if
f ,g ∈S then

〈 f ,g〉 :=
∫
R

f (x)g(x)dx

and a norm
‖ f‖2

2 := 〈 f , f 〉=
∫
| f (x)|2dx

Exercise 8 From the definition of the inner product follows
〈

f̂ , ĝ
〉
=
∫
R f̂ (x)ĝ(x)dx,

prove that ∫
R

f̂ (x)ĝ(x)dx = 2π

∫
R

f (x)g(x)dx

that is the Fourier transform preserves the scalar product:〈
f̂ , ĝ
〉
= 2π 〈 f ,g〉

and also the norm ∥∥ f̂
∥∥2

2 = 2π ‖ f‖2
2 .

This result allows us to extend the Fourier transform to the functions in L2. Indeed,
since S ⊂ L2(R) is dense, for each f ∈ L2(R), we can find a sequence (ϕn)n ⊂S
that converges to f in the L2-sense. Then (ϕn)n is a Cauchy sequence and

‖ϕn−ϕm‖L2 =
1

2π
‖ϕ̂n− ϕ̂m‖L2 −→ 0.

This means that also (ϕ̂n)n ⊂ S is a Cauchy sequence in L2(R) and converges
to a g ∈ L2(R). Then we can define F ( f ) := g. We leave as an exercise that this
definition is independent of the choice of the sequence (ϕn)n.
Hence we have defined



36 2 Fourier Transform

F : L2(R)−→ L2(R) and F̃ : L2(R)−→ L2(R)

Example 7 (Exercise). Let f be as in example (4), then f ∈ L2⊂ L1, f̂ = 2sin(aξ )
ξ
∈ L2

and

‖ f‖2
2 =

1
2π

∥∥∥∥2sin(aξ )

ξ

∥∥∥∥2

2
.

In this way we can compute∫
R

sin(x)
x

dx =
∫
R

sin2(x)
x2 dx = π.

2.3 The dual space

Let V be a vector space. The algebraic dual space of V on C (or a field K) is

V+ := {T : V → C : linear}

V+ is a vector space on C, with the operations

(λT +S)(v) = λT (v)+S(v) ∀T,S ∈V+,∀v ∈V.

We can define also the algebraic dual space of V+, that is

V++ : {S : V+→ C : linear}.

It holds V ⊆ V++, indeed for all v ∈ V , define v(T ) := T (v) ∀T ∈ V+. Then v
defines a linear functional in V++.
There is also another kind of dual space, that is defined on topological vector spaces.

Definition 7. A topological vector space V on C is a vector space on C, that is also
a topological space, such that the operations

V ×V −→V : (v1,v2) 7−→ v1 + v2

C×V −→V : (λ ,v) 7−→ λv

are continuous.

Exercise 9 To be a topological vector space is less restrictive then to be a Banach
space. Indeed prove that

• a Banach space is a topological vector space;
• S is not a Banach space, but it is a topological vector space.

Definition 8. The dual space of a topological vector space is defined as

V
′
:= {T : V → C : linear and continuous} ⊂V+
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It’s easy to see that V
′

is still a topological vector space, then we can take its dual
V
′′
. V is always contained in V

′′
. If it holds also V =V

′′
, V is called reflexive.

On S we introduce the following functions:

∀n,m ∈ N Pn,m : S −→ R+

ϕ 7−→ supx∈R |xmDnϕ| (≤Cm,n)

Proposition 4. For each n,m ∈ N, Pn,m is a seminorm, that is

(i) Pn,m(ϕ +ψ)≤ Pn,m(ϕ)+Pn,m(ψ), ∀ϕ,ψ ∈S

(ii) Pn,m(λϕ) = |λ |Pn,m(ϕ), ∀λ ∈ R,ϕ ∈S

Moreover, the following function

d(ϕ,ψ) := ∑
n,m

Pn,m(ϕ−ψ)

1+Pn,m(ϕ−ψ)
· 1

2n+m

defines a distance on S .

Proof. The first statement follows from

|xmDn(ϕ +ψ)|= |xmDn
ϕ + xmDn

ψ| ≤ |xmDn
ϕ|+ |xmDn

ψ|.

The second statement follows immediatly from the definition.
It remains to prove that d(ϕ,ψ) is a distance, that is

(i) d(ϕ,ψ)≥ 0 ∀ϕ,ψ ∈S

(ii) d(ϕ,ψ)≤ d(ϕ,ρ)+d(ρ,ψ) ∀ϕ,ψ,ρ ∈S

(iii) d(ϕ,ψ) = d(ψ,ϕ) ∀ϕ,ψ ∈S

The first and the third properties are clear. To prove the second one, define

x := Pn,m(ϕ−ψ)≥ 0 and y := Pn,m(ϕ−ρ)+Pn,m(ρ−ψ)≥ 0.

Since Pn,m is a seminorm, y− x≥ 0 and y
1+y −

x
1+x = y+xy−xy−x

(1+y)(1+x) ≥ 0, that is

x
1+ x

≤ y
1+ y

.

Hence
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d(ϕ,ψ) ≤ ∑
n,m

Pn,m(ϕ−ρ)+Pn,m(ρ−ψ)

1+Pn,m(ϕ−ρ)+Pn,m(ρ−ψ)
· 1

2n+m

= ∑
n,m

Pn,m(ϕ−ρ)

1+Pn,m(ϕ−ρ)+Pn,m(ρ−ψ)
· 1

2n+m +

+∑
n,m

Pn,m(ρ−ψ)

1+Pn,m(ϕ−ρ)+Pn,m(ρ−ψ)
· 1

2n+m

≤ ∑
n,m

Pn,m(ϕ−ρ)

1+Pn,m(ϕ−ρ)
· 1

2n+m +∑
n,m

Pn,m(ρ−ψ)

1+Pn,m(ρ−ψ)
· 1

2n+m

= d(ϕ,ρ)+d(ρ,ψ)

Exercise 10 Prove that S is a topological vector space, with respect to the topol-
ogy induced by the distance, and is complete, that means that for each sequence
(xn)n such that d(xn,xm)→ 0, there exists x ∈S such that d(xn,x)→ 0.

Since S is a topological vector space, its dual space S
′

is well defined. From the
Fourier transform given on S , we can define F : S

′ −→S
′

as follows: for each
T ∈S

′

(FT )(ϕ) := T (Fϕ) ∀ϕ ∈S

For each function f ∈ L2 we can associate the functional Tf (ϕ) :=
∫
R f (x)ϕ(x)dx

in S
′

because if g ∈S , f · g ∈ L2. Hence L2 ⊂S
′
. Since S ⊂ L2, it holds also

S ⊂S
′
, where to each ψ ∈S we associate

Tψ(ϕ) :=
∫
R

ψ(x)ϕ(x)dx.

Hence we desire that

Proposition 5. For each ψ ∈S

Fψ = FTψ

Proof. Let us consider the definition of F

(FTψ)(ϕ) = Tψ(Fϕ) =
∫
R

ψ(ξ )(Fϕ)(ξ )dξ =
∫
R

ψ(ξ )ϕ̂(ξ )dξ

Now∫
R

ψ(ξ )ϕ̂(ξ )dξ =
∫
R

ψ(ξ )

(∫
R

exp(−ixξ )ϕ(x)dx
)

dξ =
∫
R

ψ̂(x)ϕ(x)dx

where in the second equality we have applied Fubini Tonelli’s theorem. Hence

(FTψ)(ϕ) =
∫
R

ψ̂(x)ϕ(x)dx = Tψ̂(ϕ).

On the other hand
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Fψ =
∫
R

exp(−ixξ )ψ(x)dx = ψ̂ = Tψ̂

The latter two results together complete the proof.

Example 8. Let f ≡ 1 and consider for each ϕ ∈S

T1(ϕ) =
∫
R

ϕ(x)dx

For the last proposition

T̂1(ϕ) = T1(ϕ̂) =
∫
R

ϕ̂(ξ )dξ

and, since 2πϕ(x) =
∫

exp(ixξ )ϕ̂(ξ )dξ , we obtain

T̂1(ϕ) = 2πϕ(0)

On the other hand, if we consider the Dirac function δ0,

Tδ0(ψ) :=
∫

ϕ(x)δ0(dx) = ϕ(0)

Hence
T̂1 = 2πδ0

Example 9. Let f ∈ L2(R), we want to prove that

T̂f = T f̂ .

We start by proving this statement in the case f ∈S . For each ϕ ∈S ,

T̂f (ϕ) = Tf (ϕ̂) =
∫
R

f (ξ )ϕ̂(ξ )dξ =
∫
R

f̂ (ξ )ϕ(ξ )dξ = T f̂ (ϕ)

In the general case, if ϕ,ψ ∈ L2, taking two sequences (ϕn)n,(ψn)n⊂S converging
respectively to ϕ and ψ and applying the dominated convergence theorem, we can
prove that ∫

R
ϕ(x)ψ̂(x)dx =

∫
R

ϕ̂(x)ψ(x)dx ∀ϕ,ψ ∈ L2(R)

that completes the proof. Notice that all the integrals are well-defined, because the
functions are in L2.

We want to give now a definition of derivative for a functional T ∈ S
′
. Let us

call C∞
c (R) = D(R). Then D ⊂ S ⊂ S

′ ⊂ D
′

and D
′

is called the space of the
distribution in the sense of L. Schwartz. In the theory of the distribution is defined a
derivation: for all T ∈D

′
,

(DT )(ϕ) =−T (ϕ
′
)

Then also for T ∈S
′ ⊂D

′
we define
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DT (ϕ) :=−T (ϕ
′
) ∀ϕ ∈S

and since T̂ ∈S
′

we have

DT̂ (ϕ) =−T̂ (ϕ
′
) =−T (F (ϕ

′
))

Example 10. With this definition we can calculate (Dδ0)(ϕ) =−δ0(Dϕ) =−ϕ
′
(0).

The reason to put a − in this definition is the following: if we take f ∈S

T
′
f (ϕ) =−Tf (ϕ

′
) =−

∫
R

f (ξ )ϕ
′
(ξ )dξ = [ f (ξ )ϕ(ξ )]+∞

−∞
+
∫
R

f
′
(ξ )ϕ(ξ )dξ

But [ f (ξ )ϕ(ξ )]+∞

−∞
= 0, because f ,ϕ ∈S , then

T
′
f (ϕ) =

∫
R

f
′
(ξ )ϕ(ξ )dξ = Tf ′ (ϕ).

Then for each f ∈S we have the following property

T
′
f = Tf ′ .

Example 11. Consider the function

f (x) =

1 if x > 0
α if x = 0, where α ∈ R
0 if x < 0

Since f is not derivable in 0, we can’t compute the derivative with the last property.
However we can compute it with the thoery of the distributions: for each ϕ ∈S

Tf (ϕ) =
∫
R

f (ξ )ϕ(ξ )dξ =
∫ 0

−∞

0 ·ϕ(ξ )dξ +
∫ +∞

0
1 ·ϕ(ξ )dξ =

∫ +∞

0
ϕ(ξ )dξ

and the derivative in the sense of the distributions is

T
′
f (ϕ) =−

∫
R

f (ξ )ϕ(ξ )dξ =−
∫ +∞

0
ϕ(ξ )dξ = ϕ(0)

Hence we have calculated that T
′
f = δ0.

Example 12. We make a generalization of the previous example. Let

g(x) =

1 if x > a
α if −a≤ x≤ a, where α ∈ R
0 if x <−a

We want to prove that T
′

g = δ−a−δa.
Indeed, considering the function f of the previous example,
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g(x) = f (x+a)− f (x−a) := fa(x)− f−a(x).

Then T
′

g = T
′
fa− f−a

.
Now, in general for each h1,h2,ϕ ∈ S , Th1+h2(ϕ) =

∫
(h1 + h2)ϕdξ = Th1(ϕ)+

Th2(ϕ). Hence
T
′

g = (Tfa −Tf−a)
′
= T

′
fa −T

′
f−a = δ−a−δa

Exercise 11 Let a ∈ R and consider

f (x) =


x
a +1 if −a < x < 0
− x

a +1 if 0≤ x < a
0 otherwise

and g(x) =


1
a if −a < x < 0
− 1

a if 0≤ x < a
0 otherwise

Prove that T
′
f = Tg.

Notice that f ∈ Lp and f ′ ∈ Lp too. (This is an analoguos to the Sobolev spaces)

2.4 Heisenberg Principle

Let f ∈ L2(R;C) and f̂ =F ( f ) ∈ L2 (1). Recall that F preserves the inner product∫
R
| f |2dx =

1
2π

∫
R
| f̂ |2dξ

Definition 9. If x | f (x)|
2

‖ f‖22
is integrable, we can define the mean of x

〈x〉 :=
∫
R

x
| f (x)|2

‖ f‖2
2

dx

and, using the Fourier transform, the mean of ξ :

〈ξ 〉= 1
2π

∫
R

ξ
| f̂ (ξ )|2

‖ f‖2
2

dξ

If the integrals exist, we can also calculate the variance:

|∆x|2 :=
∫
(x−〈x〉)2 | f (x)|2

‖ f‖2
2

dx and |∆ξ |2 = 1
2π

∫
R
(ξ −〈ξ 〉)2 | f̂ (ξ )|2

‖ f‖2
2

dξ

We want to prove the following fundamental principle:

1 Untill now we have done all the theory on R, but it can be generalized without any problem to
Rn. For example

exp(ixξ ) becomes exp(i〈x,ξ 〉)
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Theorem 14 (Heisenberg Principle). Let f ∈ L2(R;C). Then

∆x∆ξ ≥ 1
2π

This is the uncertainty principle; indeed, if we consider a physical example, as an
electron, it says that we can’t have in the same time a precise measure of the posi-
tion, x, and of the impulse of the electron.

Example 13. Consider an electron whose distribution (moltiplied for a suitable con-
stant) is the gaussian function f (x) = exp(−ax2). From example 5 we know that
f̂ (ξ ) = π

a exp(− ξ 2

4a ). Then if a is very small, we can have a accurate measure of the
position of the electron, but the Fourier transform, that represents the impulse of the
electron, doesn’t give a precise measure.
The most evident example of the Heisenberg principle is the Dirac function δ0,
whose Fourier transform is 2π ·1.

Example 14. If we consider a set of waves, the Fourier transform

f̂ (ω) =
∫
R

e−ixω f (x)dx

represents the intensity of the wave with oscillation ω .
In particular if we take a Wiener process Wt , we can calculate the derivative, Ẇt , in
the sense of the distributions. Then, if

E(ẆtẆs) = δt−s,

the Fourier transform ̂E(ẆtẆs) indicates the intensity of the waves represented by
E(ẆtẆs). In this case it is equal 2π · 1, independent from t and s, that means that
each wave appears with the same intensity. For this reason we call Ẇt the white
noise.
Otherwise, it is called colored noise.

Proof (of theorem 14). Let f ∈ L2(R;C), α ∈ R, and a,b ∈ R, and consider the
function

(x−a) f (x)+α( f
′
(x)− ib f (x))

If we think at a as the mean of x, the first part (x−a) f (x) corresponds to the func-
tion (x−〈x〉)| f (x)| considered in the variance of x. In the same way, the Fourier
transform of the second part

̂( f ′(x)− ib f (x)) = iξ f̂ (ξ )− ib f̂ (ξ ) = i(ξ −b) f̂ (ξ )

corresponds to the function (ξ −〈ξ 〉)| f̂ (ξ )|considered in the variance of ξ .
We want to calculate the quantity
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′
(x)− ib f (x))

∣∣∣2 .
To do that, call A := (x−a) f (x) ∈ C and B := ( f

′
(x)− ib f (x)) ∈ C. Then

|A+αB|2 = (A+αB)(Ā+αB̄) = |A|2 +α(AB̄+ ĀB)+α
2|B|2

Substituting with the value of A and B, we obtain∣∣∣(x−a) f (x)+α( f
′
(x)− ib f (x))

∣∣∣2 =
= (x−a)2| f (x)|2 +α(x−a)[ f (x) f̄

′
(x)+ f̄ (x) f

′
(x)]+α2| f ′(x)− ib f (x)|2

We want to integrate it on R:∫
R
(x−a)2| f (x)|2dx+α

∫
R
(x−a)[ f (x) f̄

′
(x)+ f̄ (x) f

′
(x)]dx+α

2
∫
R

α
2| f ′(x)−ib f (x)|2dx

Call the first integral A, and notice that A = ∆x2.
The second integral, B, is∫

R(x−a)[ f (x) f̄
′
(x)+ f̄ (x) f

′
(x)]dx =

=
∫
R(x−a) f (x) f̄

′
(x)+(x−a) f̄ (x) f

′
(x)dx =

=
[
(x−a) f f̄

]+∞

−∞
−
∫
R( f +(x−a) f

′
) f̄ dx+

∫
R(x−a) f̄ f

′
dx =

=−
∫
R f f̄ dx := B

where, at the end, the first term is 0, because f ∈ L2.
And the third integral, C, is∫
R
| f ′(x)−ib f (x)|2dx=

1
2π

∫
| ̂f ′(x)− ib f (x)|2dξ =

1
2π

∫
R

i(ξ−b)| f̂ (ξ )|2dξ =∆ξ
2 :=C

Since A−αB+α2C is the integral of a modulus it has to be greater or equal 0, that
is A−αB+α2C ≥ 0. This is a polynomial in the unknown α . Then since C ≥ 0,
we must impose the condition that the determinant is not positive, that is 4AC≥ B2:
then

∆x2
∆ξ

2 ≥ 1
4

(∫
R
| f |2dx

)2

or also
∆x∆ξ ≥ 1

2

∫
R
| f |2dx =

1
2
‖ f‖2 .

We have done all these computations without normalizing the function f . With the
normalization we obtain exactly the Heisenberg inequality

∆x∆ξ ≥ 1
2
.
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2.5 Bernoulli numbers

Let us recall the Dirichlet kernel:

πDn(ϑ)=
sin( 2n+1

2 ϑ)

2sin ϑ

2

=
1
2
+cosϑ +. . .+cos(nϑ)=

1
2

eiϑ + e−iϑ

2
. . .+

einϑ + e−inϑ

2

and consider a function f ∈S . Then∫
R

f (ϑ)Dn(ϑ)dϑ =
1

2π

n

∑
k=−n

∫
R

f (ϑ)e−ikϑ dϑ =
1

2π

n

∑
k=−n

f̂ (k)

We want to study the behaviour of this function when n goes to infinity. For the
second term of the equality we have

lim
n→∞

1
2π

n

∑
k=−n

f̂ (k) =
1

2π

∞

∑
k=−∞

f̂ (k).

For the first term, we see that there could be problems in the points ϑ = 2kπ , with
k ∈ Z, indeed

lim
ϑ→0

Dn(ϑ) =
1

2π
lim
ϑ→0

sin( 2n+1
2 ϑ)

2n+1
2 ϑ

·
2n+1

2 ϑ

ϑ

2

·
ϑ

2

sin ϑ

2

=
2n+1

2π

that goes to infinity, as n goes to infinity. Far from this points, the integral of
f (ϑ)Dn(ϑ) tends to 0, because the positive and the negative parts of Dn(ϑ) tend to
be equal and with opposite sign. Hence, if δ << 1,

lim
n→∞

∫
R

f (ϑ)Dn(ϑ)dϑ =
∞

∑
k=−∞

lim
n→∞

∫ 2kπ+δ

2kπ−δ

f (ϑ)Dn(ϑ)dϑ .

For the continuity of f , this is equal

∞

∑
k=−∞

f (2kπ) lim
n→∞

∫ 2kπ+δ

2kπ−δ

Dn(ϑ)dϑ .

Now, since
∫
R Dn(ϑ)dϑ = 1 for each n and the integral of the part far from 0 tends

to 0, as n goes to infinity, then

lim
n→∞

∫
R

f (ϑ)Dn(ϑ)dϑ =
∞

∑
k=−∞

f (2kπ)

Hence we have found the Poisson formula
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∞

∑
k=−∞

f (2kπ) =
1

2π

∞

∑
k=−∞

f̂ (k)

Example 15. Let f = e−α|x|, with α > 0. Then f̂ (ξ ) is equal∫
R

e−ixξ e−α|x|dx=
∫
R
(cos(xξ )−sin(xξ ))e−α|x|dx= 2

∫
∞

0
cos(xξ )e−α|x|dx=

2α

α2 +ξ 2

Then the Poisson formula says

∞

∑
k=−∞

e−α2|k|π =
1

2π

∞

∑
k=−∞

2α

α2 +ξ 2

Elaborating the first part, we obtain

∞

∑
k=−∞

e−α2|k|π = 1+2
∞

∑
k=1

(
e−α2π

)k
= 1+2

e−2πα

1− e−2πα
= coth(απ).

Then with the Poisson formula we have computed the series

1
2π

∞

∑
k=−∞

2α

α2 +ξ 2 = coth(απ)

We want to introduce now the Bernoulli numbers.
Consider the complex function

ϕ(z) =
z

ez−1
for z ∈ C

This function is holomorphic in C\{2πki : k ∈ Z}, because it is the quotient of non
zero holomorphic functions. In 0 there is, however, a removable singularity, indeed
ϕ(0) = limz→0 ϕ(z) = 1. Then the function can be written in 0 with a Taylor series
with radious 2π:

ϕ(z) =
∞

∑
k=0

ϕ
(k)(0)

zk

k!
.

We can calculate that ϕ(0) = 1 and ϕ
′
(0) =− 1

2 , then

ϕ(z) = 1− 1
2

z+ϕ
′′
(0)

z2

2!
+ . . . .

Define

f (t) := ϕ(z)+
1
2

z = 1+ϕ
′′
(0)

z2

2!
+ϕ

′′′
(0)

z3

3!
+ . . . .

It’s easy to see that f is an even function, then all the odd derivatives in 0 are equal
0: f (k)(0) = 0 for all k odd. Hence
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ϕ(z)+
1
2

z = 1+B1
z2

2!
+B2

z4

4!
+B3

z6

6!
+ . . . .

The numbers B1,B2,B3, . . . are called Bernoulli numbers.
In some books there is another definition of the Bernoulli numbers: they are the
numbers, B̃k, such that

ϕ(t) =
∞

∑
k=0

B̃k
tk

k!

Proposition 6. The Bernoulli numbers satisfy the following equation

n−1

∑
k=0

(
n
k

)
B̃k = 0 ∀n≥ 2.

Then giving the first term B̃0 = 1, we can also define the Bernoulli numbers recur-
sively trough this equation.

Proof. We start from the definition of the Bernoulli numbers:

ϕ(t) =
t

et −1
=

∞

∑
k=0

B̃k
tk

k!
∀t ∈ C such that |t|< 2π

Then B̃0 = ϕ(0) = 1. For the other terms consider

ϕ(t)(et −1) = t =
∞

∑
k=0

B̃k
tk

k!
(et −1) =

(
∞

∑
k=0

B̃k
tk

k!

)(
∞

∑
h=1

th

h!

)
=

∞

∑
n=1

[
∑

k+h=n
B̃k

1
k!h!

]
tn

=
∞

∑
n=1

[
n−1

∑
k=0

(
n
k

)
B̃k

]
tn

n!
= t

Then the equality holds if and only if

n−1

∑
k=0

(
n
k

)
B̃k = 0 ∀n≥ 2 and B̃0 = 1.

Let us return to the first notation of Bernoulli numbers

ϕ(z)+
1
2

z = 1+B1
z2

2!
+B2

z4

4!
+B3

z6

6!
+ . . . .

We can change notation calling B2n the coefficient corrisponding to the power z2n

and thinking B2n as the absolute value of the corresponding Bernoulli number of
order 2n (this is because the Bernoulli numbers are alternatively positive and nega-
tive). Hence we have that

ϕ(t)+
t
2
=

∞

∑
k=0

(−1)k−1B2k
t2k

(2k)!
.
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We can observe also that we have the following identity

t
et −1

+
t
2
=

t
2

coth
( t

2

)
,

hence
t
2

coth
( t

2

)
=

∞

∑
k=0

(−1)k−1B2k
t2k

(2k)!

From the Poisson formula we have obtained that

πα coth(πα)−1
2α

=
∞

∑
k=1

α

α2 + k2

We want to use these last computations to calculate the following integral∫
∞

0
e−kx sin(αx)dx.

We can note that e−kx sin(αx) is the imaginary part of the function e(−k+iα)x, hence
the solution of the previuos integral corresponds to the imaginary part of the function

e(−k+iα)x

−k+ iα
,

i.e. we have only to compute

ℑ

(
e(−k+iα)x

−k+ iα

)
.

After some easy computations we have that

ℑ

(
e(−k+iα)x

−k+ iα

)
=

e−kx(−k sin(αx)−α cos(αx))
k2 +α2 ,

hence ∫
∞

0
e−kx sin(αx)dx =

[
e−kx(−k sin(αx)−α cos(αx))

k2 +α2

]∞

0
=

α

α2 + k2 .

Summing up we have that ∫
∞

0
e−kx sin(αx)dx =

α

α2 + k2

We want to use this result to compute another integral that in the traditional way is
difficult to solve. Using a previous identity we have that
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πα coth(πα)−1
2α

=
∞

∑
k=1

α

α2 + k2

=
∞

∑
k=1

∫
∞

0
e−kx sin(αx)dx

=
∫

∞

0

(
∞

∑
k=1

e−kx

)
sin(αx)dx

=
∫

∞

0

e−x

1− e−x sin(αx)dx

=
∫

∞

0

sin(αx)
ex−1

dx

(we leave as an exercise to the reader to justify why we can invert the integral with
the series); hence ∫

∞

0

sin(αx)
ex−1

dx =
πα coth(πα)−1

2α

Let us now compare this identity with another one

t
2

coth
( t

2

)
=

∞

∑
k=0

(−1)k−1B2k
t2k

(2k)!
.

Using t = 2πα in this last equation we obtain that

πα coth(πα)−1
2α

=
1

2α

∞

∑
k=1

(−1)k−1B2k
(2πα)2k

(2k)!
,

hence ∫
∞

0

sin(αx)
ex−1

dx =
1

2α

∞

∑
k=1

(−1)k−1B2k
(2πα)2k

(2k)!
. (2.5)

Let us recall the Taylor series for sin(αx),

sin(αx) =
∞

∑
k=1

(−1)k−1 (αx)2k−1

(2k−1)!
, (2.6)

hence, using (2.6), we have∫
∞

0

sin(αx)
ex−1

dx =
∞

∑
k=1

(−1)k−1 α2k−1

(2k−1)!

∫
∞

0

x2k−1

ex−1
dx (2.7)

(we leave as an exercise to the reader to justify why we can invert the integral with
the series). Now, using (2.5) and (2.7), we obtain that
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1
2

∞

∑
k=1

(−1)k−1B2k
(2π)2kα2k−1

(2k)!
=

∞

∑
k=1

(−1)k−1 α2k−1

(2k−1)!

∫
∞

0

x2k−1

ex−1
dx;

since the coefficients of the same power of α are the same, we have that

1
2
(2π)2k

(2k)!
B2k =

1
(2k−1)!

∫
∞

0

x2k−1

ex−1
dx,

hence ∫
∞

0

x2k−1

ex−1
dx =

(2π)2k

4k
B2k

Using this formula we can easily compute, for example,∫
∞

0

x
ex−1

dx =
π2

6
and

∫
∞

0

x3

ex−1
dx =

π4

90
.

We want to compute the integral ∫
∞

0

x2k−1

ex−1
dx

in another way. To do this let us recall that the Gamma function on the integer is
simply the factiorial, i.e. Γ (2k) = (2k−1)!, and that, using the Taylor series,

1
ex−1

=
∞

∑
k=1

e−kx.

Using these two facts, we obtain that∫
∞

0

x2k−1

ex−1
dx =

∞

∑
n=1

∫
∞

0
x2k−1e−nxdx

=
∞

∑
n=1

1
n2k

∫
∞

0
t2k−1e−tdt

=
∞

∑
n=1

1
n2k Γ (2k)

= (2k−1)!
∞

∑
n=1

1
n2k (2.8)

(we leave as an exercise to the reader to justify why we can invert the integral with
the series). Now, compare (2.8) with the identity in the previous box we obtain the
famous Euler formula

∞

∑
n=1

1
n2k =

(2π)2k

2(2k)!
B2k
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2.6 Some applications to PDE

The Fourier tranform, and the integral transforms in general, are tools to do other
things, for example they are useful to solve every kind of linear problems (for ex-
ample the heat equation in the whole space, the wave equation in the whole space,
the Schrödinger equation, the telegraph equation, the Klein-Gordon equation, the
Laplace equation, ... ).

2.6.1 The solution of the heat equation

Let us consider the heat equation ∂u(t,x)
∂ t

= c
∂ 2u(t,x)

∂x2

u(0,x) = f (x)

where c > 0, t ≥ 0 and x ∈ R. To solve this equation we want to take the Fourier
transform with respect to x (implicitly we suppose that we are looking for a solution
in S ′). Using the Fourier transform the initial data becomes û(0,ξ ) = f̂ (ξ ) and the
equation

∂ û
∂ t

=−cξ
2û,

that is an ordinary differential equation that we can solve easily for each ξ , obtaining

û(t,x) = f̂ (ξ )e−cξ 2t .

Now we have to come back. Let us recall that

f (x) → f̂ (ξ ),

gt(x) =
1√

4πct
exp
(
− x2

4ct

)
→ e−cξ 2t ,

and that (̂gt ∗ f ) = ĝt · f̂ , we have a solution of the heat equation given by

u(t,x) =
∫
R

f (y)
1√

4πct
exp
[
− (x− y)2

4ct

]
dy. (2.9)

We say a solution and not the solution because a priori we have not a uniqueness
theorem. But we can note that when we solve an equation we prove a uniqueness
result without proving the exixtence of the solution. To prove the existence we have
to verify that the solution we have found soddisfies the equation. Hence with these
computations we have proved that, if the solution of the heat equation exists, this is
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unique in the S ′ class functions and has the form (2.9). To prove the existance of
the solution we have to check that (2.9) verifies the heat equations.

Remark 9. It is easy to se that gt(x) is a probability density.

2.6.2 The solution of the Laplace equation

Let us consider the Laplace equation in R2,{
∆u(x,y) = 0 on B(0,R)
u(x,y) = f (x,y) on ∂B(0,R)

i.e. we will find a function u(x,y) ∈C2(B(0;R)) such that, if x2 +y2 = R2, u(x,y) =
f (x,y). To solve this equation we transform the problem in polar coordinates using
x = r cos(ϑ) and y = r sin(ϑ). Hence

∂

∂x
+

∂

∂y
→ 1

r
∂

∂ r

(
r

∂

∂ r

)
+

1
r2

∂ 2

∂ϑ 2 .

We have also that u(x,y) = u(r cos(ϑ),r sin(ϑ)) = u(r,ϑ) where the second u is
not the same function as the first u but is the function u transformed with the polar
coordinates. Hence we have transformed the Laplace equation in

1
r

∂

∂ r

(
r

∂u
∂ r

)
+

1
r2

∂ 2u
∂ϑ 2 = 0

u(R,ϑ) = f (ϑ)

We have to solve this new equation.
First of all, we will search a solution of the kind u(r,ϑ) = v(r)ϕ(ϑ). What does it
happen to the equation if we consider a solution of this kind? This particular choice
implies that the problem reduces to

r(rv′(r))′

v(r)
=−ϕ ′′(ϑ)

ϕ(ϑ)
,

where the first member is indipendent from ϑ and the second member is indipendent
from r. This is possible only if

r(rv′(r))′

v(r)
=−ϕ ′′(ϑ)

ϕ(ϑ)
= λ ,

where λ is a constant.
Hence we have reduced our problem to a system of two ordinary differential equa-
tions {

r(rv′(r))′ = λv(r)
ϕ ′′(ϑ) =−λϕ(ϑ)
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First, let us consider the second equation. If λ < 0, we can consider λ =−ω2 hence
ϕ ′′=ω2ϕ . We will search a solution of kind ϕ(ϑ)= eαϑ , hence α =±ω . Therefore
the solution, if λ =−ω2, will be ϕ(ϑ) = Aeωϑ +Be−ωϑ . Now, let us observe that
the function f must be continuous, hence ϕ must be periodic. A solution as above is
not periodic so we have to consider only the constant λ greater or equal than zero.
If λ = 0 a general solution for the equation is given by ϕ(ϑ) = Aϑ +B, but if we
impose that ϕ must be periodic, we will obtain that A = 0. Hence, if λ = 0, the
solution is given by ϕ(ϑ) = B.
If λ > 0, we can consider λ = ω2. Hence the equation becomes ϕ ′′+ω2ϕ = 0,
and a general solution is given by ϕ(ϑ) = Acos(ωϑ)+Bsin(ωϑ). This solution is
periodic of period T = 2π/ω; we want that the solution is periodic of period 2π ,
hence, if we impose this condition, we will obtain that ω = k ≥ 1 integer.
Hence λ = k2, k ∈ Z, k ≥ 0. If we take λ = 0, we will obtain the previous case.
Hence the general solution for the second equation of the system is given by

ϕk(ϑ) = Ak cos(kϑ)+Bk sin(kϑ) k ∈ Z, k ≥ 0, λ = k2

Let us now consider the first equation, i.e. r(rv′(r))′ = λv(r). Also in this case we
can consider λ as above. After some computations the equation becomes

r2v′′(r)+ rv′(r)− k2v(r) = 0.

This is a linear ordinary differential equation of second order with non constant
coefficients. The solutions of this equation generate a linear space of dimension
two, but in general there is not a standard method to solve it and to find two linearly
indipendent solutions. Luckily this is a good case. We want to check if there are
some solutions of kind v(r) = rα . The equation becomes

r2
α(α−1)rα−2 + rαrα−1− k2rα = 0 ⇒ α

2− k2 = 0.

Hence we have found two linearly indipendent solution v1(r) = rk and v2(r) = r−k.
Therefore the general solution in this case is given by v(r) = Akrk +Bkr−k, where
k is an integer greater or equal than one. Let us observe that this solution v has a
singularity in zero. Because we will search a solution of class C2, we have to impose
that B = 0 to cancel the singularity. Hence the solution becomes v(r) = Akrk, k ≥ 1
integer.
Let us now consider the case k = 0. The equation becomes r2v′′(r)+ rv′(r) = 0. If
we put w= v′, we obtain that rw′+w= 0. A solution of this second equation is given
by w = A/r, hence a solution of the equation in v is given by v(r) = A log(r)+C.
This solution has a singularity in zero, hence, to have a solution of class C2, we need
A = 0. Hence the solution, if k = 0, is v(r) =C that is the same of the previous case
(imposing k = 0).
Hence, the general solution for the first equation of the system is given by

vk(r) =Ckrk k ∈ Z, k ≥ 0, λ = k2
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Summing up, if we will look for a solution for the system of kind u(r,ϑ) =
v(r)ϕ(ϑ), we obtain

uk(r,ϑ) = rk (Ak cos(kϑ)+Bk sin(kϑ)) k ∈ Z, k ≥ 0 r < R

Let us now impose the condition on the boundary, that is for r = R. Then the
found solution takes on the boundary the value

u(R,ϑ) = Rk(ak cos(kϑ)+bk sin(kϑ))

that is a very restrictive condition. However, try to write the condition f as a Fourier
series:

f (ϑ) =
A0

2
+

∞

∑
k=1

(Ak cos(kϑ)+Bk sin(kϑ))

To do that we have to impose some stronger hypotheses to this f . If we take f ∈
L2(0,2π), we get only a convergence in L2 (not pointwise). To have a pointwise
convergence, we have studied in the previous chapter that there are two possible
conditions:

HP1) f continuous, periodic and f (ϑ) = c+
∫

ϑ

0 g(t)dt whit g ∈ L2(0,2π)
HP2) f ∈ C α(0,2π)

Now observe that u(r,ϑ) := ∑
∞
k=0 uk(r,ϑ) satisfies ∆u = 0, because the Laplace

operator is linear and ∆u = ∑
∞
k=0 ∆uk(t,x) = 0. Impose now the condition on the

boundary, that is

u(r,ϑ) =
∞

∑
k=0

[Rkak cos(kϑ)+Rkbk sin(kϑ)] = f (ϑ)

so, from the Fourier series of f we obtain that the coefficients of the solution are

a0 =
A0

2
ak =

Ak

Rk bk =
Bk

Rk

and the solution becomes

u(r,ϑ) =
A0

2
+

∞

∑
k=1

(
rk

Rk Ak cos(kϑ)+
rk

Rk Bk sin(kϑ)

)

under some strong hypotheses: HP1 or HP2.
It is left as an exercise to verify that u(r,ϑ) is really a solution of the Laplace prob-
lem. Then with this procedure we have shown under these strong hypotheses, also
the uniqueness of the solution.
Writing the expression of ak and bk in the formula of u(r,ϑ), we obtain
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u(r,ϑ) =
1

2π

∫ 2π

0
f (s)ds+

1
π

∞

∑
k=1

rk

Rk

∫ 2π

0
f (s){cos(kϑ)cos(ks)+ sin(kϑ)sin(ks)}ds

=
1
π

∫ 2π

0
f (s)[

1
2
+

∞

∑
k=1

rk

Rk cos(k(s−ϑ))]ds

We need to have a good expression for u(r,ϑ), so we have to simplify this integral:
let us call r

R = ρ < 1 and s−ϑ = α . Then

1
2
+

∞

∑
k=1

ρ
k cos(kα)=

1
2
+ℜ

[
∞

∑
k=1

(ρeiα)k

]
=

1
2
+ℜ

[
ρeiα

1−ρeiα

]
=

1
2
+ρ ℜ

[
eiα

1−ρeiα

]
Now considering only the complex fraction

ℜ

[
eiα

1−ρeiα

]
= ℜ

[
cos(α)+ isin(α)

(1−ρ cos(α))− iρ sin(α)

]
= ℜ

[
cos(α)+ isin(α)(1−ρ cos(α))+ iρ sin(α)

(1−ρ cos(α))2 +ρ2 sin2(α)

]
=

cos(α)(1−ρ cos(α))−ρ sin2(α)

1−2ρ cos(α)+ρ2

=
cos(α)−ρ

1−2ρ cos(α)+ρ2

Hence, replacing it in the last formula

1
2
+

∞

∑
k=1

ρ
k cos(kα) =

1−ρ2

2(1−2ρ cos(α)+ρ2)

Then

u(r,ϑ) =
1

2π

∫ 2π

0
f (s)

R2− r2

R2−2Rr cos(s−ϑ)+ r2 ds

Define the Poisson kernel

K(r,α) =
1

2π

R2− r2

R2−2Rr cos(s−ϑ)+ r2

hence the solution is a convolution product:

u(r,ϑ) =
∫ 2π

0
f (s)K(r,s−ϑ)ds

Notice that this last formula has a sense also when f is only continuous. So we
can choose it as a candidate for the solution also of the system whitout the stronger
conditions that we have imposed to f .
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Exercise 12 Prove that the function u(r,ϑ) solves the equation ∆u = 0.
(Hint: Use the polar coordinates and notice that the derivative is with respect to the
coordinate r, so the Laplace operator acts only on K(r,α) and not on f .)
(Warning: Since ∆K /∈ L1, the integral doesn’t exists in the usual meaning. It is to
be studied as a singular integral.)

Remark 10 (Properties of the Poisson Kernel). K(r,α) ≥ 0, indeed the numera-
tor R2 − r2 is not negative, because r ≤ R, and the denominator comes from
(R− r cos(α))2 +(r sin(α))2 ≥ 0.
Moreover

∫ 2π

0 K(r,α)dα = 1, because K(r,α) = 1
π

[
1
2 +∑

∞
k=1

rk

Rk cos(kα)
]
. This is

not by chance, indeed K(r,α) is a probability density.

Remark 11. When r tends to R, the kernel K(r,α) tends to the Dirac-delta δ0(α).
Hence

lim
r→R

u(r,ϑ) = lim
r→R

∫ 2π

0
K(r,ϑ − s) f (s)ds =

∫ 2π

0
δϑ (s) f (s)ds = f (ϑ)

then the condition on the boundary is satisfied.

Let us now consider the Laplace equation on the half upper plane G{
∆u(x1,x2) = 0 on G
u(x1,0) = f (x1) on ∂G

where G :=
{
(x1,x2) ∈ R2 : x2 > 0

}
.

To solve it we try taking the Fourier trasform of ∆u = 0 with respect to the variable
x1:

0 = F (∆u) = F

(
∂ 2u
∂x2

1

)
+F

(
∂ 2u
∂x2

2

)
=−ξ

2(Fu)(ξ ,x2)+
∂ 2

∂x2
2
(Fu)(ξ ,x2)

In this way, if for each fixed ξ , we call (Fu)(ξ ,x2) = ϕ(x2), we have obtained a
linear differential equation {

ϕ
′′
(ξ ,x2) = ξ 2ϕ(ξ ,x2)

ϕ(ξ ,0) = f̂ (ξ )

that has the solution
ϕ(ξ ,x2) = Aξ e|ξ |x2 +Bξ e−|ξ |x2

Now recall that we are considering the Fourier transform of u, that is at least in the
set S

′
. The function e|ξ |x2 however is not in S

′
, then we must force Aξ = 0. Then

we have found the solution

û(ξ ,x2) = f̂ (ξ )e−x2|ξ |

Now he have to come back to the function u. Observe that F−1(e−x2|ξ |) = 1
π

x1
x2

1+x2
2

and remember the formula of the inverse Fourier transform of a product. Then
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u(x1,x2) =
1
π

∫
R

f (y)
x1

x2
1 +(x2− y)2 dy

Exercise 13 Find a conformal transform Φ : C→C that sends the unitar sphere in
the upper half plane.



Chapter 3
Laplace Transform

3.1 Recalls on Banach spaces

We want to study the Fourier transform F : L2(R)→ L2(R) from the point of view
of the Banach spaces.
A Banach space is a normed vector space that is also complete. Some examples of
Banach spaces are Lp, Cα with 0 < α ≤ 1, C, W x,p the Sobolev spaces. Moreover,
if the norm is defined by a scalar product, the space is a Hilbert space. In particular
L2 is a Hilbert space.
If X and Y are Banach spaces, a map T : X → Y is linear if for each x,y ∈ X , λ ∈
R, T (x+ λy) = T (x) + λT (y) and the Fourier transform is an example of linear
operator.
There are two classes of linear operators:

(i) the bounded operators: T is bounded if ‖T x‖ ≤M ‖x‖. In this case we define the
norm of T as

‖T‖ := sup
x 6=0

‖T x‖
‖x‖

= sup
||x||≤1

‖T x‖

(ii) the unbunded operators.

Exercise 14 Let A : Rn → Rn be a bounded linear operator. Endow Rn with the
euclidean norm ‖x‖2 = ∑

n
i=1 x2

i . What is the norm of A?

We want to calculate now the norm of the Fourier transform. For this goal we in-
troduce another very similar operator. Recall that (F f )(ξ ) =

∫
R e−ixξ f (x)dx and

define the operator

(U f )(ξ ) =
1√
2π

∫
R

e−ixξ f (x)dx

that is U = 1√
2π

F . In particular this U conserves the scalar product:

〈U f ,Ug〉= 〈 f ,g〉

57
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U is also an unitar operator, that is U∗ =U−1, indeed

(U−1 f )(ξ ) =
1√
2π

∫
R

eixξ f (x)dx

then ||U ||= 1.
There are five fundamental theorems that we have to remember about the Banach
spaces and continuous linear operators. We cite these five theorems (for a proof see
for example [R86] chapter 5 or [B83] chapters 1 and 2).

Theorem 15 (Baire). Let (X ,d) be a complete metric space. Suppose that there
exists a sequence {Xn}n of closed subsets of X such that X =

⋃
∞
n=0 Xn. Then there

exists n0 for which int
(
Xn0

)
6= /0.

Theorem 16 (Hahn-Banach). If M is a subspace of a normed linear space X and if
f is a bounded linear functional on M, then f can be extended to a bounded linear
functional F on X so that ‖F‖= ‖ f‖.

Theorem 17 (Banach-Steinhaus). Suppose X is a Banach space, Y is a normed
linear space and {Ti} is a collection of bounded linear transformations of X into
Y , where i ranges over some index set I. Suppose that for each x ∈ X there exists a
constant c(x) ∈ (0,∞) such that

sup
i∈I
‖Ti(x)‖ ≤ c(x).

Then there exists L > 0 such that ‖Ti(x)‖ ≤ L‖x‖ for each x ∈ X and i ∈ I.

Theorem 18 (Open Mapping). Let X and Y be Banach spaces. If T : X →Y linear
is surjective then T is open, i.e., T (U) is an open subset of Y whenever U is an open
subset of X.

Theorem 19 (Closed Graph). Let X and Y be Banach spaces. If If T : X → Y is
linear and its graph

G(T ) := {(x,T (x)) : x ∈ X}

is closed in X×Y , then T is continuous.

If a linear operator T is unbounded, then T isn’t defined on the whole space X , but
only on a subspace DT ⊂ X , so T : DT ⊂ X → X . An example of unbounded linear
mapping is the derivative and in this case the subspace DT is DT =C1

c (R)⊂ L2(R),
the space of C1 function with compact support.

Exercise 15 The derivative T is an unbounded linear mapping. Find a sequence
(ϕn)n ⊂C1

c (R) such that∫
R
|ϕ ′n|2dx→ ∞ for n→ ∞ and

∫
R
|ϕn|2dx≤ 1 ∀n.
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The bounded operators are relatively simple to study. The unbounded operators
are more difficult and the problems of PDE regard the unbunded operators. This is
the reason to introduce the Sobolev spaces.
Let g be a measurable function and define a linear operator from the space L2(R).
For f ∈ L2(R) define

Tg f := g(x) f (x)

If g ∈ L∞ and f ∈ L2, then f g ∈ L2, indeed∫
(g f )2dx≤M

∫
f 2dx < ∞

where |g(x)|2 ≤M for each x ∈ R. In particular this proves also that

||Tg f ||L2 ≤ ||g||∞|| f ||L2 and ||Tg|| ≤ ||g||∞

then if g ∈ L∞, Tg : L2→ L2 is bounded.
If we take g /∈ L∞ unbounded, it doesn’t hold that Tg(L2)⊂ L2 and we have to define
the function Tg on a smaller space, DTg = { f ∈ L2 : g f ∈ L2}.
For example consider g(x) = x /∈ L∞. If

f (x) =
{ 1

x if |x| ≥ 1
0 if |x|< 1

then T ( f ) = f g /∈ L2. But all the C∞-functions with compact support are in DT . So
we can define T on the space D

′
T =C∞

c ⊂ DT , T : D
′
T → L2.

Exercise 16 Let { fn}n ⊂ DT and suppose that{
fn→ f in L2

T fn = x fn(x)→ h in L2

Prove that f ∈ DT and h = T ( f ).
This means that T ( f ) = x f defined on DT is a closed operator.

Notice that if T is bounded, then T is a closed operator.

3.2 Laplace Transform

Let us recall that the Fourier transform is something like F : S ′→S ′, where S ′

is the dual space of S . This dual space is called tempered distribution and we have
that, if T ∈S ′,

〈F (T ),ϕ〉= 〈T,F (ϕ)〉 ∀ ϕ ∈S .

Let us also recall that C∞
c ⊂S ⊂ L2 ⊂S ′ ⊂D ′, where D ′ is the dual space of C∞

c
(to define the dual of C∞

c we have to put on it a topology τ: the couple (C∞
c ,τ) = D
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is called distruibution space).
It easy to see, for example, that Tf where f (x) = x is an operator in S ′ in fact the
integral ∫

R
xϕ(x)dx

has a sense for any ϕ in S . To see this statement we have to observe that ϕ ∈S so
ϕ(x)(1+ |x|n)≤Cn for all n, hence∫

R
xϕ(x)dx =

∫
R

x

1+ |x|4
(1+ |x|4)ϕ(x)dx≤

∫
R

C4
x

1+ |x|4
dx <+∞.

Are there some easy function not in S ′? For example the function ex is not in S ′

bacause we cannot find any polynomial for which the integral∫
R

ex
ϕ(x)dx

has a sense. Hence we can not define the Fourier transform of the exponential fun-
tion. However, ex ∈ D ′ because in this case ϕ is in C∞

c . Hence the integral exists
because of the compact support of the function ϕ .
Because is interesting to use ex, a frequent function in analysis, it is convenient in-
troduce the Laplace Transform.
To define the Laplace transform we have a price to pay: we can not define the trans-
form on the whole space but only on the positive half plane R+ = {t ≥ 0}. Let us
suppose that | f (t)| ≤Meωt . Let us define the Laplace transform as

f̃ (p) =
∫

∞

0
e−pt f (t)dt for p ∈ C.

Because of p ∈ C, p = x+ iy hence

f̃ (p) =
∫

∞

0
e−pt f (t)dt =

∫
∞

0
e−xt f (t)e−iytdt.

We can extend f to 0 out of R+ hence

f̃ (p) =
∫ +∞

−∞

e−xt f (t)e−iytdt.

This is the Fourier transform of the function e−xt f (t). e−xt f (t) is the weight to com-
pensate the weight of the exponential function because | f (t)| ≤Meωt . For which x
the integral above has a sense? For x > ω because |e−xt f (t)| ≤Met(ω−x): if x > ω

we have that ω − x is negative and e−xt f (t) is integrable. Hencer x must be large
enough to compensate the growth of the function f (t).
Hence f̃ (p) is a function of p with ℜ(p)> ω .

Definition 10. If f (t)∈ L1
loc(R+) and has an exponential growth, i.e., | f (t)| ≤Meωt ,

we define the Laplace Transform as
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f̃ (p) =
∫

∞

0
e−pt f (t)dt ∀ p : ℜ(p)> ω.

Fig. 3.1 Pierre Simon Laplace (1749-1827)

The map f (t)→ f̃ (p) is linear i.e. ˜(λ f +g) = λ f̃ + g̃, hence the Laplace trans-
form is a linear operator.

Example 16. Let us consider the function fα(t) = eαt with α > 0. This function
suddisfies all the hypotesis hence we can compute its Laplace transform. Let us
suppose ℜ(p)> α . So

f̃ (p) =
∫

∞

0
et(α−p)dt =

[
et(α−p)

α− p

]∞

0

=
1

p−α
.

The function p→ 1
p−α

is an holomorphic function on the half plane
{
(x,y) ∈ R2 : x > α

}
.

However the function has sense also out of that half plane. Hence we can consider
an holomorphic extension of the function out of the half space except for the point
(α,0). This is important to invert the Laplace transform.

We want now prove this in general:

Proposition 7. f̃ is an holomorphic function on the half-space {p ∈ C : ℜ(p)> ω}.

Proof. We have to prove that f̃ is derivable in the complex sense.
Let p ∈ {p ∈ C : ℜ(p)> ω}, let us consider a circular neighbourhood centred in p
with radius ρ , B(p,ρ), and let ∆ p an increment in B(p,ρ). Let us consider

f̃ (p+∆ p)− p̃
∆ p

=
∫

∞

0

e−∆ pt −1
∆ p

e−pt f (t)dt.
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We have to prove that there exists the limit of the previous expression when |∆ p| →
0.
To do this we want to use the dominated convergence theorem. We already know
that

lim
|∆ p|→0

e−∆ pt −1
∆ p

=−t,

because h(t) = e−zt is an holomorphic function; hence

lim
|∆ p|→0

e−∆ pt −1
∆ p

e−pt f (t) =−te−pt f (t).

So, if there exists a function g(t) ∈ L1(R+), indipendent from ∆ p, such that∣∣∣∣e−∆ pt −1
∆ p

e−pt f (t)
∣∣∣∣≤ g(t), (3.1)

we can apply the dominated convergence theorem to state that

f̃ (p+∆ p)− p̃
∆ p

|∆ p|→0→ −
∫

∞

0
e−ptt f (t)dt <+∞,

because

−
∫

∞

0
e−ptt f (t)dt ≤−

∫
∞

0
e−ℜ(p)tt | f (t)|dt ≤−

∫
∞

0
Mte−(ℜ(p)−ω)tdt <+∞.

Hence, it remains to prove that there exists g ∈ L1, indipendent of ∆ p, for which
(3.1) holds. Let us start observing that

e−zt −1
z

=−
∫ t

0
e−zsds.

Hence ∣∣∣∣e−zt −1
z

∣∣∣∣≤ ∫ t

0

∣∣e−zs∣∣ds =
∫ t

0
e−ℜ(z)sds.

If ℜ(z)> 0, we have that e−ℜ(z)s ≤ 1, and, if ℜ(z)< 0, we have that e−ℜ(z)s ≤ eρs.
In each case we can consider e−ℜ(z)s ≤ eρs. Hence∣∣∣∣e−zt −1

z

∣∣∣∣≤ ∫ t

0
eρsds≤

∫ t

0
eρtds = teρt .

Hence∣∣∣∣e−∆ pt −1
∆ p

e−pt f (t)
∣∣∣∣= ∣∣∣∣e−∆ pt −1

∆ p

∣∣∣∣e−ℜ(p)t | f (t)| ≤ teρte−ℜ(p)t | f (t)| ≤Me(ω−ℜ(p)+ρ)t ,
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that is integrable on R+ for a suitable value of ρ (we have to choose ρ < ℜ(p)−ω).
Hence if we take g(t) = Me(ω−ℜ(p)+ρ)t , with ρ < ℜ(p)−ω , g(t) is integrable,
indipendent from ∆ p and verifies the condition (3.1).

3.2.1 An application: the heat equation

Let us now consider an application: we want to solve the heat equation using the
Laplace transform. Let us consider the heat equation ∂u(t,x)

∂ t
= c

∂ 2u(t,x)
∂x2

u(0,x) = f (x)

where c > 0, t ≥ 0 and x ∈ R.
We want to solve this problem in L2(R), i.e., we want to find a function u ∈ L2(R)
that satisfies the heat equation with f ∈ L2(R). To solve it we can use the Laplace
transform with respect to the variable t (and not with respect to x like in the case of
the Fourier transform).

Remark 12. f ′(t)→ f̃ ′(p), where

f̃ ′(p) =
∫

∞

0
e−pt f ′(t)dt =

[
e−pt f (t)

]∞
0 + p

∫
∞

0
e−pt f (t)dt = p f̃ (p)− f (0).

Hence, we have (̃
∂u
∂ t

)
= pũ(p,x)−u(0,x) = c

∂ 2

∂x2 ũ(p,x).

Now, using the initial data, we obtain that(
p− c

∂ 2

∂x2

)
ũ = f ,

that is an elliptic problem.
Hence the Laplace transform transforms the heat equation that is a parabolic prob-
lem in a family of elliptic problems. (The Laplace transform is the base of the semi-
group theory that is a theory to treat parabolic and hyperbolic problems of this kind).
Hence

ũ =

(
p− c

∂ 2

∂x2

)−1

f ,

this writing is only formal: the sense is that, given f and given the operator, we have
to find ũ.
The problem becomes very simple in one dimension: let us call v = ũ; the problem
becomes pv− cv′′ = f with x ∈ R, that is a second order ODE with constant coeffi-
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cients and p ∈ C, that we want to solve in L2(R). To solve it we can use the Fourier
transform with respect to x obtaining pv̂+ cξ 2v̂ = f̂ . Hence we have

v̂(ξ ) =
f̂ (ξ )

p+ cξ 2 in L2(R).

For which p ∈ C can we solve this equation in L2(R)? If p = −cξ 2
0 with ξ0 =√

|p/c| we have a singularity, hence, in general, we have a singularity if ℑ(p) = 0
and p < 0. For the other cases there is no singularity, hence we could solve the
equation if v̂(ξ ) is in L2(R).
We want prove that, if the hypotesies ℑ(p) = 0 and p < 0 are not soddisfy, v̂(ξ ) is
in L2(R).
If p ∈ C is such that ℜ(p)> 0, we have that

∣∣p+ cξ
2∣∣= ∣∣p− (−cξ

2)
∣∣≥ |p| ⇒ ∣∣∣∣ 1

p+ cξ 2

∣∣∣∣≤ 1
|p|

⇒ v̂(ξ )≤
∣∣ f̂ (ξ )∣∣
|p|

,

where |p| represents the minimum of the distance between p ∈C and the set of real
negative numbers {z ∈ C : ℑ(z) = 0 and z < 0}.
If p ∈ C is such that ℜ(p)≤ 0, we have that

∣∣p+ cξ
2∣∣= ∣∣p− (−cξ

2)
∣∣≥ |ℑ(p)| ⇒

∣∣∣∣ 1
p+ cξ 2

∣∣∣∣≤ 1
|ℑ(p)|

⇒ v̂(ξ )≤
∣∣ f̂ (ξ )∣∣
|ℑ(p)|

,

where |ℑ(p)| represents the minimum of the distance between p ∈ C and the set of
real negative numbers {z ∈ C : ℑ(z) = 0 and z < 0}.
In every case we have that, if f ∈ L2(R), v̂ ∈ L2(R), hence we can apply the inverse
Fourier transform to solve the equation and find the solution of the heat equation

v(x) = F−1
(

f̂ (ξ )
p+ cξ 2

)
if p /∈ {z ∈ C : ℑ(z) = 0 and z < 0} .

Hence we have the solution on the whole space except {z ∈ C : ℑ(z) = 0 and z < 0}.
Hence we can apply the inverse Laplace transform to find u(t,x) because this is de-
fined on the half space {z ∈ C : ℜ(z)> ω} that is conteined in the set of definition
of v(x) = ũ(t,x).
It is interesting to note how we do not find an explicit solution of the problem, but
we use the properties of the problem itself to prove that the solution exists and to
find an implicit expression of it.

3.2.2 An application: the Abel equation

Let us consider the following problem:
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g(t) =
∫ t

0

f (s)
(t− s)α

ds 0 < α < 1,

where f ,g ∈ L1
loc(R+) extended to 0 for t < 0 such that |g(t)| , | f (t)| ≤ Meωt for

t ≥ t0 for a suitable value t0 ∈ R+. Moreover, g is given, hence the unknown of the
problem is the function f . This is a particular case of the linear Volterra integral
equation of convolution type called Abel equation.
First of all, let us note that, if hα(t) = 1

tα , the problem could be rewritten as
g(t) = ( f ∗hα). Now the idea is to apply the Laplace transform on both members.
We know the convolution product between two L1-functions and not between func-
tions in L1

loc(R+). Hence, we have to study if it is possible to define a convolution
product between two function in L1

loc. If f ,g ∈ L1
loc,

( f ∗g)(t) =
∫
R

f (t− s)g(s)ds.

If this integral has a meaning, we have defined a convolution product on L1
loc. But∫

R
f (t− s)g(s)ds =

∫ t

0
f (t− s)g(s)ds,

because g(s) = 0 for s < 0 and f (t− s) = 0 for s > t; and this integral have always
a meaning because f and g are in L1

loc. Hence, if f ,g ∈ L1
loc,

( f ∗g)(t) =
∫ t

0
f (t− s)g(s)ds.

Proposition 8. If f ,g ∈ L1
loc such that |g(t)| , | f (t)| ≤Meωt for t ≥ t0 for a suitable

value t0 ∈ R+,
(̃ f ∗g)(p) = f̃ (p) · g̃(p).

Proof.
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(̃ f ∗g)(p) =
∫

∞

0
e−pt( f ∗g)(t)dt

=
∫

∞

0
e−pt

(∫ t

0
f (t− s)g(s)ds

)
dt

=
∫

∞

0
g(s)

(∫
∞

s
e−pt f (t− s)dt

)
ds

=
∫

∞

0
e−psg(s)

(∫
∞

s
e−p(t−s) f (t− s)dt

)
ds

=
∫

∞

0
e−psg(s)

(∫
∞

0
e−pz f (z)dz

)
ds

=

(∫
∞

0
e−pz f (z)dz

)(∫
∞

0
e−psg(s)ds

)
= f̃ (p) · g̃(p)

Returning to the Abel equation, we have

g(t) = ( f ∗hα)(t) ⇒ g̃(p) = f̃ (p) · h̃α(p) ⇒ f̃ (p) =
g̃(p)

h̃α(p)
.

Hence, we have only to compute the Laplace transform of hα(t) and to come back.
Can we do the Laplace transform of hα(t)? It is trivial that |hα(t)| ≤Meωt for t > t0
for a suitable value of t0. Moreover, hα(t) ∈ L1

loc(R+) because∫ T

0

1
tα

dt <+∞ ∀ T > 0.

Hence we can do the Laplace transform and

h̃α(p) =
∫

∞

0

e−pt

tα
dt = pα−1

∫
∞

0

e−(pt)

(pt)α
d(pt)

=
1

p1−α

∫
∞

0
e−ss−α ds =

1
p1−α

Γ (1−α),

where Γ (x) =
∫

∞

0 e−ttx−1dt for x > 0 is the gamma function.
The computations above are rigorous only if p is a real positive number. If p ∈ C,
the result is still true: if p ∈ C, s = pt ∈ C the integral is no longer on [0,+∞) but it
should computed along another path in the complex plane.
Moreover, there is another point: if p ∈ C what is the meaning of p1−α ? Which
value of p1−α choose? We can choose to take it so that p1−α is an holomorphic
function on a ball centred in 1 with radius 1, but, if we extend this choose we
arrive at the end of the circle to have a step, a discontinuity. To solve this prob-
lem we have to consider the complex plane without the real negative axis, i.e.
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C \ {z ∈ C : ℑ(z) = 0 and ℜ(z)≥ 0}, and than choose one of the value, generally
which one with positive real part (because the two values can be different).
Hence

f̃ (p) =
p1−α

Γ (1−α)
g̃(p) =

1
Γ (1−α)

pg̃(p)
1

pα
=

1
Γ (α)Γ (1−α)

pg̃(p)
Γ (α)

pα

=
1

Γ (α)Γ (1−α)
[pg̃(p)−g(0)+g(0)]

Γ (α)

pα
=

1
Γ (α)Γ (1−α)

[
pg̃′(p)+g(0)

]
h̃1−α(p)

=
1

Γ (α)Γ (1−α)

[
˜(g′ ∗h1−α)(p)+g(0)h̃1−α(p)

]
.

So

f (t)=
1

Γ (α)Γ (1−α)

[∫ t

0

g′(s)
(t− s)1−α

ds+
g(0)
t1−α

]
=

sin(πα)

π

[∫ t

0

g′(s)
(t− s)1−α

ds+
g(0)
t1−α

]
.

We want now prove that

Γ (α)Γ (1−α) =
π

sin(πα)

First of all, let us recall some properties of the gamma function. If we consider
B(α,β ) =

∫ 1
0 (1− x)α−1xβ−1dx, the beta function, we have that

Γ (α)Γ (β ) = Γ (α +β )B(α,β ).

Indeed, using the change of variables t = x + y, p = y and s = p/t at the right
moment, we have that

Γ (α)Γ (β ) =

(∫
∞

0
e−xxα−1dx

)(∫
∞

0
e−yyβ−1dy

)
=
∫

∞

0

∫
∞

0
e−(x+y)xα−1yβ−1dxdy

=
∫

∞

0

∫ t

0
e−t(t− p)α−1 pβ−1 dxdy

dtd p
dtd p =

∫
∞

0
e−t
∫ t

0
(t− p)α−1 pβ−1dtd p

=
∫

∞

0
e−ttα−1

(∫ t

0
(1− p

t
)α−1 pβ−1d p

)
dt

=
∫

∞

0
e−ttα+β−1

(∫ 1

0
(1− s)α−1sβ−1ds

)
dt

=

(∫
∞

0
e−ttα+β−1dt

)(∫ 1

0
(1− s)α−1sβ−1ds

)
= Γ (α +β )B(α,β ).

Hence, in our case, we have that Γ (α)Γ (1−α) = Γ (1)B(α,1−α) = B(α,1−α).
We have only to compute the following integral
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∞

0
(1− x)−α xα−1dx.

Using the change of variable t = x
1−x , the problem reduces to solve another integral

∫
∞

0

xα−1

1+ x
dx with 0 < ℜ(α)< 1.

To solve this integral we have to work in the complex plane, i.e. we have to consider
the integral ∫

R+

zα−1

1+ z
dz.

The problem is that the complex function zα−1

1+z is a multi-valued function. To solve
this problem (in Analysis), consider the cut complex plane C\{z ∈ C : ℑ(z) = 0 and ℜ(z)≥ 0}.
If we take x∈ {z ∈ C : ℑ(z) = 0 andℜ(z)≥ 0}, we have that the determination from
above of xα−1 is xα−1, while the determination from below of it is

(
xei2π

)α−1.
Hence we have a discontinuity between the values.
If we consider the determination from above our integral becomes∫

∞

0

xα−1

1+ x
dx,

that is the integral we are looking for; while, if we consider the determination from
below of the integrand function we obtain the integral

ei2π(α−1)
∫

∞

0

xα−1

1+ x
dx.

To solve our integral in complex plane we have to consider a circular path γ around
the origin with radius R > 1 less a circular path around the origine with radius
ρ << 1.

In this case we can not use the Cauchy theorem to state that the integral is zero
because there is a singularity at the point−1. Hence, recalling that e2πi = 1, we have∫

γ

zα−1

1+ z
dz =

∫ R

0

xα−1

1+ x
dx+

∫ 2π

0

(Reiϑ )α−1

1+Reiϑ iReiϑ dϑ

−
∫ R

0

xα−1ei2π(α−1)

1+ x
dx−

∫ 2π

0

(ρeiϑ )α−1

1+ρeiϑ iρeiϑ dϑ = 2πiRes(−1)

In this case we can find a simple expression for the residue simply considering a
circular closed path around the point −1 with radius ρ << 1; hence we get∫ 2π

0

(−1+ρeiϑ )α−1

1+(−1+ρeiϑ )
iρeiϑ dϑ = i

∫ 2π

0
(ρeiϑ−1)α−1dϑ→ 2πi(−1)α−1 = 2πiRes(−1),
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��

when ρ tends to zero.
Hence [

1− ei2π(α−1)
]∫ R

0

xα−1

1+ x
dx+ I1 + I2 = 2πi(−1)α−1,

where

|I1|=
∣∣∣∣∫ 2π

0

(Reiϑ )α−1

1+Reiϑ iReiϑ dϑ

∣∣∣∣≤ ∫ 2π

0

Rα

|1+Reiϑ |
dϑ ≤ 2π

Rα

R−1
→ 0,

when R tends to infinite becuase α < 1, and

|I2|=
∣∣∣∣∫ 2π

0

(ρeiϑ )α−1

1+ρeiϑ iρeiϑ dϑ

∣∣∣∣≤ ∫ 2π

0

ρα

|1+ρeiϑ |
dϑ → 0,

when ρ tends to zero.
Hence, passing to the limit for R→ ∞ and ρ → 0, we have that[

1− ei2π(α−1)
]∫ ∞

0

xα−1

1+ x
dx = 2πi(−1)α−1.

Recalling that (−1)α−1 = −eiπα and that ei2π(α−1) = ei2πα , after some algebraic
computation, we have that∫

∞

0

xα−1

1+ x
dx =

2πi(−1)α−1

1− ei2π(α−1) =
π

sin(πα)
,

so we have proved our initial statement.
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There is another method to compute the integral∫
∞

0

xα−1

1+ x
dx

without using multi-values functions. Let us consider an α ′→α wtih 0<α,α ′ < 1,
hence ∫

∞

0

xα ′−1

1+ x
dx →

∫
∞

0

xα−1

1+ x
dx.

So, we can consider a rational number m/n with 0 < m/n < 1 such that m/n→ α ,
compute the integral ∫

∞

0

xm/n−1

1+ x
dx

and than pass to the limit for m/n→ α . Hence our problem reduces to compute the
integral ∫

∞

0

xm/n−1

1+ x
dx.

Changing variable ξ = x1/n, it remains to compute

n
∫

∞

0

ξ m−1

1+ξ n dξ .

Now we can pass to the complex plane, but, in this case, there are not problems of
multi-values because the function is meromorphic; we have only a lot of singularity:
all the roots of −1 and their number depends on n.

Exercise 17 Solve the integral ∫
∞

0

ξ m−1

1+ξ n dξ .

(Hint: consider a closed path with the form of a slice centred in zero, with radius
R > 1 and with generator straight line passed through the point 1 and the point ei 2π

n

rispectively)
(Warning: there is a singularity at the point ei π

n , inside the path)

Exercise 18 Compute the same integral without using complex methods.

3.2.3 Laplace transform and ODE

In general integral transforms are very useful tools when we want to solve linear
problems like for example ordinary differential equation. Because ordinary differ-
ential equation of order n with n greater than 1 can be transform in a system of
ordinary differential equation of the first order, we are interested to problems of this
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kind { du
dt

= Au

u(0) = u0

where u : R→ Rn and A is a matrix n×n.
We want to solve this problem. First of all, let us consider the exponential of a matrix
eAt . It has a meaning as a Taylor series, hence for all matrix A we can define

eAt =
∞

∑
k=0

tkAk

k!
.

It is easy to proof, using the definition as Taylor series, that, for all matrix A, we
have

d
dt

eAt = AeAt = eAtA.

Using this statement we can prove that the solution of the initial problem is given
by

u(t) = eAtu0.

Indeed, (
du
dt
−Au

)
= 0 ⇒ e−At

(
du
dt
−Au

)
= 0 ⇒ d

dt

[
e−Atu

]
= 0

⇒ e−Atu(t) =C ⇒ u(t) = eAtC

Using the initial data we get that C = u0, so we have that u(t) = eAtu0. In this way we
have proved the uniqueness, i.e., we have proved that, if the solution of the problem
exists, it is unique and it is given by the expression above. To prove the existence
we have only to check that u(t) = eAtu0 is a solution.

Example 17. Consider the equation of an harmonic oscillator u′′(t)+ω2u(t) = 0.
This is a linear ordinary differential equation of second order. Let us put v(t) = u′(t)
and v′(t) = u′′(t). If

w =

[
u
v

]
and A =

[
0 1

−ω2 0

]
the problem reduces to w′ = Aw, that is a problem of the same kind of our initial
problem. Hence, its solution is w(t) =CeAt for some constant C. Let us compute the
exponential of the matrix A. We have

eAt = I +At− ω2t2

2!
I− ω2t3

3!
A+ . . .

= I
(

1− ω2t2

2!
+

ω4t4

4!
− ω6t6

6!
+ . . .

)
+A

(
t− ω2t3

3!
+

ω4t5

5!
− . . .

)
= I cos(ωt)+

A
ω

sin(ωt).
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Let us now consider the following problem{ du
dt

= Au+ f (t)

u(0) = u0

where u : R→ Rn, A is a matrix n×n and f : Rn→ Rn is a given function.
We have(

du
dt
−Au

)
= f (t) ⇒ e−At

(
du
dt
−Au

)
= e−At f (t) ⇒ d

dt

[
e−Atu

]
= e−At f (t)

⇒ e−Atu(t)−u0 =
∫ t

0
e−As f (s)ds ⇒ u(t) = eAtu0 +

∫ t

0
eA(t−s f (s)ds,

where eAtu0 is the solution of the homogeneus equation and the integral is a par-
ticular solution of the problem. Also in this case we have proved the uniqueness,
i.e., we have proved that, if the solution of the problem exists, it is unique and it is
given by the expression above. To prove the existence we have only to check that
this particular u(t) is a solution.
We want now apply the Laplace transform on this problem. We are not sure that the
Laplace transform of u exists, hence we will search for an u ∈ L1

loc(R+) such that
|u(t)| ≤Meωt , so the Laplace transform certainly exists.
First of all, let us observe that the matrix A is a linear operator indipendent of t,
hence, because the Laplace transform is a linear operator, we have that

L (Au) = Aũ,

where L indicate the Laplace operator. Hence our problem, after applying the
Laplace transform, becomes

pũ(p)−u0 = Aũ(p)+ f̃ (p) ⇒ (pI−A)ũ(p) = u0 + f̃ (p).

To find ũ we have to reverse pI−A. Is it possible? This is possible if and only if
det(pI−A) 6= 0, i.e., if and only if p is not an eigenvalue for the matrix A. The eigen-
values of the matrix A are n complex numbers, λ1, . . . ,λn; the Laplace transform has
a sense only if ℜ(p)> ω , hence if we choose ω > maxℜ(λi) it is possible to invert
pI−A without any problems. Hence

ũ(p) = (pI−A)−1u0 +(pI−A)−1 f̃ (p)

Let us compare this statement with the expression of the solution found before

u(t) = eAtu0 +
∫ t

0
eA(t−s f (s)ds.

It is easy to see that the integral is a convolution product eAt ∗ f and that L (eAt) =
(pI−A)−1.
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3.3 Inverse Laplace transform

Let us consider the function ezt for z ∈ C fixed. If z = α ∈ R we can apply to the
function eαt only the theory of the Laplace transforms; if z = iβ with β ∈ R we
can apply to the function eiβ t the theory of the Fourier series, the theory of the
Fourier transforms in S ′ and the theory of the Laplace transforms; if z = α + iβ
with α,β ∈R we can apply to ezt only the theory of Laplace transforms because the
real part of the complex number z gives some problem.
We have that

L (ezt)(p) =
∫

∞

0
ezte−ptdt =

1
p− z

with ℜ(p)> ℜ(z).

Now, is 1
p−z the Laplace transform of some functions? The answer of this question

is trivially yes because it is the Laplace transform of the function ezt . But are we
sure that does not exists another function having 1

p−z has Laplace transform? Also
the answer of this question is yes because it can be proved an uniqueness theorem
that state that if two functions have the same Laplace transforms, they are equal.
Let us suppose we have a Laplace transform. How can we reconstruct the beginnig
function? We have to introduce the inverse Laplace transform. Let f ∈ L1

loc(R
+)

such that | f (t)| ≤Meωt and let us extend f to zero out of R+. Let p = x+ iy. We
have that

f̃ (p) =
∫

∞

0
e−pt f (t)dt =

∫
∞

−∞

e−pt f (t)dt

=
∫

∞

−∞

e−iyt (e−xt f (t)
)

dt = f̃ (x+ iy)

= F
(
e−xt f (t)

)
.

Hence

e−xt f (t) =
1

2π

∫
∞

−∞

eiyt f̃ (x+ iy)dy ⇒ f (t) =
1

2π

∫
∞

−∞

e(x+iy)t f̃ (x+ iy)dy.

We can see this last integral as an integral in the complex plane made on the path
x = γ . Hence, if p = γ + iy, we finally have the inverse Laplace transform

f (t) =
1

2πi

∫
γ+i∞

γ−i∞
ept f̃ (p)d p.

It could be possible to prove an inversion theorem, i.e., we could prove that this
is the inverse Laplace transform, and that using this definition f (t) = 0 for t < 0.
We will prove the inversion theorem in a very particular case, i.e., in the case of
f̃ (p) = 1

p−z .
Let us consider the integral
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1
2πi

∫
γ+i∞

γ−i∞

ept

p− z
d p.

First of all, we want to check if this integral has a sense. We have that∣∣∣∣ ept

p− z

∣∣∣∣=
∣∣∣∣∣ e(γ+iy)t

γ + iy− z

∣∣∣∣∣= eγt√
(γ−a)2 +(y−b)2

≈ 1
y
/∈ L1,

hence the function ept

p−z is not integrable, so the integral above does not have a mean-
ing. However it could have a sense as improper integral. To prove this we have to
check if there exists the limit

lim
L→∞

1
2πi

∫ L

−L

e(γ+iy)t

γ + iy− z
dy.

To prove this we have to compute the integral in the complex plane using a closed
path given by a segment long 2L passing for x = γ and a semicircle CR centred in
zero with radius R.
Let us recall an important tool of complex analysis. Let f be an holomorphic func-
tion.

1
2πi

∮
γ

f (p)
p− z

d p = f (z),

where γ is any closed path around the point z.
Using this tool of complex analysis, we have that our improper integral exists and is
equal to ezt on condition that the integral on CR tends to zero when R goes to infinite.
Hence we have only to prove that the integral on CR goes to zero for R→ ∞. Using
the Pitagora theorem and some trigonometric tools we have that

L =
√

R2− γ2 and ϑR = arcsin

(√
R2− γ2

R

)
,

where ϑR is the angle between the real axis and the segment from zero to L.
We have that∣∣∣∣∫CR

ept

p− z
d p
∣∣∣∣=
∣∣∣∣∣
∫ 2π−ϑR

ϑR

etReiϑ

Reiϑ − z
iReiϑ dϑ

∣∣∣∣∣≤
∫ 2π−ϑR

ϑR

etRcos(ϑ)

|Reiϑ − z|
Rdϑ .

We have to find the minimum of the distance
∣∣Reiϑ − z

∣∣. Let us observe that this
distance depends on z but certainly has the same order of R. Hence

∫ 2π−ϑR

ϑR

etRcos(ϑ)

|Reiϑ − z|
Rdϑ ≈

∫ 2π−ϑR

ϑR

etRcos(ϑ)dϑ ≤ 2
∫ π

2

ϑR

etRcos(ϑR)dϑ +
∫ 3

2 π

π
2

etRcos(ϑ)dϑ .

The second integral tends to zero when R tends to infinite because cos(ϑ)≤ 0 when
ϑ ∈

[
π

2 ,
3
2 π
]
; let us observe the first one.
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2
∫ π

2

ϑR

etRcos(ϑR)dϑ = C
∫ π

2

ϑR

dϑ =C
(

π

2
−ϑR

)
= C

(
π

2
− arcsin

(√
R2− γ2

R

))
→C(

π

2
− π

2
) = 0

when R goes to infinite.
Hence we have proved that exists, as improper integral, the inverse Laplace trans-
form of the function 1

p−z and that it is equal to ezt .





Appendix A
Some integral computations

In this section we want to compute some integrals that could be useful.
By a direct computation we have that(

e−αx−α cos(βx)+β sin(βx)
α2 +β 2

)′
= e−αx cos(βx)

and (
− e−αx α sin(βx)+β cos(βx)

α2 +β 2

)′
= e−αx sin(βx)

hence, for α > 0 ∫
∞

0
e−αx cos(βx)dx =

α

α2 +β 2∫
∞

0
e−αx sin(βx)dx =

β

α2 +β 2

• First of all we want to prove that

∫
∞

0

sin2 x
x2 dx =

π

2

We have that ∫
∞

0

sin2 x
x2 dx = lim

p→∞

∫ p

0

sinx
x

dx. (A.1)

Actually, integrating by parts, we have that∫ p

0

sin2 x
x2 dx =− 1

p
sin2 p+

∫ p/2

0

sinx
x

dx

from which the statement (A.1) passing to the limit.
Now, we have

77



78 A Some integral computations∫ A

ε

sinx
x

dx =
∫ A

ε

sinx
(∫ ∞

0
e−txdt

)
dx =

∫
∞

0

(∫ A

ε

e−tx sinxdx
)

dt

where we use the Fubini-Tonelli theorem to change the integrals.
Hence∫ A

ε

sinx
x

dx =
∫

∞

0

(
− e−tA t sin(A)+ cos(A)

1+ t2 + e−tε t sin(ε)+ cos(ε)
1+ t2

)
dt

=
∫

∞

0
−e−tA t sin(A)+ cos(A)

1+ t2 dt +
∫

∞

0
e−tε t sin(ε)

1+ t2 dt

+
∫

∞

0
e−tε cos(ε)

1+ t2 dt

The module of the first integral is majorated∣∣∣∫ ∞

0
−e−tA t sin(A)+ cos(A)

1+ t2 dt
∣∣∣≤C

∫
∞

0
e−tAdt =

C
A
→ 0, for A→ ∞

sin(ε)
ε

√
ε

∫
∞

0
e−tε
√

tε
√

t
1+ t2 dt ≤C

√
ε

∫
∞

0

√
t

1+ t2 dt ≤C
√

ε → 0, for ε → 0

Hence ∫
∞

0

sinx
x

dx =
∫

∞

0

1
1+ t2 dt =

π

2
.

We can use also the following strategy: let us consider the function

ϕ(t) =
∫

∞

0
e−tx sin2(x)

x2 dx, ϕ(∞) = 0.

This function is 2-times derivable and they are given by

ϕ
′(t) =−

∫
∞

0
e−tx sin2(x)

x
dx, ϕ

′(∞) = 0

ϕ
′′(t) =

∫
∞

0
e−tx sin2(x)dx =

1
2

∫
∞

0
e−tx(1− cos(2x))dx.

This last integral can be easily computed (by using preceding formulas), that is

ϕ
′′(t) =

1
2

(1
t
− t

4+ t2

)
,

from which we get

ϕ
′(t) = A+

1
2

(
log t− 1

2
log(4+ t2)

)
= A+

1
2

log
( t√

4+ t2

)
,

where A = 0 because ϕ ′(∞) = 0. Hence
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ϕ
′(t) =

1
2

log
( t√

4+ t2

)
,

and the primitive is given by

ϕ(t) = B+
1
2

t log
( t√

4+ t2

)
− arctan

( t
2

)
where B = π

2 because ϕ(∞) = 0. Hence,

ϕ(t) =
π

2
+

1
2

t log
( t√

4+ t2

)
− arctan

( t
2

)
,

from which we get ∫
∞

0

sin2(x)
x2 dx = ϕ(0) =

π

2
.

•We want now to prove that ∫
R

e−t2
dt =

√
π

Let us consider the function φ(x)

φ(x) =
∫ x

0
e−t2

dt,

which derivative is simply
φ
′(x) = e−x2

.

Hence

(φ(x)2)′ = 2φ
′(x)φ(x) = 2

∫ x

0
e−(x

2+t2)dt = 2x
∫ 1

0
e−x2(1+t2)dt

from which

(φ(x)2)′ =−
(∫ 1

0

e−x2(1+t2)

1+ t2 dt
)′
,

in other terms,

φ(x)2 +
∫ 1

0

e−x2(1+t2)

1+ t2 dt = constant=
∫ 1

0

1
1+ t2 dt =

π

4

from which, for x→ ∞ ∫
∞

0
e−t2

dt =
√

π

2
.

•We want to prove that



80 A Some integral computations∫
R

eitxe−x2
dx =

√
πe−

t2
4

We can first of all observe that we easily have that∫
R

sin(tx)e−x2
dx = 0.

Hence, denoting by

ϕ(t) =
∫
R

cos(tx)e−x2
dx,

we have that

ϕ
′(t) =−

∫
R

xsin(tx)e−x2
dx =

1
2

∫
R

sin(tx)d
(

e−x2
)
,

from which, integrating by parts, we obtain

ϕ
′(t) =− t

2
ϕ(t).

Integrating and noting that ϕ(0) =
√

π , we get the statement.

•We want to prove that ∫
R

eitx

1+ x2 dx = πe−|t|

We have easily have that ∫
R

sin(tx)
1+ x2 dx = 0.

Hence we could write that∫
R

cos(tx)
1+ x2 dx =

∫
R

cos(tx)
(∫ ∞

0
e−s(1+x2)ds

)
dx,

from which, changing the order of the integrals, we obtain∫
R

cos(tx)
1+ x2 dx =

∫
∞

0
e−s
(∫

R
e−sx2

cos(tx)dx
)

ds.

We have reduced ourselves to compute the integral

ψ(t) =
∫
R

e−sx2
cos(tx)dx.

It is sufficient to observe that

ψ(t) =
1√
s

ϕ

( t√
s

)
,
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hence

ψ(t) =
√

π√
s

e−
t2
4s .

Summing up, we have that∫
R

cos(tx)
1+ x2 dx =

√
π

∫
∞

0
e−
(

s+ t2
4s

) 1√
s

ds.

To compute this last integral we observe that, using r =
√

s and the identity

r2 +
t2

4r2 =
(

r− |t|
2r

)2
+ |t|

we have
√

π

∫
∞

0
e−
(

s+ t2
4s

) 1√
s

ds = 2
√

πe−|t|
∫

∞

0
e−
(

r− |t|2r

)2

dr.

Using the variable ξ = r− |t|2r , we obtain

∫
∞

0
e−
(

r− |t|2r

)2

dr =
∫
R

e−ξ 2( 1
2 +

ξ

2
√

ξ 2+2|t|

)
dξ =

√
π

2

We can use also the following strategy: first of all we can observe that the function

ρ(t) =
∫

∞

0

cos(tx)
1+ x2 dx =

∫
∞

0

cos(tx)
1+ x2 dx

is a symmetrical function of t, hence we can consider only t > 0. Using the formulas
deduced at the beginnig of the section, we have that

ρ
′(t) =

d
dt

∫
∞

0

cos(tx)
1+ x2 dx =−

∫
∞

0
sin(tx)

x
1+ x2 dx

= −
∫

∞

0
sin(tx)

[∫ ∞

0
e−xz cos(z)dz

]
dx

= −
∫

∞

0
cos(z)

[∫ ∞

0
e−xz sin(tx)dx

]
dz

= −
∫

∞

0
cos(z)

t
t2 + z2 dz =−

∫
∞

0
cos(tx)

t2

t2 + t2x2 dx

= −
∫

∞

0
cos(tx)

1
1+ x2 dx =−ρ(t)

Summing up, we have obtained that ρ ′(t) =−ρ(t); hence integrating we have that

ρ(t) = e−t
ρ(0) =

π

2
e−t .





Appendix B
Some useful Fourier series and integrals

In this section we want to recall some Fourier series and some integrals computed
in the notes that can be useful.
Let us suppose α /∈ Z. We have:

cos(αx) =
2sin(απ)

π

[ 1
2α

+
∞

∑
k=1

(−1)k α

α2− k2 cos(kx)
]

cosh(αx) =
2sinh(απ)

π

( 1
2α

+
∞

∑
k=1

(−1)k α

α2 + k2 cos(kx)
)

sin(αx) =
2sin(απ)

π

∞

∑
k=1

(−1)k k
α2− k2 sin(kx)

sinh(αx) =−2sinh(απ)

π

∞

∑
k=1

(−1)k k
α2 + k2 sin(kx)

eαx =
2sinh(απ)

π

( 1
2α

+
∞

∑
k=1

(−1)k
[

α

α2 + k2 cos(kx)− k
α2 + k2 sin(kx)

])
Let us note some significant values of these Fourier series for x = π . We have:

cos(απ) =
2sin(απ)

π

[ 1
2α

+
∞

∑
k=1

α

α2− k2

]

cos(απ) =
sin(απ)

π

[ 1
α
+

∞

∑
k=1

− 2α

k2

1− α2

k2

]

log(sin(απ)) =C+ log(α)+
∞

∑
k=1

log(1− α2

k2 )

log(sin(απ)) = log(π)+ log(α)+
∞

∑
k=1

log(1− α2

k2 )
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sin(απ) = πα

∞

∏
k=1

(1− α2

k2 )

cosh(απ) =
2sinh(απ)

π

( 1
2α

+
∞

∑
k=1

α

α2 + k2

)
απ coth(απ)−1

2α2 =
∞

∑
k=1

1
α2 + k2

We also have the following integrals:∫
∞

0
e−αx cos(βx)dx =

α

α2 +β 2

∫
∞

0
e−αx sin(βx)dx =

β

α2 +β 2∫
∞

0

sin2 x
x2 dx =

π

2∫
R

e−t2
dt =

√
π∫

R
eitxe−x2

dx =
√

πe−
t2
4

∫
R

eitx

1+ x2 dx = πe−|t|∫
∞

0
e−kx sin(αx)dx =

α

k2 +α2 k ∈ Z∫
∞

0

sin(αx)
ex−1

dx =
πα coth(πα)−1

2α∫
∞

0

x2k−1

ex−1
dx =

(2π)2k

4k
B2k k ∈ Z

∫
∞

0

xα−1

1+ x
dx =

π

sin(πα)
0 < α < 1

∫
∞

0

xm−1

1+ xn dx =
π

nsin(πα)
n,m ∈ Z 0 < α < 1 s.t.

m
n
→ α
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