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Chapter 1
Fourier Series

1.1 Trigonometric Series

Definition 1. Let {ag,a1,b1,a2,b,,...}, a;,b; € R, be a set of numbers. Something
like

30 Z ay cos(kx) + by sin(kx)]

is said to be a trigonometric series.

c
We want to study the convergence of this series, in other words, if we define the
finite sum
n
0
— ai cos(kx) + by, sin(kx
=5+ Y la csin(k)],

we want to study when there exists a function s(x) such that s,(x) — s(x). In this
case we write

s(x) = 61720 + i lax cos (kx) + by sin(kx)] .

Let us suppose that
al &
- Z |ar| +[bi|) <

then

Z agcos(kx) + by sin(kx)]| < 70

Z (lax| + |be]) <
hence the trigonometric series exists and s,(x) — s(x) uniformly. Since for each
n € N s,(x) is continuous and periodic of period 27, so is s(x).

Hence

wl &
7 Z (Jax| +1bi]) <
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is a first sufficient condition for the convergence of the trigonometric series.

Let us recall some properties of the trigonometric function sin and cos. Integrat-
ing by parts we have:

2r ol —
/ cos(kx)dx = { 27 ?fk =0
0

0ifk#0
o 2rifn=m=0
/ cos(nx)cos(mx)dx=1< mifn=mn+#0
0 Oifn#m

nifn=mn>0

21
/0 sin(nx) sin(mx)dx = { Oifn#m

21
sin(nx) cos(mx)dx =0

S—

As we have just proved, if

w &
7 Z lax| +[bi]) <

sn(x) — s(x) uniformly and s(x) is continuous and 27-periodic, hence we can inte-
grate it. Using the properties above we can calculate the coefficens of the series and
we obtain that

1 2w
= —/ s(x)cos(nx)dx ¥Yn>0
0

and
1 2
b, = p / s(x)sin(nx)dx VYn>1,
Jo

where a, and b, are called Fourier coefficients for s(x).

Let us introduce some notations. The vector space of all sequences in R is de-
noted by R”.
L={acR”:Y oyl <o} p>1
is a vector space on R and a Banach space with respect to the norm |c|| ?
(Xlow|")!/P.
={a eR”:|og| <C < oo}

is a vector space on R and a Banach space with respect to the norm |||, =
supy | o |.
Remark 1.1, Clyifp<p’ = L Cl,C...Cly Clw.

Let a = {ag,a1,b1,a2,b;,...} € R™. We can associate to ¢ the partial sum s, (x)
for all n > 1. Hence we associate to & a new sequence {so(x),s; (x),s2(x), ...} where
sn(x) € C* 2m-periodic for all n.



1.1 Trigonometric Series 7

Theorem 1. If @ € Iy then s,(x) — s(x) uniformly. Moreover we can compute the
Fourier coefficients ay, by of s(x).

In general, a way to choose the sequence « is to take a function f € L'(0,27)
and then compute

2n

an(f) = 02” fWeos(mds and by(f) = [ f(sin(ur)d

Example 1. We want to prove that

= cos(kx

where @(x) is a suitable parabola.

=@(x) in]0,27]

First of all we can consider a parabola p(x) = a(x — 7)> 4 c. Let us observe that

o 0 _ k
¢(0) 27:22i2 and o@(m ):Z(ki).
k=1 k=1

If we put
=1
=Y

it is easy to proof that

i R
k=1 2
Hence, after some computation, we have that
30 y O
—T) - —.
p) =5 5 (x—m? =2

Let us compute the Fourier coefficients for p(x). We have that ap = 0, a, = nLZ and
b, = 0 for all n > 1. Now let us consider

v cos(kx)

It is trivial to show that a¢p = 0 and b,, = O for all n > 1. After some computation
we also have that a, = ”iz for all n > 1. Hence s(x) and p(x) have the same Fourier
coefficient. Is it suffiecient to state that s(x) = p(x) in [0,27]?

The answer of this question is given by the following theorem:
Theorem 2. Let f € C°(0,27) such that a,(f) = b,(f) = 0 for all n. Then f = 0.

Now we can use this theorem to complete the example above and state that
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i _ o (x—n)z—% in [0,271].

To prove the theorem above we use the following lemma:

Lemma 1.

30 Zj: [aj cos(kx) + by sin(kx)] = P(cos(x),sin(x)),

where P(&,M) is a polynomial in two variables of degree n. Vice versa any trigono-
metric polynomial of degree n can be written as above with suitable coefficients.

Proof. From the identity exp(ix) = cos(x) +isin(x) we get

cos(nx) + isin(nx) = exp(inx) = (cos(x) +isin(x))"

_ LZQJ (—1) (;k> cos™ 2 (x) sin®* (x)

T

; <2k—|— >C0Sn—2k—1(x) sin2+1 (x)

from which we have

3,
cos(nx) = Z (—1)k <2k> cos" % (x) sin* (x)

k=0

sin(nx) = L%J(l)k( n >Cosn—2k—1( )szk+1( ).
=0 2k+1

Hence we get that

?0 i [ay cos(kx) 4 by sin(kx)] = P(cos(x),sin(x)), (1.1)

where P(&,7) is a polynomial in two unknowns of degree .
On the other hand any trigonometric polynomial of degree n can be written as
(1.1) with suitable coefficients. It is sufficient to prove it for

cos" K (x) sin* (x).
First, let us suppose k even, i.e., k = 2m: we can write

cos™ K (x) sin* (x) = cos" ¥ (x) (1 — cos*(x))™
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and this observation allows to prove the assertion only for cos™ (x); this can be seen
by induction and using the identity 2 cos(kx) cos(x) = cos((k+1)x) -+ cos((k—1)x).
Further, we remark that in the sum (1.1) all terms b =

If kis odd, i.e., k = 2m+ 1, we can write, exploiting the preceding remark

a n—1
cos" K (x) sin* (x) = <20 + Za cos ]x)) sin(x),
j=

where we use the identity
2cos(jx)sin(x) = sin((j+ 1)x) —sin((j — 1)x)

to finish the proof and observing that in this case all ay = 0 in (1.1).

Proof (Proof of the theorem 2). Step 1. Any trigonometric polynomial P(cos(x),sin(x))
of degree n, where P(£,1) is a polynomial in two unknown with degree n, can be
written as

n
P(cos(x),sin(x ?0 ; ay cos(kx) + by sin(kx)]
with suitable ag,ay,b1,...,a,,b,. Hence we have that for any trigonometric polyno-
mial it holds
27
Sf(x)P(cos(x),sin(x))dx = 0.
0

Step 2. Let us suppose that f is not identically zero and without loss of generality we
can suppose there exists a point xo where the function is positive; that implies that
there exists an interval [xo — §,x0 + 8] centred in xo where the function f(x) > ¢ >0
for some c.

Let us consider now the function p(x) = cos(x —xp) + 1 — cos(8) with the property
that, in the interval [0,27], p(x) > 1 for |x —xo| < & and |p(x)| < 1 for |x —xo| > 6.
p(x)" is a trigonometric polynomial, hence

2
0= [ s@ptyas= [ eptoraer [ ppeax

Now, with 8’ < &

/ _optde> [ epla+8)idr=28"cplro +8')"
X—X(0

lx—xo|<&’

from which we have that the integral tends to infinite as n tends to infinite, because
p(xo+ 6') > 1. On the other hand,

F(x)p(x)"dx| <2m max |f(x)].

0<x<2m

‘./[0,2n]\(x05,x0+3)

Hence we have A, + B,, = 0 where A,, — o and B,, is bounded: that is not possible;
hence f must be identically zero.
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Let us consider now a function f. If
feLl'0,2n):= {f [0,27] — R : fis measurable and / x)|dx < +°°},

we can compute the coefficients
2 27
an(f) = f(x)cos(nx)dx and b,(f)= S (x) sin(nx)dx.
0 0

Which criterion have we got for the convergence of the numeric series
o = (ag,ai,b1,az,bz,a3,...)?

In 1924 Kolmogorov gave an example for the non convergence of the series:

Theorem 3 (Kolmogorov). There exists a function f € L'(0,27) such that the cor-
responding sequence s, doesn’t converge in any point.

However, if we restrict the choice of f, we have a sufficient condition for the
convergence of «.

Theorem 4. Let f € L*(0,27) then s,(x) — f(x) in the L*(0,27)—sense, that is

27 2
/0 |sn(x) — f(x)|"dx — 0.

Remark 2. This theorem says in particular that

?0 Z ay cos(kx) + by sin(kx)) in L?-sense

The theorem states that, if we take f € L?(0,27), s,(x) converges to f(x) in
L?-sense. Lusin conjectured that this convergence had to be a convergence almost
everywhere. Lusin’s conjecture was proved by Carleson in 1966 and in 1967 Hunt
generalized the theorem for f € LP(0,2x) for all p > 1 (for p = 1 it doesn’t hold, as
the example of Kolmogorov shows).
For the proof of the theorem 4, we need some general facts about the Hilbert spaces.

1.2 Trigonometric Series in L2

Let H be a separable Hilbert space.

Definition 2. A collection {e|,e,e3,...} C H such that (¢;,e;) =0 for every i # j

is called orthogonal system of vectors. If in addition (e;,e;) = ||e;||* = 1 Vi € N, it is
called orthonormal system.
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To each « € I>(N) we can associate a sequence of vectors {v,}, where v, :=
Y* | ae;. Then, for the completeness of H, v, — v in H. If we define

n
Vo= {Zaiei: OCElz,nEN}

i=1

in particular {v,} C V, and, since V; is a subspace of H, V := Vo is complete and
veV.
On the other hand we have the following theorem:

Theorem 5. Let H be a Hilbert space, v € H and o. = {a, } be the sequence defined
by a, = (v,e,). Then o € [r(N).

Proof. Letv, :=Y" , (v,e)e;.

Then [[v ]| = X, (v e:)?, but also (v, v) = Y7, (v,e;)%, that is

o, (1.2)

D=

2
[[Vall* = (va,v) =
i=1

Notice that v =v, + (v —v,) and v, and v — v,, are orthogonal, indeed (v,,v —v,) =
(Vn,v) — (v, vy) = 0. Then
[[vall < V[l < ee. (1.3)

From (1.2) and (1.3), follows that o = {0, } € I>(N).

Proof (of Theorem 4). Recall that L?(0,27) with the scalar product

()= [ resax vrger202m)

is a Hilbert space and define

1 cos(nx) sin(nx)
Up = —F— , Up:'= and v, := Yn >0
0 \/ﬁ n \/E n \/E
Notice that
o |luoll = [lun]l = [[vall = 1¥r > 1
o (Up,um)=0VYn#m
o (Vy,vm)=0VYn#m
o (Uy,vm) =0 Vn,m.

Then {ug,u;,v1,ua,v2,...} is an orthonormal system in L?(0,27). It is called Fourier
system.
Let f € L?(0,27), and, using the functions just defined, notice that

2 21
ap, = ! f(x)cos(nx)dx = %/0 Un (x) f(x)dx = % (f un)

TTJo
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1 2 ) 1 4
b= /0 £ sin(m)dr = /0 v () f (x)dx = f<f,vn>

forn > 1 and

ap = %/Oﬂf(x)dx: \/z/oznuo(x)f(x)dx \/3(]‘,140).

Then it is not hard to see that

ao

> = (f,uo) uo(x) agcos(kx) = (f,ur) ur(x) by sin(kx) = (f,vi) vi(x)

hence

5u(3) = (ftt0) o (x z F ) () + (s vi) )

Applying the previous theorem with H = L?> , v = f and the orthonormal system
given by the Fourier system, it follows that

s, converges to an s(x) € L2(0,27). (1.4)

It remains to prove that s(x) = f(x) and it is a consequence of the following theorem
and the fact that L2(0,27) C L'(0,27).

Theorem 6. Let f € L'(0,27) and let a,, = b, = 0 for every n > 0. Then f =0

almost everywhere.
X
0= [ sy

Proof. Define

Then F is continuous and derivable almost everywhere.

Since a, = b,, = 0 Vn, it is not hard to show that also the Fourier coefficients of F,
Ap, By, are 0, except at most Ag. This means that the Fourier coefficients of F — %
are all 0.

Since F — ’% is continuous, we can now apply theorem 2 to show that F(x) =
for all x € [0,2x]. In particular 0 = F(0) = AO

Hence F is continuous and all its coefﬁc1ents are 0. Applying again theorem 2, it
follows that

4o
2

F(x)=0 Vx
and /
F (x) = f(x) =0 for almost every x € [0,27].
To prove statement (1.4), there is also a more directly way:
Theorem 7. If s,(x) € L*(0,27), s,(x) — s(x) in L*.
Proof. Itis sufficient to prove that (s, (x)), is a Cauchy sequence, i.e. ||su1p(x) — s,(x)

0 for all p, if n — oo. If it is true, 3 s(x) € L?(0,27) such that s, (x) — s(x) in L?
because of the completeness of L?. We have that

l,—
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n+p
Sn-‘rp(x) - s,,(x) = Z (<uk7f> Mk(x) + <vk7f> vk(x)) .
k=n+1
After some computations, using the definition of orthonormal system, we have that
2 a 2 & 2 2
lswsn=sally = [ (snpl) =sa0)?dx= X (x> + ().

k=n+1

Using the Cauchy-Schwartz inequality, we obtain that

2 2 2
Isnlly = (s, f) < llsulls [1F = llsallz < [1£1l2-

Hence

(0, )+ kZl ({64 0:7) < 11 (Bessel Inequaity)
Hence

3 (P + o) <o > gt~} 0

Example 2. We want to apply this theory to the function

f(x):% for 0 < x < 27.

Then f € L?(0,27) and a, = 0 Vn and by = , that is

1 1
a=10,0,1,0,-,0,=,...
{ y Uy Ly Uy 27 9 37 }
Then o € I, but & ¢ [} and we can’t apply theorem 1, so we won’t have a uniform
convergence of sy (x).
However, since f € L*(0,27),

T — > sin(k
3 * 1; Sm]({ %) in the L2 —sense.

From this result, we can also compute a particular series:

1 2= 2

— 1 2 T
— == dx=—.

T Jo
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1.3 Some sufficient conditions for the convergence of a Fourier
series

Until now, we have shown that a Fourier sequence with coefficients in /; converges
uniformly to a function in C(0,27), while there is a bijection between the sequences
with coefficients in /, and the functions in L?(0,27), but in this case we have only a
L?—convergence and we loose the uniform convergence.
Our goal is to extend these relationships. We will see that the following diagram
holds

L C 153 C Co

\ I T
C(0,2m) C L*(0,27) C L'(0,27)

where the downarrows mean that the Fourier sequence of the coefficients converges
to a function in the pointed space, while the uparrows mean that the Fourier coeffi-
cents of the considered function are in the pointed space.

We have already proved all the implications, except the last one that is the content
of the Riemann Lebesgue theorem. We will consider it in the next section.

For the vice versa of these arrows there exist only sufficient conditions and we pro-
pose us to study some of them.

Theorem 8. Let us suppose that we can write f € C°(0,27) as f(x) = c+ [ g(&)dé&
with

(i) g € L*(0,27)

(ii) Jy " 3(£)dE =0

then

EO Z a cos(kx) + by sin(kx)) uniformly in [0,27).

Remark 3. Notice that the theorem states only the uniform convergence of the
Fourier series. It is not implied that the coefficients are in /;.

Remark 4. Condition (ii) of the theorem allows us to extend the function f periodi-
cally on R in a continuous way.

To study such a continuous periodic function we can consider every inteval [c,c+
27]. Then in some cases it can be useful to consider the function f defined on the
circle, T;.

In this notation, assumption (ii) of the theorem requires that f € C°(Ty).

Proof. Since g € L>(0,27), we can compute the Fourier coefficients of g:
1 2w 1 [2=
Oy = — g(x)cos(nx)dx Bn=— g(x) sin(nx)dx.
0 0

Remember that g(x) = f (x) for a. e. x, then, integrating by parts,

Q, = nb, and B = —nay, (1.5)
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for all n > 1, where a,, and b, are the Fourier coefficients of f. We have to show that
the partial sum s,(x) converges uniformly to f(x). To reach this goal we show that
{sn} is a Cauchy sequence. Indeed

n+p

|snip(x) =su(x)| = | Y. (akcos(kx)+ by sin(kx))
k=n+1

n+p
= Z \/ai+b2 ——— cos(kx) + ————rsin(kx)

k=n+1 ¢ 1/ak+b2 ,/ak—l—b2
n+p
=Y (\/a,%+b,% cos(kx—(pk)>|

k=n+1
n+p n+p + Bk
242 AL
< Y Jatbi= Y
k=n+1 k=n+1
1 1
n+p 1 2 n+p 5 5 2
<l X 2 Y, (¢ +B7)
k=n+1 k=n+1
where, @ is such that cos(¢y) = Zk =, sin(¢) = Z" =, and we have used result
aig+by aig+by

(1.5) and, in the last line, the Cauchy-Schwarz inequality. Notice that the first factor
tends to zero when n goes to infinity, because

1
2

s

< oo,

k=1

while the second factor tends to zero, because
0o 1 2 5
Z o +B7) < / g(x)dx
k=1 TJo

that is bounded. This means that {s, } is a Cauchy sequence, hence it converges to an
f(x) € c°(0,27). Since f and f have the same Fourier coefficients, from theorem 2
follows that f = f.

We would like to extend this condition also for a function f € C°(0,27) that
doesn’t satisfy condition (ii), that is that can’t be extended periodically to a con-
tinuous function on R. Some examples on the computer, make us suppose that the
Fourier series of such a function converges uniformly to f, but not in the whole
interval [0,27], but in a restricted one, as [8,27 — &}, with & > 0.

To prove it we will make use of the function
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that we can write also as
W =3+ "L
xX)=— —=dE&.
2 0o 2

Its Fourier coeffincients are a; = 0 and b, = % so the sequence {ao,a1,b1,az,...} €
I%. Then

converges to an /(x) in L?.
Consider f € C°(0,27) such that

7w =+ [ g@ae.

with g € L?(0,27), and £(0) # f(27), and extend it periodically on R. This function
is discontinuous in all the points 0+ 2k7, k € Z. Let us introduce the size of the
discontinuity size(f) = f(0")— f(07). If we consider (x) we have that size(h) = 7.
Then the function

f(x) = f(x) —ch(x) where c¢= M

is continuous and we can apply the previous theorem. By linearity, the partial sum
is
Sn(x) = sp(x) —chy(x) = sp(x) =sp(x) + chp(x).

Using the theorem we have that s,(x) — f(x) uniformly. If we prove that A, (x) —
h(x) uniformly in [6,27w — 8], § > 0, it follows that s,(x) — f(x) uniformly in
[8,2m — J]. Hence we have proved the theorem without condition (ii).

It remains to prove that £, (x) — h(x) uniformly in [§,27 — 6], 6 > 0.

Proof. Let us consider A
h(x) = (1 —cos(x))h(x).

After some computations we obtain that @, = 0 for all n > 0, 131 =b; — %bz = %,

and | |
Bn :bn_i(anrl +bn71) = _;n2—l

Vn>2.

Moreover fl(x) satisfies conditions (i) and (ii) of theorem 8, hence

n
Ry (x) = zsin(x) + Z ks(llilz(fxi) — h(x) uniformly.
k=2

Now

~

(1 =cos(x))hy(x) = hy(x) — %bn sin((n+1)x) 4+ %bnﬂ sin(nx),

where ,,(x) — A(x) uniformly and by sin((n+1)x), 3by1 sin(nx) — 0 uniformly,
because b, — 0 and sin(-) is bounded.
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Hence (1 — cos(x))h,(x) — h(x) uniformly, that is
(1 —cos(x))(hy(x) —h(x)) = 0 uniformly.
Since 1 —cos(x) > 1 —cos(d), for each x € [0,27 — &), with & > 0, it follows that
hn(x) — h(x) uniformly in [6,27 — ], 6 > 0.
We are now interested in the Fourier sereies of the function
f(x) = cos(ax) € L'(0,27), where a ¢ Z.

The period of this function is 2%, then its Fourier series is not the function itself. We
would like to find its Fourier serles and to study its convergence.

More generally, let us consider f € L!(0,27) and its Fourier coefficients a, and
by. The partial sums s,(x) exist for all n > 0, but, as the theorem of Kolmogorov
shows, we don’t know anything about their limit. However, we can always compute

ao

sp(x) = 5 + Z ay cos(kx) + by sin(kx))
1 n
= 7 0 f(y) y+ A f g cos(ky) cos(kx) + sin(ky) sin(kx)]dy
1 2= 0
=5z ), SO y+ ; f ; )dy
:% A Iy 1+Zcos k(x—y))|dy

Definition 3. D, (¥) := — is called Dirichlet kernel.

1 n
3 + 1;1 cos(k®)

Hence
/ J()Dy(x—y)dy.
Proposition 1 (Properties of Dirichlet kernel). The following statements hold:
27r
(i) / 8)dd = 1
D -
(ii) Do (V) = 27r
sin( ¥ 9)
(iii) Dy (V) = 7f0ralln >1
2n sm( )

Proof. The proof of the statements (i) and (ii) is trivial. Let us prove (iii).

% + Y cos(kx) = R[1 +exp(it9) + exp(2i®) + ... +exp(nid)] — =
k=1
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Let z=exp(i®). Then 1 +z+2>+... +7" —Z =1 Hence

f"[z”“”]=9‘Fi‘”(§f§i’l>”} e

z—1 =1 E-D(—1)
Now
E-1(z—-1)=zZ2—2-2+1=2—(24+2)=2(1— %) 2(1 —cos(9))
E-D)(E"T 1) =zz" =T -z 41
Hence
R [z”“ - 1} ~ cos(n®) —cos((n+ 1)) —cos(¥) + 1
z—1 | 2(1 —cos(9))
and
cos(nﬁ)—cos((lH—1)15‘)—cos(19)+1 1 cos(nd) —cos((n+1)%)
’J’ZCOS 2(1—cos(d)) 2T T 2(I—cos(®)
Now

cos(n®) = cos((n+ %)19 — E) = cos((n+ %)6)cos(é) +sin((n+ 2)19)s1n(§)

2 2
(i.6)
cos((n+1)9) :cos((n+%)0+g) zcos((n—&-%)ﬁ)cos(g)—sin(( + ;)19)sm(g)
(1.7
1 —cos(®9) :2sin2(§) (1.8)

Hence, using (1.6), (1.7) and (1.8), we obtain (iii).

Let us consider f € L'(0,27). We have seen that s,(x) = Oznf(y)Dn (x —y)dy.
What can we say about the convergence of this series?

We can’t hope to obtain a convergence in the usual meaning. So we want to
introduce another kind of convergence: the convergence in the Cesaro sense.
Let (ay,), be a sequence such that @, — a. We can introduce a new sequence

ar+ax ai+a+az . a+...+a,

aip, , , ... le. (oy), where 0, = ————

2 3 n
We can prove that, if @, — a, then also ¢,, — a, while the contrary isn’t true in gen-
eral.
This convergence is called convergence in the Cesaro sense, from the name of
Ernesto Cesaro, the mathematician, who introduced it, and extends the set of se-
quences that are convergent in the usual meaning.

We want to study the Cesaro convergence of (s,(x)),. Let
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so(x)+s1(x)+...+sp—1(x)

on(x) =

be the Cesaro sum of (s, (x)),, then

Do+Di+...+D,_
n

o) = [ 10 )(x ).

Definition 4. K,, () := 20PN 4Ds(O) i called Feyer kernel.

Fig. 1.1 Constantin Caratheodory (Berlin 1873, Munich 1950) and Leopold Fejér (Pécs 1880,
Budapest 1959)

Hence
21

On(x) = A F()Kn(x —y)dy.

It is easy to prove the following proposition:

Proposition 2 (Properties of Feyer kernel). The following statements hold:
2
(i) / Ko(8)dd = 1
0
(ii) Kn(®) > 0
2/ nd
1 sin*(%7)

(iii) Ky (9) = 27n m

Sforalln > 0.

In the notation that we have introduced, we can give the following sufficient
condition:

Theorem 9. If f is periodic and continuous, then 6,(x) — f(x) uniformly.
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Remark 5. We stress that the Fourier series {s,(x)}, can be divergent, while the
theorem assures only the convergence in the Cesaro sense. However, if the Fourier
series is convergent, then it converges also in the Cesaro sense.

Example 3. We want to compute the Fourier series of the funtions f(x) = cos(ax),
g(x) = sin(ax) and h(x) = exp(ax) with o ¢ Z.
Let us observe first that

cos(nm)=(—1)" VneN and sin(nr)=0VneN (1.9)
Before to start let us recall the addition formulas for the function cos(x),

cos(x+y) = cos(x) cos(y) —sin(x) sin(y) cos(x—y) = cos(x)cos(y)+sin(x) sin(y).
(1.10)

Let us start with f(x).
We have trivially that b,, = 0 for each n € N, and that

1 T
ap=— [ cos(ax)dx= [
TJ-x

sin(ox) 17 7zsin(aﬂ)
o | ., T ma

We have now to compute a, with n > 1. Using (1.10) we have that

a, = % _7; cos(ox) cos(nx)dx
- %/jr(cos((a—kn)x)+Cos((a—n)x))dx

1 {(Oc—n) sin((a+n)m) + (a+n)sin((a —n)m)

T o?—n?

Using (1.9) we have that
(a—n)sin((a+n)m)+ (a+n)sin((@ —n)w) =2(—1)"asin(ar).  (1.11)
Hence, using (1.11), we have that, for all n > 1,

1 (—1")20osin(am)
an= 3 3
T o’ —n

Hence,

cos(ox) = &iom) (2105 + i(—l)”azo_‘r#cos(nx)>

n=1
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Let us now consider the function g(x).
First of all, let us observe that

1 T
ap = f/ sin(ax)dx =0,
TJ)-x

because we are integrating an odd function on a simmetric interval. Moreover, triv-
ially, a, = 0 for each n > 1, hence a,, = 0 for all n € N. We have now to compute
the b, coefficients. Using (1.9) and (1.10), we have that

1 T
b, = f/ sin(oux) sin(nx)dx
TJ)-n

_ / feos((0t — n)x) — cos((ct +n)x)] dx

2n ) x
_ 1 [(a+n)sin((a—n)x) = (e —n)sin((e+n)x) "
Y o? —n? x

1 (=1)"2nsin(an)
o o? —n? '

Hence, we have
) o
sin(ax) = 31n7(ra7r) ngl(—l)” P sin(nx)

Let us now consider the function A(x).
First of all, let us observe that, integrating two times by parts, we obtain that

/exp(ax) cos(nx)dx = (exp(ax) cos(nx) + g exp(oux) sin(nx)) , (1.12)

a?+n?

and

/exp(ocx) sin(nx)dx = (XZL—i—nz (exp(ax) sin(nx) — gexp(ax) cos(nx)) . (1.13)

Before we start to compute the Fourier coefficients for A(x), let us recall the defini-
tion of the hyperbolic functions cosh(x) and sinh(x),

exp(x) +exp(—x)
2

exp(x) —exp(—x)

and sinh(x) = 7

cosh(x) = (1.14)

We have, trivially integrating and using (1.14), that

1 [ 2sinh(am)
=— ox)dx = ———=.
W=7 _neXp( x)dx on
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Using (1.9), (1.12), (1.13) and (1.14) we have that

l T
a, = f/ exp(ox) cos(nx)dx
TJ)-n

= % [expan) cos(m) + = explan)sinnr)]
= a2+n2 o eXp(O&x)cos(nx aexp X ) sin(nx .
I « no.
ol T [cos(nﬂ)(exp(an’) —exp(—am)) + _ sin(n7) (exp(an) +eXP(0‘7T))}
_1_« {Zcos( ) sinh(at7r) + 2= sin( ﬂ)COSh(a”)}
 mal+n? " o
1 o .
= Em(—l)"Zsmh(om),

for each n > 1, and, with similar computations,

l T
b, = — | exp(ax)sin(nx)dx
TJ-x
1 n +1 .
= Em(—l)" 2sinh(or),

foralln € N.
Hence,

exp(ox) = po 2 —I—n;l P (acos(nx) —nsin(nx))

2sinh(cur) [1 = (—1)n

Exercise 1 Compute the Fourier series for the functions c¢(x) = cosh(ox) and
s(x) = sinh(ax) with o ¢ Z.

1.4 The Riemann-Lebesgue Lemma and its applications

Let us recall the following diagram

I C 153 C co

1 I T
C(0,2m) C L*(0,27) C L'(0,27)

where co = {a € R*: o, — 0 when n — o}. The Riemann-Lebesgue lemma proves
the uparrow L' (0,27) — co.
Let us recall the following result:

Theorem 10 (Lebesgue). If f € L'(a,b), then
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/b|f(x+h)ff(x)|dx%0 when h— 0.

Proof. See ”’S. Mizohata, The theory of partial differential equations, Cambridge
University Press, London, 1973”, Lemma 1.1.

Lemma 2 (Riemann-Lebesgue). If f € L' (a,b),

b
/ f(x)sin(nx)dx — 0 when n— o
a

b
/ Sf(x)cos(nx)dx — 0 when n— oo
a

Proof. We will consider the case of f: f(x)sin(nx)dx. The proof for |, : F(x) cos(nx)dx
is analogous.

Let n € N and consider the intervals [21‘7”, %n} contained in [a,b]. The integral
of sin(7x) vanishes in all this intervals. Defining A, , C Z as the set of all k € Z such
that 2]‘7” and #n’ are in [a,b], we can consider the whole interval [a,b] as the
union over k € A, of the intervals [Zan’ 2/‘"—“%] and the two smaller intervals, that
have a resp. b as left resp. right border. Calling I, and I, the integral of f(x) sin(nx)
calculated respectively on this two intervals, we obtain that

b 2kt2 o
/ F)sin()dr= Y /2 P sin(ux)dx L+ 1y
a kEAa.b T’r
Let us consider
%42 g Ltly H2n
/ S (x)sin(nx)dx = / S (x) sin(nx)dx + S (x)sin(nx)dx

In the second integral make the substitution x' = x — 7/n, then 2’(7” <x¥ < 2]"1—“717,
because 2’;—“71: <x< 2",%277:, and

2k+2 2k+1
T T T

/2"7“71 F(x)sin(nx)dx = /zﬂ f(X+ %) sin(n(x' + ;))dx

n
2k+1

_ n r T Nd
——/ZkJ Fx +;)sm(nx) X

n

where in the last equality we have used sin(n(x'+ 7 /n)) = sin(nx’ + ) = sin(nx") cos(7) +
sin(7) cos(nx’) = —sin(nx’).
Hence

Us2

/ZkJ f(x)sin(nx)dx = /%J [f (x) = f(x+ m/n)] sin(nx)dx.
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Taking the absolute value, we get the following majorization

2k+1

< /% " LF) = e+ 7 /)| dx.

n

2k+2
g

/MTE f(x) sin(nx)dx

Hence

2k+1

b =-=
[ rwsinuax) < X[ 16 = fx+ m/mldrt il + )
a k7T

b
< [ 1) = fles /)| vt ]+ 1|

Now, let k be the smallest integer in A, 5, then if n increases, also K changes and
26 7

the value == tends to a, hence

2

|Ia\§/ " f(x)|dx—0 when n— oo,

a

and for the same reason also [, tends to O when n — oo. Applying theorem 10 also
the principal term goes to O when n — 0. Hence

b
/ f(x)sin(nx)dx — 0 when n — oo
a

Lemma 3 (Riemann-Lebesgue, another formulation). If f € L (0,27), then
an(f),bu(f) —0 when n— oo.

Let us give another criterion for the convergence of the Fourier series, which
concerns the following definition.

Definition 5. A function f is said to be an Holder type function on [0,27] if
|f(x) = fF)] < Clx—y|* Vx,y€[0,27] with 0 < ¢ < 1.
If f is an Holder type function on [0,27x] we write f € C*([0,2x]).

Exercise 2 Prove that C*([0,27]) is a Banach space with norm

e = sup (o) + sup L =IO
. g

Remark 6. Notice that, if oo = 1, an Holder type function is a Lipschitz function.
Moreover we have the following inclusions

c*([0,2x]) c €°([0,2x]) c L'(]0,2x]).
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Exercise 3 From the remark it is not implied that f € C*([0,2n]) is also differen-
tiable. For istance, prove that the function

x—/x

is in C2 ([0,27)), but it is not differentiable in 0.

Another example is
f(x)=Y b **cos(b*x) withb €N and x € [0,27].
k=1

This function is in C%, but is not differentiable in any point x € [0,27].

After this introduction, let us give the following criterion
Theorem 11. If f € C*(R) and periodic, then s,(f(x)) — f(x) uniformly.

Proof. Let f € C*(R) and periodic, then we can compute the Fourier coefficients
a, and b,, and

)= [ 70IDue )y

Since D, (x) is periodic of period 27 and [02” D,(y)dy=1, also ‘[02” Dy(x—y)dy=1,
hence

7= [ FoDa(— ey

Hence

2
() = F5) = [ (F0) = F@)Du(x=y)dy

= (f(v) = f(x))Dn(x —y)dy + (f () = f(x))Dn(x —y)dy.
[x—y|<d [x—y|>&

We have only to prove that the two terms go to O when n — oo. For the second term,
we have

o) =) <2n+1 >
— f(x))Dy(x—y)dy = -~ sin x— dy,
J VO =D ar= [ S s (e )
that converges to 0 when n — o for the Riemann-Lebesgue lemma applied to the
function
M e L(0,27) C L'(0,27).
2msin(52)

Let us consider the first integral

/\xfy|<6 fgr)l(_x—];(; Lsin <2n2+ 1 (x—y)> dy.

2
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Since f € C*(R),
fO)—fx)|_2Cx—y[*| F
sin(%5Y) [x—y| |sin*5*

The term

X—y

2

sin %
is bounded, while
2Cx—y|*  2C
x =y lx—y|'

has a singularity, but this singularity is integrable because 1 — o < 1. Hence
(]x—y|""*)~1 € L'(0,27). So we use the Riemann-Lebesgue lemma to state that
also the first integral goes to 0 when n — . Hence |s,(x) — f(x)| — 0 when n — oo
for all x € [0,27]. Moreover the convergence is uniform because we consider the
difference |x — y|that does not dipend on the point x.

Or: Moreover the convergence is uniform, because the convergence in the Riemann-
Lebesgue lemma is independent from the bounded interval that we consider, hence
it is intependent from the point x.



Chapter 2
Fourier Transform

2.1 Generalities

In the previous chapter we have studied some sufficient conditions so that, if f €
L'(0,27), we can reconstruct it with its Fourier series

a

flx) = 70 + Y [ag cos(kx) + by sin(kx)].

gk

k=1

We want to write this trigonometric series in another way. Let us recall the Euler
formulas

_exp(ix) +exp(—ix) . _exp(ix) —exp(—ix)
cos(x) = 5 sin(x) = %

[ak cos(kx) + by sin(kx)]

)
Ral)
Il
(SIS
_|_
s

~
Il
R

exp(ikx) + exp(—ikx) exp(ikx) — exp(—ikx)
[ak 5 + by 2 ]

|8
_l’_
[ ngk

+
= 7
s "5

(SIS
-
[

[(ax — iby) exp(ikx) + (ax + iby) exp(—ikx)]

~+oo

= — Y crexp(ikx),
2 =

where ¢, = ay —iby if k>0, c_y = ay +iby if k <0 and ¢o = ap. Let us consider
the case k > 0. We have

27
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o = ay—iby = % 02” () cos(lx) — isin(kx)]dx

1

= — 2”f()c) exp(—ikx)dx
T Jo

If k < 0 we have

. 1 27 .
cr = ap +iby = ) S (x)[cos(|k|x) + isin(|k|x)]dx

1 4
. /0 F(x) explik|x)dx
1 2

h f(x)exp(—ikx)dx

and the same holds also for k = 0. Hence

1 (2w
= f(x)exp(—ikx)dx forall k € Z.
0

If f is periodic we can substitute the interval [0,27] with the interval [—7, ] and
define the number

fi= / f(x)exp(—ikx)dx = f(x) —kaexp ikx). .1

This result on a periodic function, suggests us a way to extend this notation to a non
periodic function

Definition 6. Let f € L' (R). The Fourier transform of f is

&) = /R F(x) exp(—i&x)dx

We will return later on the Fourier transform. Now we want to give a second way
to find an analogous transformation.

Let f € L'(—=T/2,T/2) be a periodic function with period 7 > 0. We know
a formula (2.1) to represent a function in Ll( , ). Applying to f the following
substitution: fory € [~T/2,T /2] take y = L x w1thx € [—m, ], we obtain a function
gxy=f (%x) that is in Ll( T,T). Hence we can use the previous theory and,

using x = 27”)), state that

s )exp(—ik%ny) dy = gx)=== ngeXp ikx).

T
= x)exp(—ikx)dx =
8k /_”g( ) exp(—ikx) "k

N\\! SN

Then
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Fig. 2.1 Jean Baptiste Joseph Fourier (1768-1830)

f)=glx) = % Y é eXp(ikz%ty)-

kez.
If we define
R T/2 2;
Jii= [ ) exp(=ik=y)dy,
) T
we get
. 27T 4 1 A L 2m
ge="7te = fy) = T Y fkeXP(lk?y)~

keZ

So we have obteined the Fourier series with period T # 27.

Let f € L'(R) be a non periodic function. We can consider f in the interval
[-T/2,T /2] and extend it periodically on the whole R. Then we can apply to this
function the previous theory. Since sending 7 to infinity, we obtain the original
function f, we can extend the theory to a general non periodic f € L'(R).

Fix & and choose kr € Z such that kTT <¢é< kTTH If T — o also ky — o and
"TT — &.
Then taking the limit for 7' — oo, we obtain

= TT/; FO)expl=ikydy — [ 1) exp(-2miEy)dy = (€)

Y feexplik i) — [ F(&)exp(2ignag = £0)

1
f(Y)ZT 1
ke

that is another way to introduce the Fourier transform.
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Return now to the first definition of Fourier transform: let f € L!(R),
78) = [ exp(~ixE) ().

Let us observe that, if f € L' (R), then f € Co(R) = {¢ : R — C continuous: lim, . f(x) = 0}.
Hence we can consider the Fourier transform as an operator

Z:L'(R) — Co(R)
[ (FNE)=1©)

It is easy to see that .7 is a linear operator, i.e. % (Af+g) = A7 (f) + -F (g).

Exercise 4 Prove that:

(i) Co(R) with the norm ||-||., is a complex Banach space;
(ii) Every f € Co(R) is uniformly continuous;
(iii) CZ(R) is dense in Co(R), where CZ°(R) is the set of the C* function with compact
support;
(iv) If f,g € Co(R), then fg € Co(R);
(v) Co(R) is a commutative Banach algebra.

Exercise 5 Prove that:

(i) L'(R) with the norm ||-||, is a complex Banach space;

(i) CZ(R) is dense in L'(R) with respect to the norm ||-||,;
(iii) If f,g € L'(R), f xg € L'(R) where % is the convolution product;
(iv) L'(R) is a Banach algebra with respect to the convolution product.

Since if f,g € L' (R), then f* g € L' (R),we can compute

—

Frale) = [ exp(-isd)(r s )= [ exp(-ixd) | [ x-y)eoiay|ax
R R R
We can apply the Fubini-Tonelli’s theorem, because

lexp(—ix§) f(x—y)g(y)| = f(x—)g(y)| and exp(—ix§)f(x—y)g(y) L' (RxR),

hence
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/exp (—ix€) [/fx Ve )dy}dx

_ { / exp(—ixE)f (xy)dx] dy

|
\

pl-5)e0) | [ expl-il—)8)s(—)dr] @

( exp(-08)s0)ay ) ( [ exo(-ict)cra:)
= f(&)

(&)

where we have used the substitution x —y = z. Hence we have proved the following
theorem

Theorem 12. . : Ll(R)H’L*) — Co(R) (4 1.,y is an endomorphism, that is frg=
2

2.2 The Schwartz Space

Once we have the Fourier transform of a function in L', we would like to reconstruct
it. To do that we have to introduce the inverse Fourier transform. A candidate is
given by

- [s(@enlixeac.

Let us note that this function is well defined for all g € L!(R). So we can define
Z L' — Cy such that

(Fe)) =20 = 5 [ e(&)explit)at.

We require that FF=1d. We observe immediatly however that this is not possible,
because .% : L' — Cp, and .Z isn’t defined on the whole space Cy. An example of
that is the following

Example 4. Let
lifx €|—a,a
769={ i

0 otherwise

Since f € L' we can compute the Fourier transform
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(Z1)(&) = [ exp(-ie)f)dr= [ exp(-ixE)dn
— [ (cos(x&) — isin(xE))dx = /

—a —

2.
=z sin(a€)

a

cos(x&)dx

but £(&) ¢ L' and we can’t apply .Z to it.

We could try to restrict % to the space L' NCp, but Z (L' NCy) € L' NCy.
The only way is to introduce a new subspace: the Schwartz Space

7 ={rec®), ¥nm>0 M| <c,n b

This space is such that # (.’) C ..

Remark 7. Notice that . C L' (R)NCo(R), indeed taking n = 0 and m = 0 we obtain
|f(x)] < Cop thatis, f is bounded and with m = 2 we get |x*>f(x)| < Co . Then

f(x)] < e L'(R)NCy(R).

1+x2

It is trivial that C°(R) C ., but this set is too small for our goal, because
Z(C:(R)) ¢ C2(R).

However, since C°(R) is dense in L!(R), we have that .7 is dense in L' (R) and the
following inclusions hold

C(R) C ¥ C Co(R)NL (R)

Exercise 6 Prove that

(i) & is a vector space over C;

(ii) if f,g € S, fg €7, thatis . is an algebra;
(iii) if f,g €., fxge.S;

(iv) if fe S, FfeS.

Hence we can define
F.S S ad F:.F S

Example 5. Let f(x) = exp(—ax?), a > 0. f € .% hence we can compute the Fourier
transform and then the inverse Fourier transform. We have that

(Z1)(&)= [ exp(-ixg —a)dr = \/j o (‘i)

(Z Ff)(x) = exp(—ax®) = f(x)

Hence in this case we have that Z.7 = Id. Our goal will be to prove this in general.
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Example 6. Let f € L'(R) such that f’ € L'(R). We can compute the Fourier trans-
form of f’, that is

exp(—ix§) f'(x)dx

exp(=ix§)[*2+E [ exp(—ivE) f(x)dx
iE( 1)

(7)) =

_—

where we have used that f(+4o0), f(—eo) < oo, because f’ € L!, and then f(+o0) =
f(—o0) = 0 because f € L'. Hence we have obtained the following main formula
for the Fourier transform of a derivation:

(Z1)(8)=i&(Ff)

We want now to prove that #.Z = Id on .. To reach our goal we start with the
following proposition

Proposition 3. The following statements hold:

(i) 287 (f§) = fxgforall f,g € L'(R);
(ii) F (fg) f*gforallf,gELl(R).

Proof. We will give the proof only of statement (i). The proof of statement (ii) is
analogous.

Let f,g € L'(R), then 7,3, f,& € Co(R) and are bounded. Hence f§ € L' (R), be-
cause |fg| <c (R), and we can apply the Fourier transform

FUDE) = [ (- rEas= [ exp(-in)r) |51 [ explin)etiay]ax

Now |exp(—ix¢) exp(ixy) f(x)g(y)| = |f(x)g(v)| and exp(—ix&) exp(ixy) f(x)g(v) €
L'(R?), hence we can apply the Fubini-Tonelli’s theorem obtaining

3 [ 60| [ exo(ixtg o sas| o

= 5= |80 E -y = 5-(gx D))

§
2
=
| |

Theorem 13. .Z.% = Id on ..

Proof. Applymg statement (i) of proposition 3 with f(x) = exp(—ax?), we have
F(f8) = 2”f*g, where

F(£8) = [ exp(~ixE — ax®)(Fg) () 2
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and
1, 1 —y)? 1 —y)?
37 *8= 52 /R \/jGXp (— G 4ay) > g(y)dy= /R i P (— G 4ay) ) g(y)dy.
(2.3)
When a — 0, we have that the first integral is
[ exp(=ix)(Fe)w)dx = F Fg(8). 4

If we prove that

| e (‘(é ;ay)2>g(y)dy—>g(§)7

we will obtain that Z.7 g(&) = g(&). Let us prove the last statement.

Consider
feamen (5525 ) sors—ate)

|a|:

4ma
" _v)2
B /R z:na cxp (- (6 4ay) ) (g(») _8(‘5))0’)}‘
_v)2
< [z (-5 ) leo-s@la
-~ ! (S0k
N /lé—y|<5 Vaza P < 2o ) 1800 —s(8)ldy+
(€ -y)?
+/|fs—y|zs Varma P <_4a) 8(v) — (&)l .

Since g € .7, g is bounded, that is 3IM € R such that |g(y)| < M for each y, and
g is continuous, then for each € > 0 there exists § > 0 such that |g(y) — g(&)| <
€, V|§ —y| < 8. Hence

1 (éy)z) 1 < (€y>2)
al<e I gy G,
4| E-y|<8 V4ma exP( 4a Y E—y[>8 V4Ta P 4a Y
1 y2>
< £-1+/ ——)d
ly|>6 V4ra exP( 4a Y

The second term tends to 0 as a goes to 0, because it is the integral on (—oo, —8] U
[6,00) of a gaussian with mean a << 1. Hence limsup,_,,|4,| < & Ve > 0 that
proves that there exists

lim [A,| = 0.
a—0

Then
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02
lim i (—M> g(y)dy =g(&).

4a
This result together with (2.2), (2.3), (2.4) and proposition 3 prove that

FoF(g)=1d(g) Vge./.

Remark 8. Someone could ask, why haven’t we done the conputation directly in this
proof? More precisely, why haven’t we calculated

fﬁzg(é):/Rexp(*ixi) <217t/ReXp(ixy)g(y)dy> dx

The problem is that

lexp(—ix§) exp(ixy)g ()| = |g(»)]
that isn’t in L' (R?), then we can’t change the order of the integrals.
Exercise 7 Prove theorem 13, using the equation <§( f8)=7Ffx*g

On the space . we can define an inner product (or scalar product) as follows: if
f,g € % then

(f.8) = [ S
and a norm

IF13 = (.0) = [ 1700Pa

Exercise 8 From the definition of the inner product follows ( 7, 8)=Jaf(x)
prove that

&
Ra)
U
=

/Rf(x)%dx: ZE/H%f(x)mdx

that is the Fourier transform preserves the scalar product:

(f.8) =2m(f.g)

and also the norm

A2 2

Ty =27 1113

This result allows us to extend the Fourier transform to the functions in L2. Indeed,
since .7 C L*(R) is dense, for each f € L*(R), we can find a sequence (¢,), C .%
that converges to f in the L?-sense. Then (¢,), is a Cauchy sequence and

r,..
180 = @ull2 = 5 1100 = Gl 2 — O

This means that also (,), C .# is a Cauchy sequence in L>(R) and converges
to a g € L*(R). Then we can define .7 (f) := g. We leave as an exercise that this
definition is independent of the choice of the sequence (¢,).

Hence we have defined
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FI*(R) — L*(R) and .7 :L*(R) —s [*(R)

Example 7 (Exercise). Let f be as in example (4), then f € L>C L', f = 25%(“‘:) c1?

and

2sin(aé) ||

1
1718 = 55 |25

In this way we can compute

/sin(x)dx:/sinz(x)dx:ﬂ_
R JR

2

X x2

2.3 The dual space

Let V be a vector space. The algebraic dual space of V on C (or a field K) is
VT :={T:V —C: linear}
VT is a vector space on C, with the operations
AT +S)(v) =AT(v)+S(v) VT,SeVT YweV.
We can define also the algebraic dual space of VT, that is
VIt {S: VT = C: linear}.

It holds V C V', indeed for all v € V, define v(T) := T(v) VT € V*. Then v
defines a linear functional in V.
There is also another kind of dual space, that is defined on topological vector spaces.

Definition 7. A topological vector space V on C is a vector space on C, that is also
a topological space, such that the operations

VXV —V:(v,m)—vi+w
CxV—V:(A,v)— Av
are continuous.

Exercise 9 To be a topological vector space is less restrictive then to be a Banach
space. Indeed prove that

e a Banach space is a topological vector space;
e .Y is not a Banach space, but it is a topological vector space.

Definition 8. The dual space of a topological vector space is defined as

V= {T :V — C: linear and continuous} C V*
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It’s easy to see that V' is still a topological vector space, then we can take its dual
" n "

V' .V is always contained in V' . If it holds also V =V, V is called reflexive.

On . we introduce the following functions:

Va,meN P, — RT
@ — sup,eg [X"D"Q[ (< Cup)

Proposition 4. For each n,m € N, P, ,, is a seminorm, that is
(i) Pim(@+ V) < Pym(@) + Pum(¥), Vo,y €S

(ii) Bon(AQ) = AP (@), VAER, @

Moreover; the following function

. Bum(Q— V) ] 1
d((p7W) —rgn 1+Pn,m((P_lV) 2n+m

defines a distance on ..
Proof. The first statement follows from
"D (@ + )| = "D+ 2"D"y| < [¥"D" | + "D .

The second statement follows immediatly from the definition.
It remains to prove that d(¢, y) is a distance, that is

(i) d(@,w) >0 YVo,yc.
(i) d(o,y) <d(¢,p)+d(p,y) Vo,y,pc.s

(i) d(o,y)=d(y,0) Yo,y €./

The first and the third properties are clear. To prove the second one, define

x:=Pu(@—w)>0 and y:=Pu(@—p)+Pimlp—w)>0.

. . . Yy x Yxy—xy—x .
Since P, ;, is a seminorm, y —x > 0 and 5~ T = 000 >0, that is
X

<2
I+x = 1+y

Hence
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y Pun(@=p)+Pmlp—y) 1
n,m 1 +Pn,m((P — P) +Pn,m (p — 1//) ontm
nm 1 +Pn,m((P - p) +Pn,m(P — 1//) on-+m

nm(P_IV) 1
+Z1+an<p )+ Pum(p—y) 2m

Z Bum(@—p) ) 1 +Z Pum(p— V) ) 1
1+an(P p) 2ntm m1+Pn,m(p*‘V) 2ntm

=d(p,p)+d(p,v)

d(o,y) <

+

Exercise 10 Prove that . is a topological vector space, with respect to the topol-
ogy induced by the distance, and is complete, that means that for each sequence
(xn)n such that d(xy,xm) — 0, there exists x € . such that d(x,,x) — 0.

Since . is a topological vector space, its dual space S is well defined. From the
Fourler transform given on .#, we can define .# ./ — .7 as follows: for each
Te.s

(FT)(9):=T(F9) VoecJ

For each function f € L* we can associate the functional T¢(@) := [ f(x)@(x)dx

in .7 because if g €.7, f-g € L*. Hence L* C .#". Since . C L2, it holds also
< C ., where to each y € .¥ we associate

)= [ vields

Hence we desire that

Proposition 5. For each y € .7
Fy=9Ty

Proof. Let us consider the definition of .%#

(FT)(0) = Tw(F0) = [ WENFO)EIE = [ wEIPE)E

[ v@oiaz = [ wie) ([ exo-iniowoar)az = [ wipax

where in the second equality we have applied Fubini Tonelli’s theorem. Hence

0)= [ Wx)o(dx=Ty(p).

On the other hand
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Ty = [ exp(—ix)p(x)dx =y =Ty

The latter two results together complete the proof.

Example 8. Let f = 1 and consider for each ¢ € .

Ti(p) = [ o(x)dx

For the last proposition

fi(p) =Ti(@) = [ 9(&)dE
and, since 2@ (x) = [exp(ix&)P(&)d&, we obtain

Ti(¢) =27m(0)

On the other hand, if we consider the Dirac function &y,

Ts,(¥) = [ @()8(dx) = 9(0)
Hence R
T =27d
Example 9. Let f € L*>(R), we want to prove that
Ty =T

We start by proving this statement in the case f € .. For each ¢ € .7,
T1(9) = 1/(0) = [ FE9(E)E = [ F(E)p(E)aE =T;(9)

In the general case, if ¢, ¥ € L?, taking two sequences (@, ),, (W) C - converging
respectively to ¢ and y and applying the dominated convergence theorem, we can
prove that

[owpmax= [ poywds o,y e ()

that completes the proof. Notice that all the integrals are well-defined, because the
functions are in L.

We want to give now a definition of derivative for a functional 7 € ./ " Let us
call C*(R) = Z(R). Then 2 C . C .’ € 9 and 7' is called the space of the
distribution in the sense of L. Schwartz. In the theory of the distribution is defined a
derivation: for all T € @l,

!

(DT)(¢)=-T(¢)
Then also for T € . C 9’ we define
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Example 10. With this definition we can calculate (D&)(@) = —8& (D) = —¢ (0).

The reason to put a — in this definition is the following: if we take f € .7
Ti(0) = ~Ty(9) = = [ £(&)9'(E)E = &)+ [ £(E)p(E)as
But [£(&)@(&)]72 =0, because f, ¢ € .7, then

75(9) = [ £'(E)0(&)dE =Ty ().

Then for each f € .¥ we have the following property

Example 11. Consider the function
1ifx>0
f(x)=¢ aifx=0, where @ € R
0ifx<O0

Since f is not derivable in 0, we can’t compute the derivative with the last property.
However we can compute it with the thoery of the distributions: for each ¢ € .

11(0)= [ r&)01as = [ 0-o@az+ [ 1ot = [ oea

and the derivative in the sense of the distributions is
/ oo
Ti(0) =~ [ F©)0(EME =~ [ 0(&)dE = 0(0)

Hence we have calculated that T} = &.
Example 12. We make a generalization of the previous example. Let

1l ifx>a
gx)=< aif —a<x<a, whereax €R
0ifx<—a

We want to prove that 7, g/ =0_4— 04
Indeed, considering the function f of the previous example,
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8(x) = flx+a) = fx—a) = falx) = f-a(x).

Then T; = T}r Frar
Now, in general for each hi,ho, @ € &, Ty, 41, (@) = [(h1 + h2)pdE = Ty, (@) +
Ty, (). Hence

Tg = (Tfa - Tf—a) = Tfa - Tf—a = 6—[1 - 5(1

Exercise 11 Let a € R and consider

Y41 if—a<x<0 L if—a<x<o0
fx)=9 —2+1if0<x<a and g(x) = —éif0§x<a
0 otherwise 0 otherwise

Prove that Tf, =T
Notice that f € LP and f' € L? too. (This is an analoguos to the Sobolev spaces)

2.4 Heisenberg Principle

Let f € L*(R;C) and f =.7 (f) € L* (1). Recall that .% preserves the inner product

LisPax=_ [ \7Pa

()2
Definition 9. If xM is integrable, we can define the mean of x

1713
. 2
(x) = / x \f(x)2| dx
JR | flI3
and, using the Fourier transform, the mean of &:

1 LR
&) =57 LS e

If the integrals exist, we can also calculate the variance:

o oo OP e L [ e P
A [l WP S and (A8 = o [ (6 @) RS

We want to prove the following fundamental principle:

! Untill now we have done all the theory on R, but it can be generalized without any problem to
R”". For example
exp(ixf) becomes exp(i(x,&))
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Theorem 14 (Heisenberg Principle). Let f € L>(R;C). Then
AxAE > 1
e =0

This is the uncertainty principle; indeed, if we consider a physical example, as an
electron, it says that we can’t have in the same time a precise measure of the posi-
tion, x, and of the impulse of the electron.

Example 13. Consider an electron whose distribution (moltiplied for a suitable con-
stant) is the gaussian function f(x) = exp(—ax?). From example 5 we know that

f&) =1 exp(—%). Then if a is very small, we can have a accurate measure of the
position of the electron, but the Fourier transform, that represents the impulse of the
electron, doesn’t give a precise measure.

The most evident example of the Heisenberg principle is the Dirac function &y,
whose Fourier transform is 27 - 1.

Example 14. 1f we consider a set of waves, the Fourier transform

A

f@) = [ e ptas

represents the intensity of the wave with oscillation .
In particular if we take a Wiener process W;, we can calculate the derivative, W;, in
the sense of the distributions. Then, if

E(VVth) = 61‘—57
the Fourier transform IE(W,W;) indicates the intensity of the waves represented by
E(W,W‘) In this case it is equal 27 - 1, independent from ¢ and s, that means that
each wave appears with the same intensity. For this reason we call W; the white
noise.
Otherwise, it is called colored noise.

Proof (of theorem 14). Let f € LZ(R;(C), a € R, and a,b € R, and consider the
function /

(x—a)f(x) +a(f (x) —ibf(x))
If we think at @ as the mean of x, the first part (x — a) f(x) corresponds to the func-
tion (x — (x))|f(x)| considered in the variance of x. In the same way, the Fourier
transform of the second part

(f'(x) = ibf (x)) = iE f(&) — ibf (&) = i(§ —b) f(&)

corresponds to the function (& — (£))|f(&)|considered in the variance of &.
We want to calculate the quantity
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, 2
(x—a)f(x)+alf (x) —ibf(x))
To do that, call A := (x—a) f(x) € C and B := (f (x) —ibf(x)) € C. Then
|A+ aB|> = (A+ aB)(A+aB) = |A]* + a(AB+AB) + o*|B|?

Substituting with the value of A and B, we obtain

(=) + el ()~ s ()| =

= (x—aP|f@)]P +alc—a)[f(0)F &)+ F0f @)]+0?(f (x) —ibf ()]
We want to integrate it on R:
[ G=aPlfPdrta [ (-alf0F ()+70f @ldv+a? [ ollf (x)—ibf(x) P
R R R

Call the first integral A, and notice that A = Ax2.
The second integral, B, is

Jex=a)[f(x)F (x)+ F(x)f (x))dx =
= falx—a)f(x)f (x) + (x—a) F(x)f (x)dx =
= [x—a)ff] 2= fo(f+(x—a)f ) fdx+ fp(x—a)ff dx =

:—fR de:

where, at the end, the first term is 0, because f € 2.
And the third integral, C, is

[V @ —ibgwPav=5_ [1r @)= ibrdE = o [ iE-p)If(E)Pag =g =C

Since A — aB 4 &*C is the integral of a modulus it has to be greater or equal 0, that
isA—aB+a*C>0. Thisis a polynomial in the unknown ¢. Then since C > 0,
we must impose the condition that the determinant is not positive, that is 4AC > B:

then
1 2
AXPPAE? > = (/ |f2dx>
4 \Jr

1 1
AvAE > o [ 1fPax= 1P,
2 Jr 2

We have done all these computations without normalizing the function f. With the
normalization we obtain exactly the Heisenberg inequality

or also

1
AXAE > —.
x§_2
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2.5 Bernoulli numbers

Let us recall the Dirichlet kernel:

sin(ZH 9) 1 1 e 1o i® ¢ind | g-ind

D, (%) = :7+cosﬂ+...+cos(m9):§ st

ZSing 2

and consider a function f € .%. Then

oo § oo 1§

We want to study the behaviour of this function when n goes to infinity. For the
second term of the equality we have

1 & .
Jii‘cgk_i_nf =z L T

For the first term, we see that there could be problems in the points ¥ = 2kx, with
k € Z, indeed

lim D, (9) 1. sin(ZH ) 2y 3 2p41
mm = . . =
90 " 2mo—0 2l y 3 sind 2

that goes to infinity, as n goes to infinity. Far from this points, the integral of
f(¥)D, () tends to 0, because the positive and the negative parts of D, () tend to
be equal and with opposite sign. Hence, if 6 << 1,

oo 2km+6
lim [ 7()D,(9)a9 - X lim [ f(9)D,(8)d0.
For the continuity of f, this is equal
2kn+6
Z f(2kr) lim D, (9)dd.

it n—e Jokn—§

Now, since [p D,(1)d® = 1 for each n and the integral of the part far from O tends
to 0, as n goes to infinity, then

nlig/f dﬂ—Zkan

k=—oco

Hence we have found the Poisson formula
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> 1
k;w f2km) = 5 k

Y jk)

Example 15. Let f = e~ ®M with o > 0. Then f(&) is equal

. - ) —alx i —alx 2
/Re*”‘ge*a‘x‘dxzl/R(COS(xg)—Sln(xé))e | \dxzz/o cos(x&)e \ ld)CZWOC62

Then the Poisson formula says

- 1 & 200
Z e—o:2|k\7t _ Z e
P om = o2+ E2
Elaborating the first part, we obtain
oo oo k —2no
Z e @2kT — 140 Z (efa27r) — 1+2m = coth(a).

k=—o0 k=1

Then with the Poisson formula we have computed the series

1 & 2a
27rk2w a?+&2

= coth(a)

We want to introduce now the Bernoulli numbers.
Consider the complex function

¢(z) =

forze C

et —1

This function is holomorphic in C\ {27ki : k € Z}, because it is the quotient of non
zero holomorphic functions. In O there is, however, a removable singularity, indeed
¢©(0) =lim;,0 ¢(z) = 1. Then the function can be written in O with a Taylor series

with radious 27: .

9 =Y o0
k=0 :

We can calculate that ¢(0) = 1 and ¢ (0) = —1, then

()—1—14— ”(O)é—i—
0(z) = ZZ (0] TR
Define
f(t)=0(2) 1——1 //(0)*Z2+ W(O)iJr
=0z —|—22 +o 1 ¢ 3

It’s easy to see that f is an even function, then all the odd derivatives in 0 are equal
0: £%)(0) = 0 for all k odd. Hence
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2 4 6

1 Z
P(2)+5z2= 1+B = B2, +B36'

2 2!

The numbers By, By, Bs,... are called Bernoulli numbers.
In some books there is another definition of the Bernoulli numbers: they are the
numbers, By, such that
o k
~ 1
= Z Bi—
= k!

Proposition 6. The Bernoulli numbers satisfy the following equation
n—1 n\ .
Y Bi=0 Vn>2.
i=o \k

Then giving the first term By = 1, we can also define the Bernoulli numbers recur-
sively trough this equation.

Proof. We start from the definition of the Bernoulli numbers:

=) ~ tk
Z g V¢ € C such that |¢| < 27

ot _1—

Then By = ¢(0) = 1. For the other terms consider

o0 tk oo o0 th o0 1
1 _ _ _ - _ I n
oo == e (Ea) (B5) - X | E 2o
5[50
— By — =t
=1 iz \K n!
Then the equality holds if and only if
n—1 n\ . B
Z()Bk:O Vn>2 and By=1.
o \k
Let us return to the first notation of Bernoulli numbers
1 2 & e
=1+B B,— +B3—
Q) +5z=1+ 12+2 +36,
2n

We can change notation calling By, the coefficient corrisponding to the power z
and thinking B», as the absolute value of the corresponding Bernoulli number of
order 2n (this is because the Bernoulli numbers are alternatively positive and nega-
tive). Hence we have that

t2k

o)+ 5= i(l)k_lek(zk)!-
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We can observe also that we have the following identity

! +t—tcoth(t>
e—1 2 2 2/’

hence

tcoth(t) i( 1) 'B et
5 5)= 2= 2%
2 2) T = (2K)!

From the Poisson formula we have obtained that

mocoth(ma) —1 i o
20 =T

We want to use these last computations to calculate the following integral

/ e sin(oux)dx.
0

We can note that e **sin(owx) is the imaginary part of the function (=% hence
the solution of the previuos integral corresponds to the imaginary part of the function
e(—k+ia)x

—k+ia’

e(—k+ia)x
J[—— .
—k+ia

After some easy computations we have that

5 (e(—k+ioc)x> e K (—ksin(ax) — acos(ox))

i.e. we have only to compute

“ktia | K2+ a2

hence

oo —kx : i
Ckr e ™ (—ksin(ax) —acos(ox))| o«
/0 e “sin(ox)dx = [ [ERp e

Summing up we have that

o«
o2+ k2

/ e * sin(ax)dx
0

We want to use this result to compute another integral that in the traditional way is
difficult to solve. Using a previous identity we have that
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rwocoth(ma) — 1
2a

OC
/ SlIl (X)C

Z e ) sin(ox)dx

sm(ocx)d

(we leave as an exercise to the reader to justify why we can invert the integral with
the series); hence

* sin(ax)d wacoth(ra) — 1
X =
0o e —1 20

Let us now compare this identity with another one

o0 2k
%coth (%) = Z(—])kilek (;k)'

k=0

Using ¢t = 27« in this last equation we obtain that

mwacoth(wa) — 1 _ b i(—l)k’lB (2mo)*
20t 20 ~ RNCTS TN
k=1
hence /°° Sin(ax)d _ L i( l)kilB (271'06)2/( (2 5)
0 -1 2aM %02k ‘
Let us recall the Taylor series for sin(ox),
o B (ax)Zkfl
sin(ax) = Y (—1)%! : (2.6)
k; (2k—1)!
hence, using (2.6), we have
° sin(otx) > g o2kl /"" x2k=1
dx = -1 d 2.7
/0 -1 kg’l( ) (2k—1)! Jo -1 @D

(we leave as an exercise to the reader to justify why we can invert the integral with
the series). Now, using (2.5) and (2.7), we obtain that
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| =
018

o 2ka2k—1 i a2k—1 oo 2k—1
( ) (7 1)/(—1 / X dx,
- 0

g, BT
]() 200 ; 2k—1)!Jo e —1

since the coefficients of the same power of & are the same, we have that

k

1 (2m)%* 1 o x2l
5 By = /
2 (2k)! (2k—1)1Jo e —1

dx,

hence

oo x2k71 (27‘[)2k
/o 15T g B

Using this formula we can easily compute, for example,

3 4

© X 7172 * X b4
dx=" and dx= "2
/o 1776 M 1% T 90

We want to compute the integral

0o L 2k—1
/ al dx
0o e—1
in another way. To do this let us recall that the Gamma function on the integer is
simply the factiorial, i.e. I'(2k) = (2k — 1)!, and that, using the Taylor series,

i k
e ™.

1

e —1 -

Using these two facts, we obtain that

roo x2k71 oo oo e
dx = “lemmyg
/0 o —1 X n;l/() X e X
© 1 e
= Z ﬁ/ l‘zkileitdl‘
n:ln 0
= i LF(Zk)
n=1n2k
> 1
=(2k—1)1Y" 5% (2.8)

(we leave as an exercise to the reader to justify why we can invert the integral with
the series). Now, compare (2.8) with the identity in the previous box we obtain the
famous Euler formula

1 (en)*

 — B
n;nzk 2(2k)1 %
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2.6 Some applications to PDE

The Fourier tranform, and the integral transforms in general, are tools to do other
things, for example they are useful to solve every kind of linear problems (for ex-
ample the heat equation in the whole space, the wave equation in the whole space,
the Schrodinger equation, the telegraph equation, the Klein-Gordon equation, the
Laplace equation, ... ).

2.6.1 The solution of the heat equation

Let us consider the heat equation

du(t,x)  9%uf(t,x)
g ox
u(0,x) = f(x)

where ¢ > 0, + > 0 and x € R. To solve this equation we want to take the Fourier
transform with respect to x (implicitly we suppose that we are looking for a solution
in .#”"). Using the Fourier transform the initial data becomes (0, &) = £(&) and the
equation

ai

ot

that is an ordinary differential equation that we can solve easily for each &, obtaining

= _Cézﬁv

i(t,x) = f(E)e ™.
Now we have to come back. Let us recall that

fx) = f(&),

1 xz 7052[
gt(x)zﬁexp —E — e s

and that (g/,;) = g, - f, we have a solution of the heat equation given by

1 (x—y)*
T exp { Aot } dy. 2.9)

We say a solution and not the solution because a priori we have not a uniqueness
theorem. But we can note that when we solve an equation we prove a uniqueness
result without proving the exixtence of the solution. To prove the existence we have
to verify that the solution we have found soddisfies the equation. Hence with these
computations we have proved that, if the solution of the heat equation exists, this is

)= [ 10)
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unique in the .’ class functions and has the form (2.9). To prove the existance of
the solution we have to check that (2.9) verifies the heat equations.

Remark 9. It is easy to se that g,(x) is a probability density.

2.6.2 The solution of the Laplace equation

Let us consider the Laplace equation in R?,

{ Au(x,y) =0 on B(0,R)
u(x,y) =f(x,y) on aB(OvR)

i.e. we will find a function u(x,y) € C*(B(0;R)) such that, if x> +y*> = R?, u(x,y) =
f(x,y). To solve this equation we transform the problem in polar coordinates using
x=rcos(®) and y = rsin(¢%). Hence

90 1oy 1
ox dy ror\'or r2 0v9?%

We have also that u(x,y) = u(rcos(®9),rsin(®)) = u(r,®) where the second u is
not the same function as the first u but is the function u transformed with the polar
coordinates. Hence we have transformed the Laplace equation in

ror\or 2092
u(R,9) = f(0)

We have to solve this new equation.
First of all, we will search a solution of the kind u(r, %) = v(r) (). What does it
happen to the equation if we consider a solution of this kind? This particular choice
implies that the problem reduces to

r(n/(n) _ _¢"(9)

) e(9)’

where the first member is indipendent from ¢ and the second member is indipendent
from r. This is possible only if

) '),

i) e(d)

where A is a constant.
Hence we have reduced our problem to a system of two ordinary differential equa-

tions
{ r(r/'(r)) = Av(r)
¢"(9)=-219(9)
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First, let us consider the second equation. If A < 0, we can consider A = —m? hence
¢" = ®*@. We will search a solution of kind ¢ (%) = ¢*?, hence o = +®. Therefore
the solution, if A = —®?, will be o) = Ae®? + Be= 9% Now, let us observe that
the function f must be continuous, hence ¢ must be periodic. A solution as above is
not periodic so we have to consider only the constant A greater or equal than zero.
If A = 0 a general solution for the equation is given by ¢@(1¥) = A® + B, but if we
impose that ¢ must be periodic, we will obtain that A = 0. Hence, if A = 0, the
solution is given by ¢(3¥) = B.

If > 0, we can consider A = ®*. Hence the equation becomes ¢” + w?¢ = 0,
and a general solution is given by @(©) = Acos(®¥) + Bsin(®¥). This solution is
periodic of period T = 27 /®; we want that the solution is periodic of period 27,
hence, if we impose this condition, we will obtain that @ = k > 1 integer.

Hence A = k2, k€ Z, k> 0.1If we take A =0, we will obtain the previous case.
Hence the general solution for the second equation of the system is given by

o () = Arcos(k®) + Bsin(k®) keZ, k>0, A=k

Let us now consider the first equation, i.e. 7(r/(r))’ = Av(r). Also in this case we
can consider A as above. After some computations the equation becomes

V' (r)+ /' (r) —kv(r) = 0.

This is a linear ordinary differential equation of second order with non constant
coefficients. The solutions of this equation generate a linear space of dimension
two, but in general there is not a standard method to solve it and to find two linearly
indipendent solutions. Luckily this is a good case. We want to check if there are
some solutions of kind v(r) = r*. The equation becomes

Polo—D)r* 2 4rar* ! -3 =0 = o?—k*=0.

Hence we have found two linearly indipendent solution vy (r) = * and v, (r) = r %,
Therefore the general solution in this case is given by v(r) = Agr* + Br*, where
k is an integer greater or equal than one. Let us observe that this solution v has a
singularity in zero. Because we will search a solution of class C?, we have to impose
that B = 0 to cancel the singularity. Hence the solution becomes v(r) = A%, k > 1
integer.

Let us now consider the case k = 0. The equation becomes 2" (r) +r/(r) = 0. If
we put w =1, we obtain that rw’ +w = 0. A solution of this second equation is given
by w = A/r, hence a solution of the equation in v is given by v(r) = Alog(r) +C.
This solution has a singularity in zero, hence, to have a solution of class C2, we need
A = 0. Hence the solution, if k = 0, is v(r) = C that is the same of the previous case
(imposing k = 0).

Hence, the general solution for the first equation of the system is given by

w(r)=Cu* keZ, k>0, A=k
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Summing up, if we will look for a solution for the system of kind u(r,®) =
v(r)o(¥), we obtain

ur(r, ) = r* (Agcos(k®) + Bysin(k®)) ke Z, k>0 r<R

Let us now impose the condition on the boundary, that is for r = R. Then the
found solution takes on the boundary the value

u(R,®) = R¥(ay cos(k®) + by sin(k®))

that is a very restrictive condition. However, try to write the condition f as a Fourier
series:

Z Ay cos(k®) + By sin(k®))

To do that we have to impose some stronger hypotheses to this f. If we take f €
L?(0,27), we get only a convergence in L? (not pointwise). To have a pointwise
convergence, we have studied in the previous chapter that there are two possible
conditions:

HP1) f continuous, periodic and f(¥) =c+ foﬁg(t)dt whit g € L?(0,27)
HP2) f € €%(0,27)

Now observe that u(r,®) := Yi_,ur(r,¥) satisfies Au = 0, because the Laplace

operator is linear and Au = Y7 Aui(t,x) = 0. Impose now the condition on the
boundary, that is

u(r,®) = i [R¥ay cos(k®) + R¥ by sin(k®)] = f£(19)
k=0

so, from the Fourier series of f we obtain that the coefficients of the solution are

Ap Ag __ By

= = — b = —
ao ) Ak RK k Rk

and the solution becomes

+ i ( —Ajcos(k®) + rkBksm(kﬂ))

under some strong hypotheses: HP1 or HP2.

It is left as an exercise to verify that u(r, %) is really a solution of the Laplace prob-
lem. Then with this procedure we have shown under these strong hypotheses, also
the uniqueness of the solution.

Writing the expression of a; and by in the formula of u(r, %), we obtain
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21
% f(s)ds+ — Z Rk/ f(s){cos(k®)cos(ks) + sin(k®}) sin(ks) }ds
% A f(s) 1 —|— Z Rk €08 (k(s—0))]ds

We need to have a good expression for u(r, ), so we have to simplify this integral:
letus call ; =p < 1ands— 9 = a. Then

io io
[ temf o] L pm] ]

1
(ko) == +R
+Zp cos( + - pei@ )

L(pe
Now considering only the complex fraction
SR[ el ' ] _ ‘R[ cos(a)—i—isin.(oc') ]
1—pei® (1—pcos(a))—ipsin(a)
_ % [cos(a) +isin(o)(1 —pcos(a)) +ip sin(a)}
(1—pcos(a))? + p2sin(a)
cos(a)(1 —pcos(a)) — psin®(x)

- 1—2pcos(a) + p?

cos(at) —p
1—2pcos(a)+p?

Hence, replacing it in the last formula

LR S v 1-p?
—+ ) pcos(ka) =
2 ,;1 (ke) 2(1—2pcos(a)+p?)
Then ) s,
1 = R —r
u(n,8) = am. f(s)Rz—Zchos(s—ﬁ)—i-rzds

Define the Poisson kernel

R2 _ ’,2
27 R2 —2Rrcos(s — O) + r2

K(ra)=

hence the solution is a convolution product:

2
u(n,®) = S($)K(r,s —8)ds
0
Notice that this last formula has a sense also when f is only continuous. So we
can choose it as a candidate for the solution also of the system whitout the stronger
conditions that we have imposed to f.



2.6 Some applications to PDE 55

Exercise 12 Prove that the function u(r, ) solves the equation Au = 0.

(Hint: Use the polar coordinates and notice that the derivative is with respect to the
coordinate r, so the Laplace operator acts only on K(r,a) and not on f.)
(Warning: Since AK ¢ L', the integral doesn’t exists in the usual meaning. It is to
be studied as a singular integral.)

Remark 10 (Properties of the Poisson Kernel). K(r,a) > 0, indeed the numera-
tor R — r% is not negative, because r < R, and the denominator comes from
(R—rcos(a))? 4 (rsin(a))? > 0.

Moreover fOZ” K(r,a)do = 1, because K(r, &) = £ [% +Yr, %cos(ka)] This is
not by chance, indeed K(r, t) is a probability density.

Remark 11. When r tends to R, the kernel K(r, o) tends to the Dirac-delta dy(a).
Hence

2

limu(r,¥) = lim K(r,9—s)f(s)ds = /Zn Os(8)f(s)ds = f()

r—R r—R .J0 0

then the condition on the boundary is satisfied.

Let us now consider the Laplace equation on the half upper plane G

Au(x1,x) =0 onG
u(x1,0) = f(x1) ondG

where G := {(xl,xz) eR%:x, > 0}.
To solve it we try taking the Fourier trasform of Au = 0 with respect to the variable
X1

d%u ’u 92
0= 70 =7 (55)+ 7 (53 ) = ~EF0Em) + So(Fuin)

In this way, if for each fixed &, we call (Zu)(&,x2) = @(x2), we have obtained a
linear differential equation
{ ¢ (&,%)
¢(6,0) =

(&%) = Agef"g‘)‘2 +Bée—|€m

Now recall that we are considering the Fourier transform of u, that is at least in the
/ . . . /!

set . . The function el however is not in . , then we must force A; = 0. Then

we have found the solution

=E%¢(8,x2)
f(8)

that has the solution

(8 x) = f(§)e

Now he have to come back to the function u. Observe that .7~ (e _"2|‘5‘) -l

E x2 1+x5
and remember the formula of the inverse Fourier transform of a product. Then
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- 1 X1
u(xy,x2) = E/Rf(y)mdy

Exercise 13 Find a conformal transform @ : C — C that sends the unitar sphere in
the upper half plane.



Chapter 3
Laplace Transform

3.1 Recalls on Banach spaces

We want to study the Fourier transform .% : L?(R) — L?(R) from the point of view
of the Banach spaces.

A Banach space is a normed vector space that is also complete. Some examples of
Banach spaces are LP, C* with 0 < o < 1, C, WP the Sobolev spaces. Moreover,
if the norm is defined by a scalar product, the space is a Hilbert space. In particular
L? is a Hilbert space.

If X and Y are Banach spaces, a map T : X — Y is linear if for each x,y € X, A €
R, T(x+ Ay) = T(x) + AT (y) and the Fourier transform is an example of linear
operator.

There are two classes of linear operators:

(i) the bounded operators: T is bounded if ||Tx|| < M ||x||. In this case we define the
norm of T as

I 7|
[T := sup TSR (| 7|
w0 Xl <

(ii) the unbunded operators.

Exercise 14 Let A : R" — R" be a bounded linear operator. Endow R"™ with the
euclidean norm ||x||* = Y, x2. What is the norm of A?

We want to calculate now the norm of the Fourier transform. For this goal we in-
troduce another very similar operator. Recall that (.Z f)(€) = [ e~ f(x)dx and
define the operator

Uf)(E e f(x)

I \ﬁ/

that is U ﬁ 7 . In particular this U conserves the scalar product:

(Uf,Ug)=(f.8)

57
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U is also an unitar operator, thatis U* = U —1 indeed

U e f(x)

=75 .
then ||U]| = 1.
There are five fundamental theorems that we have to remember about the Banach

spaces and continuous linear operators. We cite these five theorems (for a proof see
for example [R86] chapter 5 or [B83] chapters 1 and 2).

Theorem 15 (Baire). Let (X,d) be a complete metric space. Suppose that there
exists a sequence {X,}, of closed subsets of X such that X = U,y X,. Then there
exists ng for which int (X,,O) #£0.

Theorem 16 (Hahn-Banach). If M is a subspace of a normed linear space X and if
f is a bounded linear functional on M, then f can be extended to a bounded linear
Sunctional F on X so that ||F|| = || f]].

Theorem 17 (Banach-Steinhaus). Suppose X is a Banach space, Y is a normed
linear space and {T;} is a collection of bounded linear transformations of X into
Y, where i ranges over some index set I. Suppose that for each x € X there exists a
constant ¢(x) € (0,00) such that

sup || T;(x)[| < e(x).
i€l

Then there exists L > 0 such that ||T;(x)|| < L||x|| for eachx € X and i € I.

Theorem 18 (Open Mapping). Let X and Y be Banach spaces. If T : X — Y linear
is surjective then T is open, i.e., T(U) is an open subset of Y whenever U is an open
subset of X.

Theorem 19 (Closed Graph). Let X and Y be Banach spaces. If If T : X — Y is

linear and its graph
G(T):={(x,T(x)): xeX}
is closedin X XY, then T is continuous.

If a linear operator T is unbounded, then T isn’t defined on the whole space X, but
only on a subspace Dy C X, so T : Dy C X — X. An example of unbounded linear
mapping is the derivative and in this case the subspace Dy is Dy = C!(R) C L*(R),
the space of C! function with compact support.

Exercise 15 The derivative T is an unbounded linear mapping. Find a sequence
(@n)n C CH(R) such that

/R|‘P,/z|2dX—>°° forn— o and /R|(p,,|2dx§1 Yn.
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The bounded operators are relatively simple to study. The unbounded operators
are more difficult and the problems of PDE regard the unbunded operators. This is
the reason to introduce the Sobolev spaces.

Let g be a measurable function and define a linear operator from the space L?(R).
For f € L*(R) define
T,f = g(x) f(x)

If g€ L~ and f € L?, then fg € L?, indeed
[@riar<m [ fax<es

where |g(x)|> < M for each x € R. In particular this proves also that

|Tefll2 < llgll=l|fll2 and || Te][ < lg]lee

then if g € L™, T, : L* — L? is bounded.

If we take g ¢ L™ unbounded, it doesn’t hold that T} (L*) C L* and we have to define
the function 7 on a smaller space, Dy, = {fel?:gfcl?}).

For example consider g(x) = x ¢ L*. If

Lo x| > 1

ﬂ”{6ﬁx<1

then 7(f) = fg ¢ L*. But all the C*-functions with compact support are in Dr. So
we can define T on the space D'T =CZCDr, T: D'T — 12

Exercise 16 Ler {f,}, C Dr and suppose that

fo— f inl?
Tfy=xfu(x) = h inL?

Prove that f € Dy and h =T (f).
This means that T (f) = xf defined on Dy is a closed operator.

Notice that if T is bounded, then T is a closed operator.

3.2 Laplace Transform

Let us recall that the Fourier transform is something like % : . — %/, where %/
is the dual space of .. This dual space is called tempered distribution and we have
that, if T € .7,

(Z(T),0)=(T,7(9)) Voe.

Let us also recall that C° C . C L> C .' C &', where 2’ is the dual space of C°
(to define the dual of C;° we have to put on it a topology 7: the couple (C°,7) = Z
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is called distruibution space).
It easy to see, for example, that Ty where f(x) = x is an operator in . in fact the
integral

/R x@(x)dx

has a sense for any ¢ in .. To see this statement we have to observe that ¢ € .% so
o (x)(1+ |x|") < C, for all n, hence

X

1+ |x*

Awmwzé—ifuﬂwm@wSéa dx < oo,

1+ |x*

Are there some easy function not in .’? For example the function e* is not in %’
bacause we cannot find any polynomial for which the integral

(/Rex(p(x)dx

has a sense. Hence we can not define the Fourier transform of the exponential fun-
tion. However, ¢* € 9’ because in this case @ is in C°. Hence the integral exists
because of the compact support of the function ¢.

Because is interesting to use ¢*, a frequent function in analysis, it is convenient in-
troduce the Laplace Transform.

To define the Laplace transform we have a price to pay: we can not define the trans-
form on the whole space but only on the positive half plane RT = {z > 0}. Let us
suppose that | f(£)| < Me®". Let us define the Laplace transform as

f(l’) = /Owefptf(t)dt for p € C.

Because of p € C, p = x+ iy hence
= [ ersod= [ e e ar
0 0

We can extend £ to 0 out of R* hence

~+oo
= [ e e .
This is the Fourier transform of the function e f(r). e f(¢) is the weight to com-
pensate the weight of the exponential function because |f(7)| < Me® . For which x
the integral above has a sense? For x > @ because |e ™ f(1)| < M/ (@9 if x > @
we have that @ — x is negative and e~ f(¢) is integrable. Hencer x must be large
enough to compensate the growth of the function f(t).

Hence f(p) is a function of p with R(p) > o.

Definition 10. If £(z) € L} .(R™) and has an exponential growth, i.e., | f(¢)| < Me®,
we define the Laplace Transform as
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7(p) =/O°°e*f’ff(¢)dt Vp: R(p) > 0.

Fig. 3.1 Pierre Simon Laplace (1749-1827)

The map f(z) — f(p) is linear i.e. (Af+g) = Af+ 2, hence the Laplace trans-
form is a linear operator.

Example 16. Let us consider the function fy(¢) = e* with o > 0. This function
suddisfies all the hypotesis hence we can compute its Laplace transform. Let us
suppose R(p) > a. So

f(p) _ /Net(aip)dt _ [et(ap)] _ 1
0
0

o—p p—a’

The function p — ﬁ is an holomorphic function on the half plane {(x, y)ER?: x>« }
However the function has sense also out of that half plane. Hence we can consider

an holomorphic extension of the function out of the half space except for the point
(a,0). This is important to invert the Laplace transform.

We want now prove this in general:

Proposition 7. f is an holomorphic function on the half-space {p € C : R(p) > o}.

Proof. We have to prove that fis derivable in the complex sense.
Letpe {peC: R(p) > o}, let us consider a circular neighbourhood centred in p
with radius p, B(p,p), and let A p an increment in B(p, p). Let us consider
f(p+4p)—p /°° e A 1
=, X

e P f(t)dt.
Ap » (t)
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We have to prove that there exists the limit of the previous expression when |A p| —
0.
To do this we want to use the dominated convergence theorem. We already know

that
] eprt -1
lim & — 4,
|Ap|—0 Ap
because h(r) = e~ is an holomorphic function; hence

e A 1

e P f(t) =—te P f(1).

lim —
lapl=0  Ap
So, if there exists a function g(¢) € L!(R"), indipendent from A p, such that

e Ar 1

e )

<g(1), (3.1

we can apply the dominated convergence theorem to state that

f@+Am—ﬁmgw

— we_ptt t)dt < +oo,
y | e

because

- /me*I”tf(t)dt < —/me*wp)’t|f(t)|dt <— /wMte*Wf’)*‘“)’dt < oo,
JO 0 JO

Hence, it remains to prove that there exists g € L, indipendent of A p, for which
(3.1) holds. Let us start observing that

e ¥ —1 L
= —/ e ¥ds.
z 0

-zt __ t t
¢ : ’ < / ‘efzs‘ds:/ e R gy,
Z Jo 0

Hence

If R(z) > 0, we have that e R@s < 1 and, if R(z) < 0, we have that e R@s < ops,
In each case we can consider e~ % (2)s < ¢PS. Hence

e ¥ —1

t t
§/ ep"dsg/ ePlds =teP'.
z 0 0

e Ar

== e RPN f ()| <teP e TP | £(1)| < Me O~ FPIFP)
p
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that is integrable on R for a suitable value of p (we have to choose p < R(p) — ®).
Hence if we take g(f) = Me(®~RP)+P) with p < R(p) — o, g(r) is integrable,
indipendent from A p and verifies the condition (3.1).

3.2.1 An application: the heat equation

Let us now consider an application: we want to solve the heat equation using the
Laplace transform. Let us consider the heat equation

du(t,x) d%u(t,x)

a o
u(0,x) = f(x)

where ¢ > 0,¢t > 0 and x € R.

We want to solve this problem in L?(R), i.e., we want to find a function u € L*(R)
that satisfies the heat equation with f € L?(R). To solve it we can use the Laplace
transform with respect to the variable ¢ (and not with respect to x like in the case of
the Fourier transform).

Remark 12. f'(t) — f'(p), where

)= [ e wdr= e s )5 +p [ e s = pf(p) - £(0)

Hence, we have

fou\ 2?2
(at) = pit(p.x) —u(0.5) = ¢ o3l ).

Now, using the initial data, we obtain that

%\ ~
(P —-C (9xz> u=f,
that is an elliptic problem.

Hence the Laplace transform transforms the heat equation that is a parabolic prob-
lem in a family of elliptic problems. (The Laplace transform is the base of the semi-
group theory that is a theory to treat parabolic and hyperbolic problems of this kind).

Hence 1
N 2\~
"= (P“‘axz) /

this writing is only formal: the sense is that, given f and given the operator, we have
to find u.

The problem becomes very simple in one dimension: let us call v = u; the problem
becomes pv — ¢V = f with x € R, that is a second order ODE with constant coeffi-
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cients and p € C, that we want to solve in L?>(R). To solve it we can use the Fourier
transform with respect to x obtaining p9 + &9 = f. Hence we have

/(&)

T ptel?

(&) in L*(R).

For which p € C can we solve this equation in L*(R)? If p = —c&Z with § =
v/|p/c| we have a singularity, hence, in general, we have a singularity if 3(p) =0
and p < 0. For the other cases there is no singularity, hence we could solve the
equation if (&) is in L*>(R).

We want prove that, if the hypotesies S(p) = 0 and p < 0 are not soddisfy, ¥(&) is
in L*(R).

If p € C is such that R(p) > 0, we have that

1 /()]

spp T @)=

’P+C§2’=‘P—(—C§2)’Z|P\ ’ercég

where |p| represents the minimum of the distance between p € C and the set of real
negative numbers {z € C: 3(z) =0and z < 0}.
If p € C is such that R(p) < 0, we have that

1 17&)]
=30

where |3 (p)| represents the minimum of the distance between p € C and the set of
real negative numbers {z € C: 3(z) =0 and z < 0}.

In every case we have that, if f € L?(R), ¥ € L?(R), hence we can apply the inverse
Fourier transform to solve the equation and find the solution of the heat equation

[p+c&|=|p—(—c&*)| = 13(p)l

’ p +1ci§2

v(x)=F"! (pjzf%Z) ifp¢{zeC: 3(z) =0and z < 0}.

Hence we have the solution on the whole space except {z € C: 3(z) =0 and z < 0}.
Hence we can apply the inverse Laplace transform to find u(z,x) because this is de-
fined on the half space {z € C: R(z) > o} that is conteined in the set of definition
of v(x) = u(t,x).

It is interesting to note how we do not find an explicit solution of the problem, but
we use the properties of the problem itself to prove that the solution exists and to
find an implicit expression of it.

3.2.2 An application: the Abel equation

Let us consider the following problem:
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g(t):/ot (tf_(?)ads O<oa<l,

where f,g € L}, (R") extended to 0 for # < 0 such that |g(¢)[,[f(¢)| < Me® for
t >ty for a suitable value fy € R*. Moreover, g is given, hence the unknown of the
problem is the function f. This is a particular case of the linear Volterra integral
equation of convolution type called Abel equation.

First of all, let us note that, if hy(r) = ,%, the problem could be rewritten as
g(t) = (f xhg). Now the idea is to apply the Laplace transform on both members.
We know the convolution product between two L!-functions and not between func-
tions in L} (R™). Hence, we have to study if it is possible to define a convolution

loc
product between two functionin L} .. If f,g € L] .

(F+9)0 = [ Sa=5)s6)

If this integral has a meaning, we have defined a convolution product on L}O .- But

/ft—s ds-/of(t—s)g(s)ds,

because g(s) =0 for s < 0 and f(t —s) = 0 for s > ¢; and this integral have always

a meaning because f and g are in L} . Hence, if f,g € L]

loc* loc>

(F8)t /ft—s

Proposition 8. If f,g € L]
value tg € RT,

such that |g(t)|,|f ()] < Me® fort >ty for a suitable

loc

Proof.
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i m</fts )
Lf oo
g ( / " pli=s) f(,_s)dt> s
/Owe*w (/ e f(2)d )

@ic) (|« st

?w

Il
/‘\
m

m
]
\

Returning to the Abel equation, we have

()= (fxha)(t) = &(p)=F(p)-halp) = ﬂm=§%;

Hence, we have only to compute the Laplace transform of /4 (¢) and to come back.
Can we do the Laplace transform of A (r)? It is trivial that |hg(¢)] < Me® fort >ty

for a suitable value of 7. Moreover, hq(t) € L}, .(RT) because

T 1
/ —dt < +oo VT >0.
o 1%

Hence we can do the Laplace transform and

~ e e
a(p)*\/o 1o t=p /0 (pt)a (pt)

1 *® e 1
= e s %ds = I'l-o)),
pl—a/o pl—oc ( )

where I'(x) = [5"e~"+*~dt for x > 0 is the gamma function.

The computations above are rigorous only if p is a real positive number. If p € C,
the result is still true: if p € C, s = pt € C the integral is no longer on [0, 4-c) but it
should computed along another path in the complex plane.

Moreover, there is another point: if p € C what is the meaning of p'~%? Which
value of p'~% choose? We can choose to take it so that p!~% is an holomorphic
function on a ball centred in 1 with radius 1, but, if we extend this choose we
arrive at the end of the circle to have a step, a discontinuity. To solve this prob-
lem we have to consider the complex plane without the real negative axis, i.e.
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C\{z€C: 3(z) =0and R(z) > 0}, and than choose one of the value, generally
which one with positive real part (because the two values can be different).
Hence

~ B plfoc _ B 1 B 1 B 1 F(O{)
flp) = I _a)g(p) ra _a)pg(p)pfa = Ml _a)pg(p) p=
= F(a>rl(1 ) [pg(p) —5(0)+(0)] F}Sff) _F((x)Fl(l—oc)[ ¢ () +2(0)| hi—a(p)

We want now prove that

rari-o) =

sin(ma)

First of all, let us recall some properties of the gamma function. If we consider
B(a,B) = [y (1 —x)® 'xB~1dx, the beta function, we have that

r(a)(B) =T'(e+pB)B(e, ).

Indeed, using the change of variables r = x+y, p =y and s = p/t at the right
moment, we have that

L()[(B) = (/we T ldx) (/weyyﬁldy> / / ~0et) o1 B g xdy
0
_/ / (1= p)* ' P~ 1dXdy tdp = / / ) B drdp
:/ et ! (/ (1—)a_1pﬁ_ldp) dt
0 0 t
oo o]
= [ e '%th! (/ (1 —s)alsﬁlds> dt
0 Jo
oo 1
= (/ e_tta+ﬁ_1dt> </ (1s)a_1sﬁ_1ds)
0 0

=T (a+B)B(a,p).

Hence, in our case, we have that I' ()" (1 — o) =I'(1)B(o,1 — o) = B(a, 1 — «).
We have only to compute the following integral
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/ (1—x)"%* dx.
0

Using the change of variable # = 1=, the problem reduces to solve another integral

ooxa—l
/ dx with0 < R(a) < 1
o 1+x

To solve this integral we have to work in the complex plane, i.e. we have to consider

the integral
701
/ dz
R+ 142z

The problem is that the complex function % 1 — is a multi-valued function. To solve
this problem (in Analysis), consider the cut complex plane C\ {z € C: 3(z) = 0 and R(z) > 0}.
If we take x € {z € C : 3(z) = 0 andR(z) > 0}, we have that the determination from
i271:) a-l

above of x®~ ! is x*~1, while the determination from below of it is (xe
Hence we have a discontinuity between the values.
If we consider the determination from above our integral becomes

oo x(x—l
/ dx,
0o I+x
that is the integral we are looking for; while, if we consider the determination from
below of the integrand function we obtain the integral

i =3 xa—l
el271’(0€71)/ dx.
o 1+x

To solve our integral in complex plane we have to consider a circular path y around
the origin with radius R > 1 less a circular path around the origine with radius
p << 1.

In this case we can not use the Cauchy theorem to state that the integral is zero
because there is a singularity at the point — 1. Hence, recalling that ¢>™ = 1, we have

o—1 R DC 1 2T Relﬁ o—1 )
< +/ = iR d

d —
yl+zz Jo 1+4x 1 +Re'?

R yo—1 2n(a—1) 2 ivyo—1 )
- /  dx- / PN e — 2riRes(—1)
0 1+x 0o 14pe?

In this case we can find a simple expression for the residue simply considering a
circular closed path around the point —1 with radius p << 1; hence we get

o (_1_’_pei19)a—1. mdﬁ—' 2 i 1a_1d19 27 la—1_2 R 1
ey a0 =i [ (1) i — 2mi(—1) ! =2miRes(-1)
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-1 [
when p tends to zero.
Hence R .
o—
1— "2’“0‘—1)} / N dx+1 4 b =2mi(—1)*!
[ ¢ o 1+x At i(=1) ’
where
2 R 119 o—1 . 27T Ra Ra
L= / ) __irePd| < / N < L,
1+R “14Rei® 0 |[1+Re?| R—1
when R tends to infinite becuase o < 1, and
27r 9 27 pOC
I v < / —P s o,
5] = ‘/ 1+p o G e " 0 [I+pe?|
when p tends to zero.
Hence, passing to the limit for R — o0 and p — 0, we have that
oo .00—1
[1 —e’z’f(“*‘)} / Y dx=2mi(—1)%"!
o 1+x
Recalling that (—1)*~! = —¢/™* and that €2"(*~1) = £27% after some algebraic

computation, we have that

Tx 7 1 —elalaD) sin(7ot)

)

/“‘xa*‘d _2mi(—1)%! n
0

so we have proved our initial statement.
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There is another method to compute the integral
oo ,.00—1
X
/ dx
o 1+x
without using multi-values functions. Let us consider an o' — o wtih0 < @, o < 1,
hence

0o .0 —1 0o 01
x x
/ dx — dx
o l+x o 1+x
So, we can consider a rational number m/n with 0 < m/n < 1 such that m/n — «,
compute the integral

oo xm/nfl
/ dx
o l+x
and than pass to the limit for m/n — a. Hence our problem reduces to compute the
integral
oo m/n—1
/ al dx.
o l+x

Changing variable & = x'/"_ it remains to compute

oo gmfl
14+&n

dE.

Now we can pass to the complex plane, but, in this case, there are not problems of
multi-values because the function is meromorphic; we have only a lot of singularity:
all the roots of —1 and their number depends on 7.

| Erees

(Hint: consider a closed path with the form of a slice centred in zero, with radius

Exercise 17 Solve the integral

R > 1 and with generator straight line passed through the point 1 and the point el
rispectively)
(Warning: there is a singularity at the point e'n, inside the path)

Exercise 18 Compute the same integral without using complex methods.

3.2.3 Laplace transform and ODE

In general integral transforms are very useful tools when we want to solve linear
problems like for example ordinary differential equation. Because ordinary differ-
ential equation of order n with n greater than 1 can be transform in a system of
ordinary differential equation of the first order, we are interested to problems of this
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du
E =Au
u(0) = up

where u : R — R” and A is a matrix n X n.
We want to solve this problem. First of all, let us consider the exponential of a matrix
¢4 Tt has a meaning as a Taylor series, hence for all matrix A we can define

kind

ook Ak
eAt— t*A
k!

k=0

It is easy to proof, using the definition as Taylor series, that, for all matrix A, we
have

d r__ r__ t
EeA =AM = MA.

Using this statement we can prove that the solution of the initial problem is given
by

u(t) = eMug.

Indeed,

du —A du d _A
(thu)—O = e t<thu>—0 = E[e tu]zo

= e Mu(t)=C = u(t)=€YC

Using the initial data we get that C = ug, so we have that u(t) = e’ u. In this way we
have proved the uniqueness, i.e., we have proved that, if the solution of the problem
exists, it is unique and it is given by the expression above. To prove the existence
we have only to check that u(t) = ¢*'uy is a solution.

Example 17. Consider the equation of an harmonic oscillator u”(t) + ®*u(t) = 0.
This is a linear ordinary differential equation of second order. Let us put v(1) = /(¢)

and V(1) = u"(¢). If
w= “ and A= 01
Tl T | -0’0

the problem reduces to w' = Aw, that is a problem of the same kind of our initial
problem. Hence, its solution is w(t) = Ce?' for some constant C. Let us compute the
exponential of the matrix A. We have

2.2 2.3
& %t w*t
e —I+At—72! I — T A+...
0*? o't 0 0’3 o'
:I<l— 2 + a1 - 6! +...>+A<t—3!+5!—...>

A
= Icos(wt) + > sin(@t).
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Let us now consider the following problem

du
—=A t
= Aut £()
u(0) = up

where u: R - R", A is amatrix n X n and f : R" — R" is a given function.
We have

du _ —At @_ At i —At 1 At
<dt—Au>—f(t) = e <dt Au)—e fl) = dt[e ul =e M f(r)

! t
= e Mut) —up= / e f(s)ds = u(t)=eug+ / AU f(s)ds,
0 JO

where e*ug is the solution of the homogeneus equation and the integral is a par-
ticular solution of the problem. Also in this case we have proved the uniqueness,
i.e., we have proved that, if the solution of the problem exists, it is unique and it is
given by the expression above. To prove the existence we have only to check that
this particular u(r) is a solution.

We want now apply the Laplace transform on this problem. We are not sure that the
Laplace transform of u exists, hence we will search for an u € L}OC(Rﬂ such that
lu(z)] < Me®, so the Laplace transform certainly exists.

First of all, let us observe that the matrix A is a linear operator indipendent of ¢,
hence, because the Laplace transform is a linear operator, we have that

L(Au) = A,

where .Z indicate the Laplace operator. Hence our problem, after applying the
Laplace transform, becomes

pu(p) —uo =Au(p) + f(p) = (pI—A)u(p)=uo+f(p).

To find u we have to reverse pI — A. Is it possible? This is possible if and only if
det(pl —A) # 0, i.e., if and only if p is not an eigenvalue for the matrix A. The eigen-
values of the matrix A are n complex numbers, A,...,A,; the Laplace transform has
a sense only if R(p) > o, hence if we choose @ > max R(A;) it is possible to invert
pl — A without any problems. Hence

i(p) = (pI —A)uo+ (pI = A)~' f(p)
Let us compare this statement with the expression of the solution found before

u(t) = Mug+ /Ot AU (s)ds.

It is easy to see that the integral is a convolution product e’ * f and that .Z(e*’) =
(pI—A)~.
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3.3 Inverse Laplace transform

Let us consider the function e for z € C fixed. If z = o € R we can apply to the
function e* only the theory of the Laplace transforms; if z = iff with f € R we
can apply to the function P the theory of the Fourier series, the theory of the
Fourier transforms in .’ and the theory of the Laplace transforms; if z = a +if8
with o, B € R we can apply to ¥ only the theory of Laplace transforms because the
real part of the complex number z gives some problem.

We have that

L)) = [ e = winR(p) > R).

Now, is ﬁ the Laplace transform of some functions? The answer of this question
is trivially yes because it is the Laplace transform of the function . But are we
sure that does not exists another function having ﬁ has Laplace transform? Also
the answer of this question is yes because it can be proved an uniqueness theorem
that state that if two functions have the same Laplace transforms, they are equal.
Let us suppose we have a Laplace transform. How can we reconstruct the beginnig
function? We have to introduce the inverse Laplace transform. Let f € L} (R™)
such that |f(¢)| < Me® and let us extend f to zero out of R*. Let p = x +iy. We
have that

fo) = [ erpar= [ e s
e e @) de = Fxt i)

= F (e f1)).

Hence

1 [~ = 1 [~ T
)= o [ iy = f0)= o [ ki
27 J—co 27 ) e
We can see this last integral as an integral in the complex plane made on the path
x = 7. Hence, if p = y+ iy, we finally have the inverse Laplace transform

1 Y-tico "oV
1) = — e .

10 =5 [ e o)
It could be possible to prove an inversion theorem, i.e., we could prove that this
is the inverse Laplace transform, and that using this definition f(¢) = 0 for t < 0.
We will prove the inversion theorem in a very particular case, i.e., in the case of
f(p) =55

Let us consider the integral
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1 Ytico oDl
27 Jy—io p—2

First of all, we want to check if this integral has a sense. We have that

ePt e(rHint eV 1 |

~J—ar+(-bp %§¢L 7

p—z Y+iy—z
hence the function % is not integrable, so the integral above does not have a mean-
ing. However it could have a sense as improper integral. To prove this we have to
check if there exists the limit

1 L p(r+iv)t
lim —/ —dy.
Lo 2T J Y+iy—2

To prove this we have to compute the integral in the complex plane using a closed
path given by a segment long 2L passing for x = ¥ and a semicircle Cg centred in
zero with radius R.

Let us recall an important tool of complex analysis. Let f be an holomorphic func-

tion. )
L rfp

¢ Ldp= f(a),

amif 2P f(2)
where 7 is any closed path around the point z.
Using this tool of complex analysis, we have that our improper integral exists and is
equal to e on condition that the integral on Cg tends to zero when R goes to infinite.
Hence we have only to prove that the integral on Cr goes to zero for R — oo. Using
the Pitagora theorem and some trigonometric tools we have that

/R2 — 2
L=+/R>—%2 and ¥ = arcsin <R1/>

)

where O is the angle between the real axis and the segment from zero to L.
We have that

pt
=2
CR p_Z

We have to find the minimum of the distance |Re"19 fz|. Let us observe that this
distance depends on z but certainly has the same order of R. Hence

2n—9Og etRem ) "
/ ———iRe'"d ¥
Z

27—Og etRcos(l?)
> < / ———Rd9.
S Rel® —

Vg |Rem _Z|

T 3
/ o Lm(m Riv~ [ greos0)gp <o [ e'Reos(0r) g9 4 / 2 gReos(v) g5,
S |Re'® —z] O = Jog 3

The second integral tends to zero when R tends to infinite because cos(1¥) < 0 when

v e (3, %n], let us observe the first one.
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2/7 eReos(R) gy = C/7 do =C (E - ﬁR)
9, g

2
R
/R2 — 2
—c 2 aresin [ YT —>C(E—E):O
2 R 2 2

when R goes to infinite.
Hence we have proved that exists, as improper integral, the inverse Laplace trans-
form of the function ﬁ and that it is equal to e¥.






Appendix A
Some integral computations

In this section we want to compute some integrals that could be useful.
By a direct computation we have that

(e—ocx —acos(Bx) + B sin(Bx) )/ = ¢ “cos(Bx)

a? + B2
and )
o /
( —e ™ s1n(B;)2:[;§05(ﬁx)) = ¢~ ®sin(Bx)
hence, for oo > 0
= a
/0 e~ % cos(Bx)dx = 1B
/0 efax sin(ﬁx)dx = azf—ﬁz
o First of all we want to prove that
oo <in2
sin“ x T
d =
/o x2 o 2
We have that )
- P
/ S = tim [ 2 (A1)
0o x? p=eo  x

Actually, integrating by parts, we have that

2

P sin 1 P/2 sin
/ zxdx:—fsinzp—k/ —xdx
0o X p 0 X

from which the statement (A.1) passing to the limit.
Now, we have

77
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oo o , oA
w dx = smx(/ e*’xdt>dx:/ (/ e*’xsinxdx)dt
0 0 €

where we use the Fubini-Tonelli theorem to change the integrals.
Hence

s1nx _atsin(A)+cos(A)  _,.tsin(€)+cos(€)
x = SN e S TR N ar
1412 1+r2
_/ _atsin(A) +cos(A d +/ _,etsin(e
1412 1+t2

_,eCos(€
d
* /o R S
The module of the first integral is majorated

1t
‘/ oA 1Sin(A) +cos(4) )dt <c/ et =S 50, forA— e
14172 A

sin(e \f/ 7t£\ﬁ\[ Cf/

Hence
smx . / di —
1+72

We can use also the followmg strategy: let us consider the function

dt<Cf—>O fore — 0

o sin(x
o0)= [ Par gl =0,

X

This function is 2-times derivable and they are given by

o sin?(x
o) =- /0 eI g ) =0

X

o' (t)= /me sin’ 2/ *(1 —cos(2x))dx.
0

This last integral can be easily computed (by using preceding formulas), that is

o'0=3( - an)

from which we get
1 1 1 t
(1) =A 7(1 —~log(4 t2):A | (7)
(1) =A+ 5 (logr — S log(4+17) taloel 7=3)

where A = 0 because ¢’ (o) = 0. Hence
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o) = 310 ().

and the primitive is given by

o) = B+%t log (ﬁ) — arctan (%)

where B = % because ¢ (o) = 0. Hence,

o(t)= g + %t log (ﬁ) — arctan (%) ,

from which we get

L ) 41— p(0) = 7.
0

¥2

e We want now to prove that

/ e dr = Nz
R

Let us consider the function ¢ (x)

6= [ rar

which derivative is simply

Hence

X 1
2V _Apt _ —(242) g, —x2(1+442)
($(x)2) =20 <x)¢<x>—z/0 y dt—Zx/O ¢ ds

from which
—x2 (1 +t2)

(0(x)?) = —</0] 61le>/,

in other terms,

1 ,—x2(141%) Ioq
¢(x)2+/ ¢ 4= constant :/ ar="=
0 0

1+12 1+27 4

from which, for x — o

/ e di = ﬁ
0 2

e We want to prove that

79



80 A Some integral computations

2 2
/e”xe Ydx=+/me™ 7
R

We can first of all observe that we easily have that
. 2
/ sin(tx)e " dx=0.
R

Hence, denoting by
o(1) :/ cos(tx)efxzdx,
R

we have that

o'(t) = —/Rxsin(tx)e_xzdx = %/

R

sin(tx)d (e_xz) ,
from which, integrating by parts, we obtain
)=o)
o) = ) 7).
Integrating and noting that ¢(0) = /7, we get the statement.

e We want to prove that

eitx
/ T 5dx = me I
R 14+x

sin(zx)
Jr 142

We have easily have that
dx=0.

Hence we could write that

. o
cos( );) x:/cos(tx)</ e_s(1+xz)ds>dx,
R 1+x R 0

from which, changing the order of the integrals, we obtain

. o
cos( );)dx:/ e_s(/ e cos(tx)dx)ds.
R 1+x 0 R

We have reduced ourselves to compute the integral

y(t) = ./H% e cos(tx)dx.

It is sufficient to observe that
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hence

Summing up, we have that

cos(tx) /°° _(S+£) 1
d = 4s 7d .
x=+T A e 7 s

R 14+x2

To compute this last integral we observe that, using r = /s and the identity

rz+i _ (r_ﬂ)2+|t|
42 2r

we have

Dofs% 1
\/ﬁ/og(+ )\/E
[

Using the variable § = r — 5., we obtain

o0 i) 2 Nz
*(’*Z) — -&*(1, & _vT
/0 e dr /Re (2+2 fﬂ‘t‘)di
We can use also the following strategy: first of all we can observe that the function

_[™cos(tx) , [ cos(tx)
p(t)_/o 1+x2dx_/o Tre®

is a symmetrical function of 7, hence we can consider only ¢ > 0. Using the formulas
deduced at the beginnig of the section, we have that

d [~ cos(tx) gy X
"(t) = — d :—/ tx) ——d
p'(1) t/o o2 A sm(x)] 5dx

= 7/0“’ sin(zx) [/Ome_xz cos(z)dz} dx
_ /0oo cos(z) [/Ooo e sin(tx)dx} dz
2

o i o
—/0 cos(z)mdzz —/0 cos(tx)mdx
= 1
— tx)——=dx=—p(t
| eostx) sy =—p(0)

Summing up, we have obtained that p’(r) = —p(¢); hence integrating we have that

p(r)=ep(0) =2,






Appendix B
Some useful Fourier series and integrals

In this section we want to recall some Fourier series and some integrals computed
in the notes that can be useful.
Let us suppose o ¢ Z. We have:

cos(ox) = &;&ﬂ) [% +;(_l)kaz(ﬁk2 cos(kx)}
cosh(ax) = %ﬂ(aﬂ) (i +;(—1)ka2f_k2 cos(kx))
sin(ox) = 2Sln7(r06717); —1k e sin(kx)
sinh(ox) = _mﬂ:(am,ﬁ(_l)kazlj—kz sin(kx)
_ 2sinh(ar)

1 s o k
e po <2a +1§1( ) PR cos(kx) PR sin(kx)
Let us note some significant values of these Fourier series for x = . We have:

oo

cos(a) = ZSiniom) [ 1 n Z azo_tkz}

2a k=1
. 2a
1 o —_— =
cos(om) = sin(o) [— + Z kzz
Tt S1-%
log(sin(am)) = C+log() +1§1 log(1 — k—z)
log(sin(an)) =log(m) +log(a) + Z log(1— ﬁ)
k=1
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84
o 2
(04
sin(an) =ra [ [(1-—5)
k=1 k
2sinh(am) /1 > o
o) B )
cosh(am) a +1§1 T
ancoth(ar)—1 i 1
202 ek
We also have the following integrals:
*° o
—ox d —
/0 e~ *cos(PBx)dx P

/0 eiaxsin(ﬁx)d.x: m

* gin®x T
de ——
0 X 2

2
/e_’ dt =n
R
itx —x% _ _2
ere ™ dx=+/Te *
R

eitx ‘ |
dx=me "
/R 1+x2

- o
ox)dx = ——
/0 e ““sin(ax)dx R

/°° sin(ox) dye wacoth(ra) — 1
0

keZ

e —1 20

oo 2k—1 2k
X (2m)
dx = By kel
/0 o 1T g P KE

oo O —1
T
/x dx = — 0<a<l
o 1+4+x sin(wa)

oo xm—l T m
/ dx = — nmeZ 0<a<l st ——a
o 1+x" nsin(wa) n
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