
ẍ+ ω2 x = 0

z =

(
x
ẋ

)
, ż = Az

A =

(
0 1
−ω2 0

)
A2 = −ω2 I, A2k = (−1)kω2k I

A2k+1 = (−1)kω2k A

etA =
∞∑
n=0

tnAn

n!
=
( ∞∑
k=0

(−1)kω2k t2k

(2k)!

)
I +

( ∞∑
k=0

(−1)kω2k t2k+1

(2k + 1)!

)
A

etA =
(

cos(ωt)
)
I +

( 1

ω
sin(ωt)

)
A =

(
cos(ωt) 1

ω
sin(ωt)

−ω sin(ωt) cos(ωt)

)
etA
(
x0
v0

)
=

(
x0 cos(ωt) + v0

1
ω

sin(ωt)
−ωx0 sin(ωt) + v0 cos(ωt)

)
x(t) = x0 cos(ωt) + v0

1

ω
sin(ωt), v(t) = −ωx0 sin(ωt) + v0 cos(ωt)

Ornstein-Uhlenbeck

dx = λx dt+ σ dWt, x(0) = x0

x(t) = x0 + λ

∫ t

0

x(s) ds+ σWt

x(t) = eλtx0 + λσ

∫ t

0

eλ(t−s)Ws ds+ σWt

x0 + λ

∫ t

0

(
eλsx0 + λσ

∫ s

0

eλ(s−r)Wr dr + σWs

)
ds+ σWt

= x0 +

∫ t

0

λeλsx0 ds+ λ

∫ t

0

(
λσ

∫ s

0

eλ(s−r)Wr dr + σWs

)
ds+ σWt

= x0 + eλtx0 − x0 + λ

∫ t

0

(
λσ

∫ s

0

eλ(s−r)Wr dr + σWs

)
ds+ σWt

1



= eλtx0 + λσ

∫ t

0

(
λ

∫ s

0

eλ(s−r)Wr dr +Ws

)
ds+ σWt

= eλtx0 + λσ

∫ t

0

(
λ

∫ s

0

eλ(s−r)Wr dr
)
ds+ λσ

∫ t

0

Ws ds+ σWt

= eλtx0 + λσ

∫ t

0

(
λeλs

∫ s

0

e−λrWr dr
)
ds+ λσ

∫ t

0

Ws ds+ σWt

= eλtx0 + λσ
[
eλs
∫ s

0

e−λrWr dr
∣∣∣t
0
−
∫ t

0

(
eλs e−λsWs

)
ds
]

+ λσ

∫ t

0

Ws ds+ σWt

= eλtx0 + λσ
[ ∫ s

0

eλ(s−r)Wr dr
]t
0

+ σWt = x(t)

λ

∫ t

0

eλ(t−s)Ws ds+Wt =

∫ t

0

eλ(t−s) dWs ∼ N
(

0,
e2λt − 1

2λ

)
x(t) = eλtx0 + σ

∫ t

0

eλ(t−s) dWs

x(t) = x0 − λ
∫ t

0

x(s) ds+ σWt

x(t) = e−λtx0 + σ

∫ t

0

e−λ(t−s) dWs

σ

∫ t

0

e−λ(t−s) dWs ∼ N
(

0,
σ2

2λ
(1− e2λt)

)
x0 ∼ N

(
0,
σ2

2λ

)
ed indipendente dal processo di Wiener

x(t) ∼ N
(

0,
σ2

2λ

)
È un processo stazionario.

Vasicek

dx = λ(µ− x) dt+ σ dWt, x(0) = x0

2



x(t) = x0 + λ

∫ t

0

(µ− x(s)) ds+ σWt

z(t) = x(t)− µ, z(0) = x0 − µ = z0

z(t) = z0 − λ
∫ t

0

z(s) ds+ σWt

z(t) = e−λtz0 + σ

∫ t

0

e−λ(t−s) dWs

x(t) = µ+ e−λt(x0 − µ) + σ

∫ t

0

e−λ(t−s) dWs

x(t) = µ(1− e−λt) + e−λtx0 + σ

∫ t

0

e−λ(t−s) dWs

E(x(t)) = µ(1− e−λt) se E(x0) = 0.

x0 ∼ N
(
µ,
σ2

2λ

)
ed indipendente dal processo di Wiener

x(t) ∼ N
(
µ,
σ2

2λ

)
È un processo stazionario.

Brownian bridge

dx = −x− b
T − t

dt+ dWt, x(0) = a

x(t) = a−
∫ t

0

x(s)− b
T − s

ds+Wt, 0 ≤ t < T

z(t) = x(t)−Wt, z(0) = a

z(t) = a−
∫ t

0

x(s)− b
T − s

ds, 0 ≤ t < T

z′(t) = −z(t)− b+Wt

T − t
, 0 ≤ t < T

z′(t) +
z(t)

T − t
=
b−Wt

T − t
, 0 ≤ t < T

3



z′(t)

T − t
+

z(t)

(T − t)2
=

b−Wt

(T − t)2
, 0 ≤ t < T

( z(t)

T − t

)′
=

b−Wt

(T − t)2
, 0 ≤ t < T

z(t)

T − t
− a

T
=

∫ t

0

b−Ws

(T − s)2
ds, 0 ≤ t < T

x(t) =
a

T
(T − t) + (T − t)

∫ t

0

b−Ws

(T − s)2
ds+Wt, 0 ≤ t < T

x(t) = a
T − t
T

+ b
(

1− T − t
T

)
− (T − t)

∫ t

0

Ws

(T − s)2
ds+Wt, 0 ≤ t < T

Wt − (T − t)
∫ t

0

Ws

(T − s)2
ds =

∫ t

0

T − t
T − s

dWs

x(t) = a
(

1− t

T

)
+ b

t

T
+

∫ t

0

T − t
T − s

dWs 0 ≤ t < T

Per de l’Hôpital abbiamo che

(T − t)
∫ t

0

Ws

(T − s)2
ds =

∫ t

0

Ws

(T − s)2
ds

1

T − t

→ lim
t→T

Wt

(T − t)2
1

(T − t)2
= WT

da cui

lim
t→T

∫ t

0

T − t
T − s

dWs = 0

a = b = 0, T = 1

x(t) =

∫ t

0

1− t
1− s

dWs 0 ≤ t < 1

z ∼ N(0, 1) ed indipendente da W :

β(t) := x(t) + t z = t z +

∫ t

0

1− t
1− s

dWs 0 ≤ t < 1

È un processo di Wiener tale che z = β(1) e quindi x(t) = β(t)− t β(1).
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